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ON SOME AFFINE CONNECTIONS ON M A N I F O L D S W I T H 
A L M O S T C O N T A C T 3-STRUCTURE 

Nicolae SO ARE 

Abstract. In this paper, we shall study affine connections on manifolds with 
almost contact structure and with almost contact 3-structure. Using Obata's 
operators associated to an almost contact structure ( <p, £ rj) or a three almost contact 
structures ( (p ,, rj ') (i = 1,2,3) and Wilde's method of characterizing the set of 
solutions of a system of tensoria! equations are found all the (<p,Ç,rj)-dîïm& 
connections and (<prj '^-affine connections and their groups of transformations. 

INTRODUCTION 

Let M be a ^2«+7^-dimensional manifold and let 3(M) be the algebra of 
ail the differentiate functions on M. We denote by T/(M) the Z(M)-module of 
the tensor fields of type (r,s). For To[(M) is used the notation ^s(M). Lei C(M) be 
the affine modul of affine connections on M. 

• An almost affine^çontact'stmcture on M i s defined by a C 0 0 (7,/j-tensor field <p, 

a C œ vector field £ and a C œ one-form r\ on M such that 

( i ) ^ 2 = - I + 7 7 ® £ 7 ( £ ) = 1 

where ® denotes the tensor product and / is the identity tensor. This implies 
<p£ = 0 and 7] ° (p = 0 . Manifolds equipped with an almost contact structure are 
called almost contact manifolds.[1] 

Let us suppose that a differentiable manifold admits three almost contact 
structures (<p u ^i,rj ') (i = 1,2,3) satisfying 

(Pi<Pj - T]J ® C / = - (pj<pi* ?]'<& = (pk . T]'(Çj) = Sj', 
(2) 

(Pi($j) = -(pj(Çj = ik, r]'°<Pj = -r}J°<p, = T]

k 

for any cyclic permutation (i.j.k) of (1,2,3). Then (ç>„^77') (\ = 1,2,3) is called an 
almost contact 3-structure.[3] 

67 



1 .Affine connections on almost contact manifolds 

Let M be a differeniiable manifold with an almost contact structure (<p,^.i]). 

We consider the distribution H = Kerij and V = Ker <p = { ^ } on W and we 

denote 

(3) h =I-<^®T}, v = £ ® 7 / 

the projections on H and V respectively. We have [2] , 

If = h, v2 = v ,hv = vh = 0 
(4) 

<p = -h, h(p:=<ph = (p,v(p=<pv = 0 

Thus h and v are complementary projection operators on M. 
Definition l . l .We call Obata operators associated to an almost contact structure 

(<p, £ i]), the applications A, A* : T}' (M) -> Ti1 (M) defined by 

(5) * A(w) = v°w°v+ h°w°h, A(w) = v^wo/i+Ziowov 

Proposition 1.1. ^ and A* are complementary projection operators on T}'(M). 
Proposition 1.2. The tensoria! equation 

(6) A*(u) a, aeT,'(M) 

has a solution ueT/1 (M) i f and only if a&Ker A. I f a eKer A, then the general 
solution of the equation (6) is 

(6 1) v = a+A(w), VWGT,'(M), 

A similar result holds for the equations of the form A(u) = a. 

In the following, V eC(M) wi l l be an affine connection fixed onMsuch that, 

Y £ = 0, V 77 = 0 . Every tensor field u eT/' (M) may be considered as a field of 
N (^-valued differential /-forms. So, i f V is an affine connection on M, then we 
note with D and D the associated connections acting on the K (^-valued 
differential /-forms and respectively on the differential / - forms: 

(7) (Dxu)Y = Vx(uY)-u(VxY) 

(8) (DX1)Y = X(TJQ!))- T](VXY) 

V ueT,!(M) and X,Y e K(M). 
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Definition].2. An affine connection Von M is called an ( V , £ , 7 ? ) - affine 
connection i f 

(9) D<p = 0, D rj = 0, V£ = 0. 

Of course, for every (tp,c,r} j-affine connection V , we have 

(10) V , v v = vVx. Vxh = hVx. V i e K(M) 

We see that D and D commute with the operators A and A * 

We take V / = V , v + yx> where V is an afiine connection on M such that 

v £ = 0 . D / 7 = 0 a n d K A r = V(X, Y), VeT2'(M) V A, J' e K (M) and we find the 
tensor field V so that it satisfies the conditions (9). 

V wi l l be an (<p, _ ) _ a f f i n e connection i f and only i f the field V satisfies the 
system of the tensorial equations: 

(11) VXo(p-<p°Vx = -(Dx<p). VA'eKYMJ 

(12) ?j a Vx = 0, Vx% = 0, VX e H(M) 

We have also 

Vxov - v° Fx = - Dxv 
(13) 

Vxoh-h°Vx = - Dxh 
which implies that 

ho f^Yo v = - h° D xv = (Dxh) °v 
(14) 

V ° VXa V = - v o D xv ~ (D xv) oh 

V X <?"ti(M). Putting 

(15) a(X) = (Dxh)°v+ (Dxv)°h=-h°(D xfy-v°(D xh) 

it follows that Vx must verify the system 

(16) A *(Vx) = a(X), 7] o Vx = 0, Vx £ = 0. 

But 

A(a(X)) =A((Dxh)ov + (Dxv)oh) = vo (ho D xv + vo Dxh)°v + 

ho (ho Dxv + vo Dxh)°h = v° Dxh°v + /?° Dxv °h = 0, 

and by a straightforward computation, it is verified 
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rjoa(X) = 0, a(X)Ç=0, ¥XeK(A4). 
Applying the Proposition 1.2, it becomes that the system (16) has a solution and 

the general solution is 

(17) J' rx = a(X)+A(Wx), 

where W e 7!? (M) must be verify the conditions 

(IS) n°A(Wx) = 0, A(Wx)(%) =0, V i e is (A4) 

Then we obtain the following: 
Theoreml.l . There are (<p.^,rj ̂ -affme connections: one of them is 

(19) = Y A ' + (Dxh)ov + (Dxv)oh 

where V is an affme connection on Ad such that V £ = 0 and D rj = 0, D and D 
being its associate connections. 

Theoreml.2.The set of all ((p^.rj)- affme connections is given by 

(20) V A ' = VX+AOVX) 

where V is an ((p^,r)) -affme connection and WeT2'(M) satisfies the conditions 

Observing that (18) and (20) can be considered as a transformation of (q>, T])-
affme connections, we have : 

Theorem!.3. The set of the tmsfonnations of ( <p, Ç, i] ) - affme connections and 
the multiplication of the applications is an abelian group, noted with G(q>^ri), 
isomorph with the additive group of the tensor We T2* (A4) which satisfies the 
conditions (18) and (20). 

(18). 
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2.Affine connections on manifolds with an almost contact 
3-structure 

Let A4 be a differ en liable manifold with an almost contact 3- structure( cp , £ i , 77 ' ) 
(i = 1,2,3). Now we consider the distributions//, = Kerrj' and V, = Ker <p, and we 
denote 

(21) h ^ l - Ç j ® T]\ v ,= Ç,® Tjî i = 1,2,3 

the projections on //,• and J7,- respectively. We have 

h2i = hh v2,- = v,-, h,v, = v,-hj = 0, 
<pf =- hi, hi q>j = q>ih( = <pit vt<pi = <PiVi =0 
V, Vj ~ Vj V,- = 0, h, Vj = Vjhi - Vy 

ft;/?,- =hjhi ~I-Vj-Vj, for 

Definition 2.1. We call Obata operators associated to an almost contact 3-
structure , ( <f>i,qi, 77 ') (/ = 1,2,3) the applications .4 ,-, ,4*, : T\ '(A4) 1 (A4) 
defined by 

(23) Ai(w) = V,- ° M ' ° V / + hjOW°hi, As(w) = v,- + hj°w°Vj. 

Proposition 2.1. For an f , , £ i, 77 -structure on A4 and A „ A*> defined by (23) 
we have 

1) A -, and A*i are complementary projection operators on Tj1 (A4) 
2) A -, and A *> commute pairwise with A jand v4 
3) ^ , 04/ and A 0̂ 4*. are projections on 7y i f ^ ) 
4) A'er^ , f l A e r ^ y = Im (A t f)A j), 

Proof. 2) In fact, by simple calculation we have 

A i°Aj (w) = v j°Aj (w) o Vf + hjOAj(w)°hi = v j 0 v, V j 0 v + v ,• 0 ft,-
o>i'0 / y o v , + À ,• o V y O H ' O V / ° h i + h i ° hj°W° hj o hj = V i ° H ' ° V + ° V ! ' ° 

VJ,- + h j ° h j ° w ° fyo/z,-. 

Proposition 2.2. The system of tensorial equations 

(24) A*,(u)=abi = 1,2,3 

has a solution w ef/ (A4), i f and only i f 

(25) Ai(a$ = 0 and A,(aj) = Aj(al), i±j 

I f the conditions (25) are fulfilled , then the general solution of the system (24) is 
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(26) w = ai+A}(a2) + AiA2(a3) + A,A2A3(w) 

V W E ^i'(M). 

A similar result holds for the system of the form Aj(u) = a,. 
Definition 2.2. An affine connection V on M is called an (q> h £ i, ?; ')-affme 

connection i f 

(27) D<p, = 0, D TJ' = 0, V = 0, i = J,2,3. 

For every ((p „£, i, r\ ')-affine connection V we have 

(28) Vxvi = v.Vx, = hVx, \/X e H(M) 

and D and D cqmmute with the operators A,- and Aj*. 

We take V x '= V j + Vx where V wil l be an affine connection fixed on Msuch 

that V £i = 0, Drii =0 (i = 1,2,3) and VXY = V(XJ), V XJe X(M). V w i l l be 
an (%, £ i, r\ ')-affine coimection i f and only i f the field V satisfies the system of the 
tensorial equations 

Ai*(Fx) = ai(X), 7 ' 0 ^ = 0, ' 

Vx£i =0,i = 1,2,3, VXe H(Ad) 
where 

(30) a,{X) = (DxhJ oVi + (Dxvj °ht = - h ,° Dxvrv ,o Dxh, 

By a straightforward computation, it is proved that 

(31) A*i(aj(X))=A*j(ai(X)) 

is equivalent to 

(32) hioVxhj = hjoVxhi, V 

Also, it is proved that 

(33) 7 7 ' °aj(X)=0, at(X)(%j)=0, V i j , V Xe K(M) 

I f the conditions (32) and (33) are fulfilled , then the system (29) has nontrivial 
solutions and its general solution is given by 

(34) Vx = aj(X) + A,a2(X) +A,A2a3(X) + A,A2A3WX 

where WeT2 (M) must verify the conditions 



(35) r1

i oA,A7Ä3Wx = 0, A,A2A3Wx%i = 0, / = 1,2,3, Xe \<(M). 

We have: 
Theorem 2.1. There are (<p\,4 i, 1] 'J-affme connections: one of them is 

(35) Vx = Vx+ai(X) + Ata2(X)+A iA2a3(X) 

and the set of ail (tp£/, r}')- affine connections is given by 

(36) V * = Vx+A,A2A3(Wx) 

where V is an (q> ¡,¿¡¡,7]')- affine connection and W^T2(M) satisfies the 
conditions(35). 

Observing that (35) and (37) can be considered as a transformation of 
(q> j, £ i, ?]')—affine connections, we have: 

Theorem2.2. The set of all the transformations of (<p „ £ i, r\ ')-affine 
connections and the multiplication of the applications is an abelian group, noted 
with G ((pu 4'. 7?')-isomorph with the additive group of the tensors W eT2'(M) 
which satisfies the conditions (35) and (37). 
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