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O N P R O J E C T I V E C O L L I N E A T I O N I N F i N S L E R S P A C E I I 
S. P. S I N G H and i. K. G A T O T O 

Recently S. P. S ingh (j?].^])1 has der ived curvature co l l inea t ion i n F ins ler spaces. F. M . Meher 

[6] has discussed pro jec t i ve m o t i o n i n symmetr ic F ins ler space. The object o f this paper is to study 

R*- project ive curvature co l l inea t i on in Finsler space. Some special cases are also discussed at the end. The 

notat ions used in the sequel are due to E.Canan [ ! ] and H . R und (4) . 

1. I N T R O D U C T I O N 

W e consider an n-d imens iona ! Finsler space Fn w i t h connect ion parameters r " > ( x , i ) 2 ) w h i c h is 

homogeneous o f degree zero i n x', 

The covar iant der ivat ives o f the scalar f(x, i ) a n d a tensor T'jk (x, x) are g i v en by 

f-,=f.J-f\Xa^b 

(1.2) T'M = = r > M - r * | f l r < W +T°Jkr"al-rallrajl - z y r v 
respectively, where a c o m m a and a vert ica l stroke denote the part ia l der ivat ives o f the func t i on w i t h respect 

to x' and x' respect ive ly . 
The corresponding curvature tensor f ie ld in F n is de f ined by 

(1.3) r v = ( r % , - r % | ^ i ' ) - ( r v - r ' J D n ° w y ) 

+r*°>r*'Q/ -r* a //r* i
0 K 

The c o m m u t a t i o n f o rmu lae i n v o l v i n g the connect ion parameters T*' jk and the curvature tensor f i e l d 

R"jkh are g i v en by 

(1.4) r , *4-7% ; J, =rJkr"al\m-rotr%|m-rvr^|m 

(1.5) T'jk;l;m —T'jk;mj = T" jk R."aim ~T' akR'° jlm - T ' jaR'" klm 

— T'jk\aR,ablmXb. 

The L i e -de r i va t i ve o f the tensor T' jk and the connect ion parameters T" jk ,def ined by the 

in f in i t es imal t rans fo rmat i on 

(1.6) ? =x'+4'(x)dt, 
are characterised by 

(1.7) IT'jk =T'jk:a%a +T'jk\ja:tXb - T° jk?;o + T ' - j + T ;k 

and 

(1.8) £r% = r ^ + * % £ ' + r % U % * \ 
respectiveiy. 
The processes o f L ie - d i f f e r e n t i a t i o n and other d i f f e rent ia t ions are connected b y 

(1.9) (IT'J*), -£(r4)=o, 
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, . (£T' ,* L — [T'jk-i 1 — —Tajk £ r 'ai + T'okT "ji + T'jo £ r * B * i 
(1.10) 

+ r Jk\air\lxb. 

Also the L i e - der i va t i ve o f the o f the curvature tensor R" JM is expressed as 

(1.11) {trK-[tr*j,\k =£ r>+rv|a£ r ^ - r v l ^ r ° « x * . 

The in f in i t es ima l t rans fo rmat ion ( l ,6)def ines a pro ject ive m o t i o n i f i t t ransforms the system o f 

geodesies into those o f geodesies. The necessary and suf f ic ient cond i t i on that ( l .6) be a pro ject ive m o t i o n 

in Fn is that the Lie - d e r i v a t i v e o f the connect ion coef f ic ients T ' jk have the f o rm 

(1.12) iT"jk ^2Si
ijp°k) + xip'jk,3 ] 

where 

(1.13) p ' k =dkp", p ' j k ~d}p'k 

for some homogeneous scalar func t i on p * ( x , x ) o f degree one in x ' . 

For homogene i ty o f p'k and p* jk, they satisfy 

(1.14) p\xk = p \ p'jkx" = 0 . 

2. P R O J E C T I V E C U R V A T U R E C O L L I N E A T I O N 

De f i n i t i on 2.1 In a Finsler space Fn , i f the curvature tensor R " jki, satisfies the re lat ion 

(2.1) £ r T > = 0 , 

where £ represents L i e -de r i va t i ve de f ined by the in f in i t e s ima l t rans fo rmat i on ( l .6), w h i c h admi ts 

pro ject ive mo t i on , then the t rans fo rmat ion (l.6) is cal led pro ject ive R * -curvature co l l inea t ion . 

The in f in i t es ima l t r ans f o rmat i on (l.6) is called-a pro ject ive m o t i o n i n Fn , i f the L i e - d e r i v a t i v e o f 

V jk satisfies the re la t ion ( l . 12). A p p l y i n g ( l . l 2 ) i n the equat ion ( l . l l ) , i t gives 

(2 2) 25 tjP'm + 2SikPW] + 2*ipikW] 

where the index w i t h i n t w o para l l e l bars is unaf fected when w e consider skew symmetr i c part , 
[ f we take 

(2.3) 5'jP{k l] + 8{kp' + x'p'[k]m 0 = 0, 

then the equat ion (2.2) assumes the f o rm 

(2.4) £ i ; i = r ; ; | a ( 2 ^ / 7 ; ) y - r ^ | D ( ^ ( > ; ) + x > ; > * . 

I n v i ew o f ( I . I4) and the homogene i t y o f connect ion coef f ic ients, equat ion (2.4) reduces to (2.l) 
prov ided the space Fn is an a f fme ly connected space. 

Converse ly , i f (2.l) is t rue , the equat ion (2.2) assumes the f o rm 

(2.5) 

B y v i r tue o f ( l . 14) and homogene i t y p roper ty o f the connect ion coe f f ic ient F ^ ! , the equat ion (2.5) 

reduces to (2.3) when the space in considerat ion is also a f f ine ly connected space. 

W e thus state 
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Theorem 2.5 The necessary and suf f i c i ent cond i t i on for the in f in i t es ima l t rans fo rmat ion ( l .6) to be 

project ive R * -curvature co i l inea i i on in Fn , is (hat the scalar funct ion p' (x, x) satisfies the re lat ion 

(2.3) and F n is an af f ine ly connected space. 

F rom the equat ion (l-12) and ( l . l3 ) , it is clear that the vanishing o f the scalar funct ion p', that is 

p* = 0, is the necessary and suf f ic ient cond i t i on for the project ive mo t i on to be an af f ine m o t i o n . Th is 

cond i t i on also ident i ca l l y satisfies the equat ion (2.3). 
Thus w e conclude 

Coro l lary 2.1 In a Finsler space Fn, every pro ject ive R * -curvature co f i ineat ion is an af f ine m o t i o n , 

i n v i e w o f the commuta t i on f o r m u l a ( l .9) for the curvature tensor R*Jj, w e have 

(2-6) ( £ ^ ' , ) ^ £ f c | ) 
A p p l y i n g (2.l) i n e q u a t i o n (2.6), w e obta in 

(2.7) *tai/)=o-
Hence we have 

L e m m a 2.1 I n a Finsler space Fn , w h i c h admits the pro jec t i ve R * -curvature co l l inea t i on , the par t ia l 

der ivat ive o f the curvature tensor is L i e - i n v a r i a n t . 

A p p l y i n g the commuta t i on f o r m u l a ( l .5) to the curvature tensor R'j'kh , we get 

(2-8) R]'kh-J.NL -RjL,m,l ~ Rjkl,Klm ~ RJchR/m ~ RjLRU« ~ Rjlh\a
 R M M

X H -Rjk*RhL< 

T a k i n g the L i e - o p e r a t o r o f both sides o f (2.8) and us ing (2.l) and l emma 2 . 1 , we f i nd 

(2-9) &R£rj* 

i f £ * ' = 0 . 
Thus , w e state 

Theorem 2.2 I n a Finsler space F n , w h i c h admits the project ive R' -curvature co l l inea t i on , the ident i ty 

(2.9) ho lds good p rov ided ix' — 0 . 

Us ing the ident i t y ( l . 10) for the curvature tensor f i e l d RJ^,, we get 

(2.10) £ f e j = [ 2 ^ / ^ 

- [2«y (>;,+x'pi ]R';oIi ~ [is^+xv: - + I x p " 
in v i e w o f (1.12) and (2.1). 

Since the van i sh ing o f the scalar f unc t i on Pj , is a necessary and suf f ic ient c ond i t i on for project ive 

m o t i o n to be an af f ine m o t i o n , the equat ion (2.10) y i e lds 

(2.11) £ f e , ) = 0 . 
A c c o r d i n g l y w e state 

Theorem 2.3 W h e n a pro ject ive R - curvature co l l inea t i on admi t ted i n a F ins l e r space Fn , becomes a 

mo t i on , the covar iant der ivat ive o f the curvature tensor f i e l d R*'^ is L i e - invar iant . 

H i r a m a t u [2 ] has established that the necessary and suf f ic ient cond i t i on for an in f in i t e s ima l 
t rans fo rmat i on to be homothet i c one is that the re la t ion 

(2.12) £gij ~ g M £ + 2 C ^ J i * = 2 ^ , 
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where C is a constant, ho lds good. A n y so lut ion o f (2.12) satisfies the re lat ion S.Vjl = 0 . A l so the 

necessary and suf f ic ient c ond i t i on for S,T'jk' = 0 to be true is p'- = 0, w h i c h ident i ca l l y satisfies the 

re lat ion (2,3). 
Thus we state 

Theorem 2.4 Every homofhet i c transformat ion admi t t ed in a Finsler space F n is a pro jec t i ve 

R' - curvature co l i i nea i i on . 

The non- f ja t F ins ler space Fn , whose curvature tensor f i e ld R satisfies the re la t ion 

(2.13) R'M.J = K L R ' J ' K L , 

for a non-zero vector K, is cal led recurrent F ins ler space [ 5 ] , W e denote this recurrent Finsler space by 

F*. T h e vector K, is ca l l ed recurrence vector . 

T a k i n g covar iant der i va t i ve o f (2.13) w i t h respect to X™, we obta in 

( 2 .H ) ^ , : , ; n , = fcni+^^>;;, 
w h i c h y i e lds 

(2-1 5) R'jLj;ln ~ R}L,mJ = K[l,m}RjL • 

T a k i n g the L i e - der i va t i ve o f both sides o f the equat ion (2.15), we get 

(2.16) £ % , ] = 0 

i n v i e w o f (2. l ) and (2.9) since F* is non- f l a t . 

Hence w e state 

Theo rem 2.5 I n a recurrent Finsler space F „ , w h i c h admi ts the pro jec t i ve R* - curvature co l l inea t i on , the 

recurrence vector KT satisfies the re lat ion 

3. S P E C I A L C A S E S 

(a) Con t ra F i e ld 

I n a Finsler space Fn , i f the vector f i e l d (xj satisfies the re la t ion 

(3-1) ft=05 

the vec tor f i e l d determines a contra field . I n th is case, w e consider the pro ject ive R* - curvature 
co l l i n ea t i on i n the f o r m 

(3.2) x' = x' + %i(x)dl, £,=0. 

A p p l y i n g (1.12) and (3.2) , the equation ( l . 8 ) y ie lds 

(3-3) &U*=2*ijPi)+*'Pfi-
Di f f e r en t i a t i n g the above equat ion covar iant iy w i t h respect to x1 and us ing (3. l ) , w e get 

(3-4) =*>IJ+SIP]-J+*'PM> 

w h i c h y i e lds 

(3-5) * 2 [ W £ * = 0 

in v i e w o f (2.3). A c c o r d i n g l y we state 
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Theorem 3.1 In a Finsler space Fn , w h i c h admits the pro j ec t i ve R* - curvature co l l ineat ion , i f t h e vector 

f i e ld ^''{x) spans a contra f i e ld , the re lat ion 

holds good. 

Tak ing the covar ian t der ivat i ve o f (3.3) w i t h respect to x1, we obta in 

(3.6) KtR'^h = ô'pk:l+5[prJ 

m v i ew o f (2.11) and (3.1). 
A p p l y i n g (2.3) in the above equat ion, it gives 

(3.7) R ; { Î K ^ " = O , 

since Rjlh is skew symmet r i c in the last two covar iant indices. Thus we have 

Theorem 3.2 i n a recurrent Finsler space F*, w h i c h admi ts the project ive R* - curvature co l l ineat ion , i f 

the vector f i e l d £'{x) spans a contra f i e ld , the re la t i on (3.7) is t rue. 

(b ) Concurrent F i e ld 

In a F ins ler space F n , i f the vector field {x) satisfies the re la t ion 

(3.8) £ = A ' , 
where X is a non-zero constant, then the vector f ie ld ( x ) determines a concurrent f i e l d . We shall i n this 

case consider pro j ec t i ve R * - curvature co l l ineat ion o f the f o r m 

(3.9) gj^M'j. 

U s i n g the equat ion ( l .8 ) , ( l . l2 ) and (3.8) , we ob ta in re la t ion (3.3). 

Di f f e r en t i a t i ng (3.3) covar ian t l y w i t h respect to x1 and no t i n g (2.11) and (3.8), it y ie lds 

(3.10) R ^ +AR%^ôi
Jpl, + S'kp% + x'pJk.J. 

C o m m u t i n g the i n d i c e s / a n d / in (3.10) and us ing (2.3), we get 

(3.11) i ? ; j w + ^ r o . 

Thus we state 

Theorem 3.3 I n a F ins ler space F n , w h i c h admits the pro j ec t i ve R* - curvature co l l inea t ion , i f t h e vector 

f i e ld £ ' ( x ) determines a concurrent f i e ld , then the r e l a t i on (3.10) holds good . 

I n v i ew o f (2.11) and (3.8), the covariant der i va t i ve o f (3.3) y ie lds 

(3.12) KlRih^XRJi=S)pl, +ô'kP], 

Since the curvature tensor R'j^ is skew - symmetr i c i n last t w o covar iant indices , the equat ion (3.12) 
assumes the f o r m 

(3.13) R^K^ = XR^ 

i n v i e w o f (2.3) 

Hence we state 

Theorem 3.4 I n a recurrent Finsler space Fn , w h i c h admi ts the pro ject ive R* - curvature co l l inea t ion , i f 

the vector f i e l d Ç'{x) determines a concurrent field, the re la t ion (3.13) is necessary true. 
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