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STRONG A,-SUMMABILITY DEFINED BY A MODULUS

Tunay BILGIN
Department of Mathematics, Yiziinc Yd University, Van-TURKEY

Abstract : In he present note we introduce some new sequence spaces
by using a modulus function fand examine some properties of these sequence
spaces.

BiR MODUL YARDIMIYLA TANIMLANAN XKUVVETLI
A, -TOPLANABILIRLIK

Ozet : Bu ¢alismada bir £ modii] fonksiyonu kullaniarak bazi yeni
dizi uzaylart tamimlanmakta ve bunlarm baz Ozelikleri incelenmektedir.

INTRODUCTION

Let o be a mapping of the set of positive integers into itself. A continuous
linear functional ¢ on m, the space of real bounded sequences, is said to be an
invariant mean or a c-mean if and oaly if

(1) ¢ (x) = 0 when the sequence x = (x,) has x, = 0 for all n,

() ¢() =1where e =(1,1,1,...), and

() ¢ (xegn)) = ¢ (x) for all xem.

The mappings ¢ are assumed one-to-one and such that o*(#) # rn for all
‘positive integers r and k, where o (1) denotes the & th iterate of the mapping o
at n. :

For certain kinds of mappings o, every invariant mean ¢ extends the limit
functional on the space ¢ of real convergent sequences, in the sense that ¢ (x) =
lim x for all xee. Consequently, ¢ ¥, , where V, is the set of bounded
sequences all of whose o-means are equal [3].

When o(n) = n+-1, the o-mean are the classical Banach limits on m and
¥, is the set of almost convergent sequences [l].
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If x =(x,), set Tx = (Tx,} = (Xa(m). It can be shown [3] that
V,={x=(x)lmt,,(x) = Le, uniformly in »n, L = o-lim x}
where i
Lo (%) = (¢, + T+ oo + T7x) [ (m -+ 1),

Recently, Mursaleen [4] defined strongly o-convergent sequences replacing the
Banach limits by o-means, in the following manner;

A bounded sequence x = {x,} is said to be strongly o-convergent to a num-
ber I if and only if :

4
lim 1/m Z | %eky — L | = 0, uniformly in #.

m =
The following inequality will be used frequently throughout the paper:
: ax + bk < C(|ag P + | b [5) | ™)
where ag, b € €,0 < p, < sup pp = H,C =max- (I, 281} [2].
Definition 1 [7], A function f: [0,e0] = [0,e0] is called a modulus if
a) f(x) =0 if and only if x =0,
by f(x+3) <fE+S0),

¢) f is increasing and

d) f is continuous from the right at 0.

Several authers including Maddox [3], Oztiirk and Bilgin [6] and some others
have studied some new sequence spaces defined by a modulus function.

By using a modulus function f and a nonnegative regular matrix A, we
defined the sequence space w (4, f) as follows [5]:

[
P
E
[
[‘::
i
i

L

w(d, )= { xew: lim Z e S ( Xokey —L [} =0, for some L uniformy in n} —
I

Z, denotes the summation &k =1 to co and w denotes all complex valued
sequences.

Definition 2. Let p = (pg) be a sequence of strictly positive real numbers,
S be a modulus, and 4 be an infinite matrix of nonnegative real numbers. We
write
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14, firl = {xe w : lim Z A, (| Xoktmy — L | )% =0, for some L uniformly in n.}
m
k
4, £, 0], = {x ew s im > ay f(|xakin ) = 0, uniformly in n}
" P

(4. 1, ple = {.x €ws sup Z Qe S| Xakegy | )R < oo},
> k

If x— Le=[A4,f,pl,, we say that x is strongly 4,-summable to L
with respect to the modulus f; If x is strongly 4, -summable to L with respect
to the modulus we write x.— L[4,/ p].

Note that if pp=1 for all Kand A is a nonnegative regular matrix summability
method, then

(A, fB| = w (4. f) and [4, 1, pls = w (4. 1)y .
The spaces w (A4, f,) and w (4, f), were introduced and discussed in [5].

¥ f(x)=x, the spaces [A.f.pl, [4./.pl,, and [A,f pl. reduce to
{4.p), [4, pl, » and [A, pl. respectively.

We first prove

Lemma 1. [A.f, pl, [4. £ p]l, and [4,f ple are linear spaces over the
complex field C.

Prosf. We consider only [4,f, pl,. Others can be treated similarly. Let
x,y €[4, f,pl,. For A, p € C, there exist integers M, and N, such that
{Al < M, and || € W, . From Definition 1 (4) and (¥) we have

Z Gy S (| Xokmy + B Yoty | 'K < CME z e S (| Xaktny | Y +

k k

+ CNfZ'amkf( l Yok(m) I ) .
k

For m—» oo, since x,p € [4,f,ply, we have Ax4-py e [4,f pl,. Thus
[4, /. pl, is linear space over C.

Theoremi B[4, f, pl, and [4, £ p] (nf pg > 0) are complete linear topo-
logical spaces paranormed by / defined by

HLE

h(x) = Sup{zamkf(lxgk(n)I)‘pK}UM , M = max {1, ).
k

FProof. Just consider [4, f, p],; the other is similarly.

R R e A
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Clearly #(0) =0 and A (x) = A( — x). Take any x,y = [4,f, 7l Sincep—ﬂ;..{ 4
and M > 1, using the Minkowski’s inequality and the definition of £, for all
m, kn we have.

/M

{z Gy S (| Xy -+ Yokin | )p.K}”MS. {Z Gt f (| A Kby | )FK} +
K

+ {Z By S (| Vaketd l)PK}UM‘
k

Now it follows that £ is subadditive. Finally, to check the continuity of multi-
plication, let us take any complex A. By definition of /" we have

B %) = sup{ > auef (| xaen - MY} ™ < {1+ LM 1107 A o),
k

n,n

where [7] denotes the integer spart of ¢, whence A = 0, x = g imply A(A x) = 0
and also x -» 8, A fixed imply /s (Ax)— 0. We show that A — 0, x fixed imply
A(Ax)— 0. '

Let xe[A, f, p] then as m— eo,

Sy = Z G S (| Xy — L | )& ~> 0 uniformly in .
&

For |A ]| << 1, we have (by (%))

D e S A5k | € g f (| Aoxain — AL | P 1
k k

+ Czamkf(l A'L'l)pK "‘<‘- C-Zamkf(lkxdk(h) - lL I)pK+
k

fesedd
+C ap S (| Xokn — L PE+ € @ fML| VK.
k> ' k

Let £2>0 and choose M such that for each », m and k> M implies s,,<g/2C.
For each M, by continuity of f, as A—=0 (inf pg>0)

> e f (UM Xoky — ML YK+ D a f(IML| YR 0.
) k

k=M

Then choose § <1 such that | A [<8 implies

Z amkf( [R’xck(lﬂ) — AL l )pK—I_ Z amfcf(l AL [)pK< E/20
k

k=h

Hence we have
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S e (M otoi | Vi <&

k
and A(Ax)—0 (A-»0). Thus [A4,f, p], is paranormed linear topological space
by f. .

Now, we show that [A4,/, p], i5 complete with respect to its paranorm
topologies. Let (x*) be a Cauchy sequence in [4,f, pl,. Then, we write
h(x* — x>0, §,f~> co_ie., a5 5,1 oo for all # and m, we wrile

() () :
Z a""Ff( l xﬂ"(") - Jcm’c(n) l )pK - 0'_ (1)
* © 0]
. : £) i
Hence, for each fixed n and k, as 5,7 — oo, we have f(|X g, — Xy, | Yx— 0

and for each fixed » and k, (x:,i(") ), be a Cauchy sequence in C. Since (' is

&
complete, as 5§ — oo, (xck(n) )s = (Xok(ny ) say. Now from (1), we have for g > 0,
there exists a natural number N such that

) [
z amkf(] Lokimy T Fokin \ )p‘K_< € (2)
k . : :
for all n, m and s, # > N. Hence for any fixed natural number M, we have from (2),
() )
Z amkf(l xak(n) - xck(n) l )pK <E (3)
EEM

for all n, m and s, r>N. By taking #— oo in the above expression we obtain

(s)
Z amkf(l KXokegwy ™ Xakim l Yr<e
k=M

for all », m and s<< N. Since M is arbitrary, by taking M —» oo we obtain
(s)
Z Qi S l Kaky — Nakia) l Yr<e
k .
for all », m and s> N, that is, & (x®—x)-—>0 as s—> o= and thus x*—>x as §=» oo,
Also, for each s, there exists 1@ with ‘
18]

Z Gt (| X gy — LO| PR 20 (o o0) 4)

k
uniformly in ». From regularity of A4, Definition 1(b) and (4), we have

FULY — LO| Y>>0 (5,1~ o) and (L®) is a Cauchy sequence in C, so
(L) converges to L, say. Consequently we get

Zamkf(lxuk(n) — L|)Y&k—>0 (m—> o)

14

uniformly in 7 So that xe[d,f, p] and the space is complete,
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Theorem 2. i) If fis a modulus fand x is strongly A, -summable to L,
then x is strongly summable to I with respect to the modulus.

i)y If lim-’r@-=ﬁ>0 then [A,f, p] = [4, p]-

e
Preof. i) Lét xe[Ad, p], so that

lim z @, | Xty |PX = 0, uniformly in n.
"
k

Let | >eg> 0 and choose 8 with 0 <8 < 1 such that f(¢) <& for 0 £ 1 £ 9.
We write fx = | Xokgm — L |Px and consider

' Zamkf(l Xok(uy — Ll)pK”-: Z] + 22 .

%
The remainder of the claim can be proved by using the techniques similar to those
used in Theorem 5 of Oztirk and Bilgin [€]. -

if) In viev of Theorem we need only show that [A4,f, p] < [4,p]. For
any modulus function, the existance of positive limit given with p was given
in [5]. Now [} >0 and let xe[A, f, p]. Since [ > 0, for every t >0, we write
F({$)=p¢. From this inequality, it is easy to see that x &[4, p]. This completes
the proof. '

Theotem 3. Let A be a nonnegative regular matrix and f be a modulus,
then [4, 7, pl= 4, 1, Plo .

Preef. Let xe[A,f, p]l. From Definition 1(h) and (*) we have

Z Byge (| oo | 5 < CZamkf(% Yok — L | Y&+ CZ @S L| VK.
k k K
There exists an integer M, such that | L| € M, . Hence we have
Z e F( | Xole(ny I)pK S Czamkf( I Xokgny — L i Pr+C {MLf(I)}HZ Dot +
k k

Since A is regular and xe[Ad, f, p], we get xe[Ad,f, pl« and this completes
the proof.
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