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S T R O N G A ^ S U M M A B I L L T Y D E F I N E D B Y A M O D U L U S 

Tunay BİLGİN 
Department of Mathematics, Yüzüncü Yd Üniversity, Van-TURKEY 

Abstract : In he present note we introduce some new sequence spaces 
by using a modulus function f and examine some properties of these sequence 
spaces. 

B İ R M O D Ü L Y A R D I M I Y L A T A N I M L A N A N K U V V E T L İ 
A A - T O P L A N A B İ L İ R L İ K 

Özet : Bu çalışmada bir / modül fonksiyonu kullanılarak bazı yeni 
dizi uzayları tanımlanmakta ve bunların bazı özelikleri incelenmektedir. 

I N T R O D U C T I O N 

Let a be a mapp ing o f the set o f positive integers into itself. A continuous 
l inear funct ional <p on m, the space o f real bounded sequences, is said to be an 
invar ian t mean or a a-mean i f and only i f 

(1) (f> (x) > 0 when the sequence x = has xn > 0 for a l l 

(2) <f> 0 ) = 1 where e = ( 1 , 1, 1, . . . ) , and 

(3) 0 ((*„(«))) — 4> 0 0 for a l l x e m. 

The mappings a are assumed one-to-one and such that a A («) # n for a l l 
positive integers n and k, where alc(n) denotes the k t h iterate o f the mapping a 
at n. 

For certain kinds o f mappings c, every invar iant mean <j) extends the l i m i t 
funct ional on the space c o f real convergent sequences, in the sense that (f> (x) = 
l i m x for a l l xec. Consequently, c cz Va , where VB is the set o f bounded 
sequences a l l o f whose 0-means are equal [3]. 

W h e n u(n) =n-\-l, the a-mean are the classical Banach l imits on m and 
Va is the set o f almost convergent sequences [1] . 
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I f x = (xn), set Tx « (Txn) = ( x o ( w ) ) . I t can be shown [3] that 

Va = { x = (.*„): ü ın tmn (x) = Le, un i fo rmly i n « , L = o - l im x} 
m 

where 

'«« (*) = (x„ + ?X, + . . . + T m x n ) / (m 4- D-

Recently, Mursaleen [4] defined strongly ©--convergent sequences replacing the 
Banach l imits by a-means, i n the fo l l owing manner: 

A bounded sequence x = {xk} is said to be strongly c-convergent to a n u m ­
ber L i f and only i f 

m 

l i m 11m " X I xak(_ny — £ ] - * • 0, un i fo rmly i n n, 
ft-I 

The fo l l owing inequali ty w i l l be used frequently th roughout the paper: 

K + M p * < c ( | a r L ' * + [M**) (*) 
where aK , bK e C , 0 < pK ^ sup pK = H , C = ma x ( 1 , 2H~X) [2] . 

Defini t ion 1 [7], A funct ion / : [0,<*>] [0,«>] is called a modulus i f 

a) f(x) = 0 i f and only i f x = 0, 

b) + 

c) / is increasing and 

d) / is continuous f r o m the r igh t at 0. 

Several authers inc lud ing M a d d o x [3] , Ö z t ü r k and Bi lg in [6] and some others 
have studied some new sequence spaces defined by a modulus function. 

By using a modulus funct ion / and a nonnegative regular matr ix A, we 
defined the sequence space w(Aaf) as follows [5] : 

w (Aaf) = <xew: l i m ^> amkf (j xak(_„) —L |) = 0, for some L un i formy i n n l . 
' III ~ * t 

K 

S / c denotes the summation k = 1 to ^ and w denotes a l l complex valued 
sequences. 

Defini t ion 2. Let p = (pK) be a sequence o f strictly positive real numbers,. 
/ be a modulus, and A be an inf in i te ma t r ix o f nonnegative real numbers. W e 
wri te 
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\Aa f,p] = {xew : l i m / amkf (| — L | )pk = 0 , for some L un i formly i n wj-
k 

M«r/»p](, = {xew : l i m V < W / ( l*a*00 I A = °> uni formly i n n\ 
k 

[Aaf,pU = {xew: sup ] > amkf( [ x ^ | A < ° 4 • 
A; 

Jf x — Le = [ ^ f f ' / , / i ] 0 , we say that x is strongly Aa -summable to Z, 
w i t h respect to the modulus / . I f x is strongly Aa -summable to L w i t h respect 
t o the modulus we wr i t e xK—> L [Aaf,p] . 

Note that i f p K = \ for a l l KandA is a nonnegative regular ma t r ix summabil i ty 
method, then 

[A*f,P\ = w (Aaf) and [Aaf9p]Q = w (Aaf\. 

The spaces w(Aaf) and w(Aaf)0 were introduced and discussed i n [5], 

I f f(x)=xx, the spaces [Acf,p], [ABf,p}0, and reduce to 
l A A l o , and M 0/>]»> respectively. 

We first prove 

Lemma 1. [Aaf,p], [Aaf,p]a and [Aaf,p]„ are linear spaces over the 
•complex f i e ld C. 

Proof. W e consider only [Aaf,p]0. Others can be treated similarly. Le t 
x, y e [Aaf,p]0 . F o r X, n e C, there exist integers M% and such that 
j X | < MK and j j i | ^ , F r o m Def in i t i on 1 (ft) and (*) we have 

fc k 

+ CN^alllkf(\y«k(n)\). 
k 

F o r w - » °o , since x,y e [ / 4 „ / , ^ ] 0 , we have \x-\-\iy e [ ^ D / , i > ] 0 . Thus 

[Aaf,p]0 is hnear space over C. 

Theorem 1. [Aaf,p]0 and [Aaf,p] ( i n f / J ^ > 0) are complete linear topo­
logical spaces paranormed by h defined by 

h(x) = suAyamkf(\xaHn)\fK\i,M , M = m a x { l , / / } . 
k 

Proof. Just consider [A^ffP^; the other is similarly. 

file:///x-/-/iy
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Clearly h(Q) = 0 and h{x) = h{ — x). Take any xty= [Aafyp]0. Since 

M 
and M ^ 1, using the Minkowsk i ' s inequali ty and the de f in i t i on .o f j \ for a l l 
m> n we have. 

k 

N o w i t fol lows that h is subadditive. F ina l ly , to check the cont inui ty o f m u l t i ­
p l ica t ion , let us take any complex X . By def ini t ion o f / we have 

h {X x) = s u p { V amkf{ | x a H n , . X \ y A U M ^ { 1 + [ I X I h (x), 
m.n V ~ - ' ' 

ft: 

where [r] denotes the integer spart o f t, whence X - > 0, JC - » Q i m p l y A (A, x ) -» 0 

and also x -> Q, X f ixed imply / i (Xx) - > 0. We show that X - » 0, x f ixed imply 

A ( X J C ) - » 0 . 

Let x e [ ^ 5 / , ^ ] then as m - x > a , 

^ = 2 ° m * / ( 1 — £ I )i'A' "> 0 un i fo rmly i n n. 
k 

For | X j < 1, we have (by (*)) 

2 fl«*^ I X x°k.M i A <
 c 2 a- f c / ( 131

 XakM ~^L\Yz+ fc ft 

+ C 2 I - £ I YK + C 2 \XL\)PK. 

k>M 

Let £ > 0 and choose M such that for each n, m and k>M implies snni<zj2C.-
For each M , by cont inui ty o f / , as X->0 ( in f / ) A ->0) 

2 ««*/( l x - ^¿1)^+2<W<I £ IA-> o. 

Then choose 8 < 1 such that | X | < 8 implies 

; a m f t / ( [ X xekM - X L | yx+ 2 | X X [ ) ^ < C / 2 C . 

Hence we have 
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2 W X I W c , ,) iA'<£. 
k 

and h(kx)-±0 (%-*0). Thus [Aaf,p]Q is paranormed linear topological space 
by ft. 

N o w , we show that [Aaf,p]g is complete w i t h respect to its paranorm 
topologies. Let (xs) be a Cauchy sequence i n [Aaf,p]a. Then, we wri te 
h (xs — x') -» 0, s, t -> o o } i.e., as s, t - > °o for. a l l n and m, we wri te 

2 a«*f( i - i °- (o 
k 

Hence, for each f ixed n and k, as J ' , t - » o o , we have / ( j x n f c ( j ( ) -— x o f c ( j ; ) | 0 

and for each f ixed « and /V, (.v„ f t ( H ) ) s be a Cauchy sequence i n C. Since C is 

complete, as i - ^ w , 0 * ^ , ) )* -> ) say. N o w f r o m (1), we have for g > 0, 

there exists a natura l number N such that 

a r t / ( l ^ w " ^ ( J A < E (2) 
k 

for a l l TT, m and s, t >N. Hence for any f ixed natural number M, we have f r o m (2), 

2 (s) (() 

^ / ( l ^ ( n ) - ^ t ) I A < £ (3) 

for a l l /?, m and s,t>N. By tak ing oo i n the above expression we obtain 

2_ amkf(\ x

a k M ~ \)PK<Z 
k<.M 

fo r a l l 77, m and s<N. Since M is arbi t rary, by t ak ing M ~> oo we obta in 

for all « , ii7 and s> N, that is, ft ( x ^ — x ) - > 0 as > a n d thus x f f - » x as s-> °o . 

A l s o , for each there exists £ ( i ) w i t h 

2 a«*f( i - L ( s ) i - » ° i™-* ~ > (4) 

un i fo rmly i n «. F r o m regularity o f A, D e f i n i t i o n 1 (ft) and (4), we have 
/ ( I L < s ) — Z, ( r ) | ) P K -* 0 o o ) and is a Cauchy sequence i n C, so 
( L i s ) ) converges to L , say. Consequently we get 

2 a'"kf( I - £ I A 0 (m -> o o ) 

uni fo rmly i n n. So that xe[A„f,p] and the space is complete. 
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Theorem 2. i ) I f / is a modulus / and x is strongly A 0 - summable to L , 
then x is strongly summable to L w i t h respect to the modulus. 

i i ) I f l i m ^ = P > 0 then [Aaftp] = [Aap]. • 
(-™ t 

Proof, i ) Let xe [Aap]> so that 

l i m y airk | xakw \ P K = 0, un i fo rmly i n n. 

Let 1 > E > 0 and choose 5 w i t h 0 < 5 < 1 such that f(t)<£ for 0 ^ t ^ 5. 
W e wri te = j xafc(„) -— £ \PK and consider 

. 2 a»*f( I - ^ I A « £i + £2 • 
AT 

The remainder o f the c la im can be proved by using the techniques similar to those 
used i n Theorem 5 o f Oz t i i r k and Bi lg in [ 6 ] . 

i i ) I n viev o f Theorem we need only show that [Aaf,p] £ [A^p]. F o r 
any modulus func t ion , the existance o f positive l i m i t given w i t h p was given 
i n [5] . N o w p > 0 and let x e [Aaf,p]. Since p > 0, for every t > 0, we wri te 
f(t)>:$t. F r o m this inequality, i t is easy to see that xe[Aap]. This completes 
the proof. 

Theorem 3. Let A be a nonnegative regular mat r ix and / be a modulus, 
then [Aaf,p}^{Aaf,p\„. 

Proof. Let x e [Aaf, p]. F r o m D e f i n i t i o n 1(b) and (*) we have 

2 amJ( \ ̂  | )pK < c2««*/(! *.*M - L1 AH- ^2 I L IA¬
k k k 

There exists an integer ML such that | L | ^ ML . Hence we have 

2 *„*/( I | A ^ C^amkf( \ x a k M - £ j A + C{MLf(\)}^ a m k . 
k k 

Since A is regular and xe[Aaf,p], we get x e[Aaf, p]m and this completes 
the proof . 
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