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INVESTIGATION OF NONLINEAR SINGULAR INTEGRAL EQUATIONS
WITH HILBERT KERNEL BY THE METHOD OF MECHANICAL
QUADRATURE

8. M. AMER
Department of Mathematics, Faculty of Science, Zagazig University, EGYPT

Abstiact : The paper concerns the investigation of a class of non-
linear singular integral equations with Hilbert kernel by means of mechanical
quadrature method.

HILBERT CEKIiRDEKLI, LINEER OLMAYAN SINGULER INTEGRAL
DENKLEMLERIN- MEKANIK KARELEME YONTEMIVLE INCELENMESI

Ozet : Bu galismada Hilbert gekirdekli, linger olmayan bir singiiler
integral denklem sinifi, mekanik kareleme yontemiyle incelenmektedir.

INTRODUCTION

In the present paper we investigate the approximate solution of the following
class of nonlinear singular integral equations (NSIE) in Holder spaces [2, 6, 7],
by mechanical quadrature method [1, 2, 4, 7].

2n ’ 2n
u(g) = f(o) Jr?z\'-./‘F[-r, 1 (7)] cot =—2 dr +ifQ [o, 7, u(t)] dv. (1)
2m 2
0 0
Definition 1 [2, 3].

a) We denote by ® the class of all continuous monotonic increasing
functions ¢ (8) defined on [0, 2a] such that ¢ (8) =2 0 at 8 =0 and ¢ (0) =0.

b) Let E be an #-dimensional space with norm
Huijlg, = maxlu,-[.

c) We denote by H, . the space of 2m-periodic continuous vector func-
tions u = {u, ,...,u,} such that

w, (8) = O (9 (3))

with norm :
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w, (8
[ 1]ig,» — max Smax [ (o) [l sup-2eLoL
@ 5 ¢(d)
where
w, (8) = sup| [| (o) — u{0.) ||z, -
g, —oz | €58
la>0

d) We define
Hy (M) ={uecH, ,: ||ullp»< M M> 0}
e) The space H gf}‘ (p € @) - 2N-dimensional space of vectors

z =(z,,2,,...,Z;5_,) With the norm

2] = dmax | 2 [ls, , max-222{
en ! dn
k=0, ZN—1 (p(—
\ N)
f) Let v{p) be the set of numbers p: 0 < P << 1 for which
lim o) In3 L =0.
=0 (B f

Note that v () is nonempty, if ¢ (8)e® then
o (t) = O (r#) for some B, > 0.
For NSIE (1) we have the following :

i) The vector functions :

i = {”; sriey un}, f= {_fl :"':fn}ﬂ
P56 = (B [y e 8] o By [ s ]

Q [Gs T, u] = {Q{ [G: T, Il] ERRAS Mn] FRRRS] Qn [G: T, u] 3ty un]}

and the components of the vector Q[o, T, 4] has the form

n
0= Z Oilo,tu ,...,u].
=t
if) The function F[7, u{t)] defined at 0 <t < 2m, || uljg, < M, 2n-peri-

odic in © and has partial derivaties up to second order and satisfies the
following condition :

FFR,ul 3 F[,. 7
T Ui ... g utn 91 duit ... g utn
Se@{e(w =D+ v —ulls}
where o, + o, +...4+a, =p, p==0,1,2 and p(p) is a constant.

@
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iii) The function Qy{oc, 7, u] defined at 0 < o < 2, || #||g, < M, 2n-peri-

odic by ¢ and T and has derivatives up to the second order by ¢ moreover
it satisfies the following condition:

& Qylo,, %7 _ 4 Qylo,,7.7]

3o’ do? 3)
= l’l’(p){q}l(lcl _-02‘) =+ ” u —ﬁHEn }’
where p’(p) is a constant.
iv) The 2n-periodic vector function fe H,, , (M)

From Definition 1 and conditions (2) and (3), it is clear that the vector
functions Fit, #] and Q[o, 7, 4] belong to the space Hy, o (M).

This work consists of the following three sections:

L. The solution in the Holder space H, .

Theorem 1.1. Let the functions F{t, 4] and Q[o, T, 4] satisfy the conditions
(2) and (3), then for |A| << |A,| (A, arbitrary small) equation (1) has a unique
solution in H,, , (M). This solution can be obtained by the method of succes-
sive approximations and uniformly converges in the space /M.

Proof. Let ue Hy,, (M), then from [1, 4] the operator

T—3d

2
(Au) (o) = f (o) + —2% f FTv, u ()] cot dx +

o (1.1)
-+ ifQ [o, T, u(x)] d=
2
0

transforms Hy, , (M) into Hy , (AM"). Therefore, if |A|M < M, hence the
operator (1.1) transforms Hy, , (M) into itself. From conditions (2), (3) and
using M. Riesz's theorem [5], for arbitrary wu, , u, € Hy, . (M), we have:

2

2n .
{ A
I Au, — A, ||z, < ‘_ [F 7, 1, (O] — F5, u, (7] X
[E]

I 2n
2 5] {
dsg +3f %f{gtc,r,ul(r)l -
0 4]

— Qo, %, 1y (V]

T —0

¥ cot dy

zgl’?g |0 (L4 c@) || 4y — tg |ra»
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where ¢ (2} is a constant.

If | A pQ0) (1+c(2))<<1, then the operator (1.1} is contraction mapping.
Taking

. i
Ay =min} —

M) (1 4 c )
then the equation (1) has a unique solution in Hg, , and this solution .can. be
found by the method of successive approximations.
" Theorem 1.2, Let u,, ue Hy,, (M) and lim || u, — ||, =0 then
g+ ‘

lim || o, —ullc=0.
q2a

Proof. Let Geffy (M) can be written in the form
1 s+h 1 stk
G(s) = ?'[G(x)dx — —;f[(;(x) _ G ()] dx,

5
then we have

s-+-n s--&

1G(s)| s%f[G(x)ldx-F%flG(x)—G(S)ldx.

Using Holder inequality on the first term in the right part of the last inequality
we have

5-+h s+h

IIG(s)||c~<~.—}i;(fl(?(x)l*dx)wh"’+%f|lGllw.n@(\x—SI)dxs

Ly 2 H ” G Ii‘Pnﬂ
<k |G (x)|[*dx +---~—] ol h.
i

Putting G (s) = u,(s) — u(s), h = || u, — ||, we obtain
g — ulle < |luy —u |z + 24 o (|| 4, — uj,),

then || u, — u#||c — 0 as g ~» oo, that is the successive approximations converge..

2. The solution in the discrete Holder space HfPN)"

In [1, 4], for singular integral
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2
(Ju)(ﬂ:f;fu(o)cotcgs do, u{c)e Hy ,

construct the quadratic formula:

2N— ‘ : ‘
-—_f I — F
Ty =— > u sz —* cot £ s 2.1
() (5) ? o sin L= . @1
k-{)
where
km
w, =uls), § =—.
& W S = T
Formula ¢2.1) at node points s, takes the form:
, IN—1
= —(— Yt Sk Sy
(Ju) (s,) ZNZ u, [T — (— 1)1 cot Paaatl 22)
paw

Applying the quadratic formula (2.2) to first and second integral of equation
(1) we get

2N—1

u(t) =f{)+ %z Flty,u(l [1 — (— 1y cot Ik; { +
kel
N N1
N Z Qlty, 1, u(t] + Ry [F1 + ?LRN[Q],ll= 0,2N — 1,
k=0

neglect the remainder terms, hence we arrive to the following system of alge-
braic equations

2N—1 2N—1"
- “ZF[”" 2] [ — (— 1)1 cot X ? Ol e, 2], (23)
;r;? k=0

where z, = u(z,).
Take EM z = (EM 2z, ., EQ? | o),

where
ZN—1 2N—1
EWN) z ———-ZF[T,, ] [ — (— 1)1 L + ———Z oz, t,c,zk]
k=0 k=0

k==l
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In other words, FM z = LA™ Gz where
AWM z = (AM z,..., ALD | 2),

Gz= (Gz() ERRAS ] GZZN—l) EH(‘::TL (R)

and A™ is bounded [3, 7], that is || A(N)HH(N)S ¢, ¢ > 0. Thus we have
@, 0

FE®z| o <IMRe
[P

Now, let
20, 2@ e H® (M), then

W)z . F(N) z(2) _
|| E 2 E Z ” L(zN)

2N—] 2N—1

-3 Z } Flsy, 201 F sy 21 1+ (= D] cot B
2N 2N—1
231y,
Z i Z [Q [rl 3 tk > Z(” Q Etj' > tk > ZE)}] E 3
I=0

since

HE™ | o0 < ¢(@), 1),

and by using the conditions (2) and (3) and from [4] we have

| B 20 — E 20 || S < A {c@n@+p (Hwy@)} | = *2(2)”

where
ZN—1 ZN—1
VA = NZ[ zlr,»rk]
1=t}

By means of contraction mapping principle at

?
<

the system (2.3) for arbitrary N = 2 has a unige solution in H;”}g (M) and the

following theorem will be valid:

231/

I8

1
[
1
Ll
o
v
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Theerem 2.1. Let the function F[<, ] and Q[3, =, u] satisfy the conditions
(2) and (3) respectively, then the system of nonlinear algebraic equations (2.3),
for arbitrary N =2, has a unique solution in Hg‘?] and this solution can be

found by the method of successive approximations.

3. The rate of convergence of the approxilﬁate solution

On using the solution z* erpN)n (M) of system (2.3), for arbitrary N = 2,

the approximate solution @) (o) of integral equation (1) is given by the
following formula:

2AN—1

U (o) = £(0) +_.’iZF[rk,zf1 sin? 2 oot K22
k=0

N1 (3.1)

Z Qlo, &y, Z{]

where, at ¢ = ¢, the summation taking by all & different from /. Also, if

il|<min%—M—, 1, (3.2)
Re ' e@p@ -+ vy

then the equation (1) has a unique solution u*(c)e Hg, ,(M). Applying the
quadratic formula (2.2) to equation (1) at node points o, we obtain

2N —1
u* (o) =f(c) +"§T-E- Z Flog, w* (o) [1 — (— 1)~ +

k=0
Py

+ cot k2 S~ 51 4\ Ry[R] +ARy[Q], I =0, 2N — 1.

Put z®? = u* and z® = z* in (2.4) and from (3.2) we obtain

lo* = 2*]] oo < <M (| Ry [F] e + || Ry [21 [l ¥
XAl =A@ p@©) +n D)y

From [1, 4] we have
[4* (@) — 4™ (@) [lc = max { || us(e) — u™(0) llc} <

(3.3)

£ 2iA[p @A+ m) (1 +1In2N) m?x||u*(0,)—zfi|c—|—

+ [ A (]| RwlFT e + || Ry 1€ [io)

since
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T

I ByTF1Mle + || Rw[Q1{ic < const. [cp( )m N],[S], C 69

N

then from (3.3) and (3.4), finally the following inequality will be valid:

1\ In*N
)msz(E) N_B}, Bev(e).

4% @) = 19(0) fl < const. {(p (o
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