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ON SOME AFFINE CONNECTIONS ON MANIFOLDS WITH
ALMOST CONTACT 3-STRUCTURE

Nicolae SOARE

Abstract, In this paper, we shall study affine connections on manifolds with
almost contact structure and with almost contact 3-structure. Using Obata’s
operators associated to an almost contact structure { ¢ £ 777 or a three almost contact
structures ( @, £, 0’ (i = 1,2,3) and Wilde’s method of characterizing the set of
solutions of a systemn of tensorial equations are found all the (g,&,7)-affine
connections and (@ & 77 )-affine connections and their groups of transformations.

INTRODUCTION

Let M be a {2n+])-dimensional C® manifold and let 3(M) be the algebra of
all the differentiable functions on M. We denote by  1.'(M) the T¢M)-module of
the tensor fields of type (r,s). For T o'(M) is used the notation M) Let C(M) be
the affine modul of affine connections on M.

+ An almost affinegontact structure on M is defined by a C*® (1, [)-tensor field ¢,

a C%vector field & and a C ®one-form 7 on M such that

(1) pl=-1+n®& wé)=1

where & denotes the tensor product and 7 is the identity tensor. This implies
¢f =0 and 7o = (. Manifolds equipped with an almest contact structure are

called almost contact manifolds.[1]
Let us suppose that a differentiable manifold admits three almost contact

structures (¢ ;, &4 ') (i = 1,2,3) satisfying

Qg - @ Ei - pipie 'L - wr. n'iEy - 8
2) _ ,
Pi(E)=-pAEd=En mlop; = ~nlop, = pnt

for any cyclic permutation 7.7,k of (7,2,3). Then (p;, &, qi) (i=1223)1s called an
alimost contact 3-structure.[3]
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1.Affine connections on almost contact manifolds

Let M be a differentiable manifold with an almost contact structure ((p,&, 7).
We consider the distribution H = Kern and V = Ker ¢ = {&} on M and we

denote
{3) h_:]-§®r;,v=§®7]

the projections on A and Vrespectively. We have [2],

W =hvi=vh=vh=0
@) -
p’=-hhp =ph=g ve=pv=0

Thus 4 and v are complementary projection operators on M,
Definition 1.1, We call Obata operators associated to an almost contact structure

(¢, 1), the applications 4, 4* ' T, ’(M) > 7 (M) defined by
(5 * Afw)=vowov+ howoh, Afw} = vewoh+ howoy

Proposition 1.1. 4 and 4" are complementary projection operators on 7} d (M),
Proposition 1.2. The tensorial equation

(®) A*w a ael; (M)

has a solution w € 7;’(M) if and only if a € Ker 4. If a cKer 4, then the general
solution ofithe equation {6) is

(6" u=a+Am), Vv weT;‘I(J\/_D.

A similar result holds for the equations ofithe form A(u)
In the followmg V e C(M) will be an affine connectlon fixed on M such that ,

V E=40 V n = 0. Every tensor field ueT;’ (M) may be considered as a field of
N (M)—valued differential /-forms. So, if V is an affine connection on M., then we

note with D and D the associated connections acting on the ¥/Af)-valued
differential /-forms and respectively on the differential /- forms:

(7 DOxw)Y = Vy@l) -u(Vy¥)

®) (DY = X(n(¥) - n(9 x1)
YV oueT; ' (M)and XY e N(M).
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Definition}.2. An affine connection Von A is called an (@,& n)— affine
connection 1f
9 Dp =0 Dn =0 VE =0

Of course, for every (p, £, n7)—affine connection V, we have
(10} Vyvy =vVy Vyh = bV, VX e N

We see that 2 and D commute with the operators 4 and A*.
We take Vy = Vy + Vy, where V is an affine connection on M such that

vé -0 D 7 =0and Vy¥ = VX, ¥), Vel (M) ¥ XY € N(M) and we find the
tensor field ¥ so that it satisfies the conditions {(9),

V will be an (¢,£, 1 J-affine connection if and only if the field V satisfies the
system of the tensorial equations:

(1) Vyop-peVy=-(Dxp) VX e NM
{12) nely=0 Vxg=0 VXelM

We have also

V,-(ov-\:o VX=- DX‘P
(13)

Vyvabh-ho¥Fy=- Dyh
which implies that

heVyov=-ho D yv=(Dh)ov
(14)

voFysv=-vo D ywv=(Dywech

v X "N (#). Putting
(15) alX) ={Dyhjov+ (Dyoh =-he(D yh)-vo(D xh)

it follows that Fy must verify the system
(16) A*(Vy) =alX), neVy=0 Vy& =0

But
A@aX)) =A((D yh)ev + (Dyw)oh) =ve (he D yv + yo Dyh)ov +
ho (ho Dy +tve Dyh)oh= vo Dyhov+ho Dywoh=10

and by a straightforward computation, it is verified
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noafX) =0, aX)é =0, VX e NM.
Applying the Propesition 1.2, it becomes that the system (16) has a solution and
the general solution is

a7 Vy=a(X) + A(Wy),
where ¢ T_w"(fl/[) must be verify the conditions
(18)  ned(Wy =0 AWY(E) =0, VX € R

Then we obtain the following:
Theoreml.l. There are {¢.&, n )—affine connections: one of them is

(19) Vy =Vx+(Dyhjov+ (Dyoh
where V is an affme connection on M such that V ¢ =0and D5y =0, D and D

being its associate connections.
Theorem1.2.The set of all (g, &, 77)~ affine connections is given by

20) V= Vyt AWy

where V is an {@,£, 1) -affine connection and We T_a"(MD satisfies the conditions
(18).

Observing that (18) and (20) can be considered as a transformation of (g, &,7)—
affine connections, we have :

Theoreml.3. The set of the trnsfonnations of ( @, £, 7 )— affme connections and
the multiplication of the applications is an abelian group, noted with G(g,&,7),

isomorph with the additive group of the tensor WeT (M} which satisfies the
conditions (18) and (20).
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2 Affine connections on manifolds with an almost contact
3-structure

Let M be a differentiable manifold with an almost contact 3- structure( ¢ , &1, 7 9
(i = 1.2,3). Now we consider the distributions 4; = Ker 7' and V; = Ker ¢, and we

denote
@n hi=1-&@n' w=¢&@n', i=123
the projections on H; and F; respectively. We have
W= hvii= vy by =vib =0,
¢i2 =-h, higi=@ihi =@i. vigi=¢;vi =0
vy = v =0 iy = vli=

Biky =hihi =1-vi—v, foriz]

Definition 2.1. We call Obata operators associated to an almost contact 3-
structure , (gi&in? (i=123) the applications 4 ;, A% : T;'(M) =T, (M)
defined by

(23) A,-(w) =y owo vt h,-DWOh;, Af(“’) =V;oWo h,‘+ hjo Woe v,

Proposition 2.1, Foran ( ¢, £i, 17') —structure on M and 4 , 4*, defined by (23)
we have '

1) 4 ; and A* are complementary projection operators on 77 (M)

2) 4 ;and A* commute pairwise with 4 ;and A% j«j

3N AcAfand 4 * o4%; are projections on T; T

N Kerd {1Ker Ay = Im{d; Ay, i#].

Proof. 2) In fact, by simple calculation we have

A !-OAJ' (MJ)‘: VjoAj (\4)) oyt thAj(HJjohii Vo "j oo vy oy;+vy;o hj
owo hjow+h;o vowe yo hi+vh;ehpowehoh =v,owo vy, +v,owo
v;th;o hj owo fyoh,

Proposition 2.2. The system of tensorial equations

(24) A%(w) =a, 1=1,23
has a solutionu eT}'(M), if and only if

{25) Ayfay = 0and Ay(ay) = Ajfa), i+]

If the conditions (25) are fulfilled , then the general solution of the system (24) is

71




(29)°
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(26) w= ay+ Ajfaz) + Aida(as) + A14245(w)
Y owe S, (M)
A similar result holds for the system of the form A,u) = a;

Definition 2.2. An affine connection Von M is called an (¢, £i, n )~affine
connection if

(27) Dp;=0Dyg'=0VE&=0i=123
For every (¢ ., £ i, n}-affine connection V we have
(28) VXV,'Z"P,VX, Vxhj:]?fv/\' VXENM

and Dand D commute with the operators 4; and A4,*
We take V v = V y+ Vy where V will be an affine connection fixed on M such

that VEi=0, Dn' =0 (=123 and V.Y = V(X 1), ¥ X Ye NM). Vwill be
an (@, £1,77')—affine coimection if and only if the field ¥ satisfies the system of the
tensorial equations

Ai*(Vy) = a(X), 5’ oVy=10,

Pyl =0,i=123 ¥YXe N(M)
where

(30) ai(X) = (Dxhy ovi + (D yv) ohy = - ko Dyv-v o Dl
By a straightforward computation, it is proved that
G 4%@0) = A%(ailX)

is equivalent to

(32) hio V yhy =hjo V iy ¥ i)
Also, 1t is proved that
(33) n'oaiX) =0, aX)(E) =0, Vij ¥ Xe R(M)

If the conditions (32) and (33) are fulfilled , then the system (29) has nontrivial
solutions and its general solution is given by

(34) Iy = (ij +A102()O +A;Aga3(/v\9 +A;AQA3I’V,\'

where ¥ e Ty (M) must verify the conditions




(35) nioA;AgA_;H{\' ={, A1A2A3H’C\'§f:0, i= ],2,3, Xe N(M

We have:
Theorem 2.1. There are (@, £/, 17 ')~affine connections: one of them is

(35) Vy =V x+ a;0X) + Aax(X)+A4 14a5(%)

and the set of all (@, &i, np')— affine connections is given by

(36) V= Vit Aid2A3(Wy)

where V is an (¢ , &G 7'~ affine connection and We T)'(M) satisfies the
conditions(35).

Observing that (35) and (37) can be considered as a transformation of
(@, £i, ')—affine connections, we have:

Theorem2.2. The set of all the transformations of (g, &, 7 )-affine
connections and the multiplication of the applications is an abelian group, noted
with G (¢, &1, n)—isomorph with the additive group of the tensors W e T>'(A )
which satisfies the conditions (35) and (37)-
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