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Abstract. Using extended Ruscheweyh derivatives we define a new subclass of p-valently
analytic functions which are of Bazilevic-type. We denote the new subclass as
M(n, p,o,B). We find some sufficient conditions and angular properties for functions

belonging to the subclass M (n, p,a,B).
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1. INTRODUCTION

Let S denote the family of functions of the form
f(2)=z+ Ya,z* (1.1)
k=2

which are analytic and univalent in the open unit disk U = {z: |z| <1} . We denote by

S(p) the subclass of S consisting of functions of the form
f@=2"+Ta,u 2" (peN) (12)
k=1

which are p-valently analytic in U. The function f € S is said to be Bazilevic- type [1]

if it satisfies

a+iy-1 -a
Re f'(z)(f(z)j g (g(Z)j 20

z z

where zeU, >0 and y are real numbers, g(z) is a starlike function with

Re%g'(z)g(z)}>0.
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The case where y =0 was also widely studied. Thomas [7] defined the
class B(a) where f € B(a)if

Re{ 7 }>0
()7 g(2)”

with zeU and o >0.

This subclass was later extended by Eenigenburg and Silvia [2] to a subclass of
S which consists of functions f satisfying the following condition

Re{ ' (2) }>ﬂ
f(2)g(2)*

where zeU ,a>0and 0L f<1.

In this paper we introduce a new subclass M (n, p, «, ) of S which resembles
the above mentioned subclasses. A function f € S(p) is said to be in the subclass

M (n, p,a, p) if it satisfies

z

n+ n+p-1 @
rel 2D ”f(Z)[D » f(Z)J . 8 (1.3)
Dn+p—1f(z) p

where zeU, >0 and 0< < p. D" f(z)and D""P7 f(z) are extensions of the

familiar operator D" f(z) of Ruscheweyh derivatives [5] ,n € Ny = NU{0}. These

operators were considered by Sekine, Owa and Obradovic [6] where
D" f(z2)=zP + $.C,p(n)a,, 2"
k=1

(n+p+k)..(1+k)

with C n)=
pk (M) (n+p)!

and

+p-1 - +k
D" f(Z):Zp+kzlcp—l,k(n)ap+kzp



(n+p—1+k)..(1+k)

with Cprp ()=
pr1k (1) (n+p-1)!

Notice that M(0,1,1, f)=C(f) is a class of close-to-convex functions of order
L where a function f € § is said to be in the class C(f)if it satisfies

Re(f'—(_Z)J >p .

Also, notice that the condition (1.3) implies that

\ pD"*? f(2) [D’“p“f(Z)

‘Dn+p—1f(z) p J —p <p_ﬂ. (14)

z

The objective of this paper is to find sufficient conditions and angular properties
for functions belonging to the subclass M (n, p,a, F).

In order to derive our main results, we have to recall the following lemmas.

Lemma 1.1 [3]: Let w(z)be analytic in U and such that w(0)=0. Then if |w(z)|

attains its maximum value on circle |Z|=r<1 at a point zo €U we have

zoW'(2) = kw(zy) where k >1is a real number.

Lemma 1.2[4]: Let q(z) be analytic in U, with q(0)=1 and q(z) 20 forall zeU .
If there exists a point z,eU such that |arg(q(z)| <%5 for |Z| <|ZO| and

[arg(q(z0)| = %5 for 8>0, then we have z(;q(T(Z)o)
0

when  arg(q(zy)) = %5 and k< —%[L +%) <-1, when arg(q(zy)) = —% o,

=ix0, where Kzl L+l >1,
2 L

|
q(zo)/5 ==L, (L>0).
The following identity will also be used :

2(D"P7 f(2))=(n+ p)D"P f(2)-nD" P (2). (1.5)



2. SUFFICIENT CONDITION FOR CLOSE-TO-CONVEXITY
Making use of Lemma 1.1, we first prove

Theorem 2.1: If f e S(p)satisfies

D" SE) oy 22| B o
D™ f(z) D™y | 208
for 0L <pand a>0then feM(n,p,a,p).
Proof : Define the function w(z) as
n+p n+p-1 @
pb_J ) [D ! (Z)J = p+(p=Bu2) 2)
D"P7 f(2) z?

Differentiating (2.2) logarithmically we obtain that

D" f@) @ @) (D" @) ap  (p-p)W()
D™P f(z)  D"P7lf(z) D" Pl r(zy  z pH(p-pIm=)

which gives

z2(D"P f(2)) I-a 2D f(2) ap = (p-Pzw'(z)
D™P f(2) D™P r(z) p+(p=p)mz2)

Suppose there exists z, € U such that

max|W(Z)| = |W(ZO )| =1.
z<zy

b

Then from Lemma 1.1 we have zow'(zy)=kw(zy). Therefore letting w(z) =0
with &£ >1we obtain

G IEN) BN G Las (C)) I TV S EN U N

n+ ntp—1 - ap
| D" f(zg) D" f(ze) | |p+(p—BIw(zy)



| @=Phontzo)
|p+(p-Bw(zo)

S p—p
2p-p

which contradicts our assumption (2.1). Therefore we have |w(z)| <1 in U . Finally, we

have

n+p n+p-1 @
‘pl,l S [D f(z)j o=l P < p-p
G

thatis, f e M(n, p,a, ).

Recall that a function fe€S is in the class Cof close-to-convex functions if

Re(f'(2))>0.
Letting n=0, p=1,¢=1and =0, from (1.3) and (2.1) we obtain

#"(2)

e <l then feC.

2

Corollary 2.2: If feS satisfies |l+

3. ANGULAR PROPERTIES

Theorem 3.1: If f € S(p) satisfies the condition that

o
——5—tan_lL<ar pD" 1 (2) Dn+p_lf(z) -p <Zsitant 2
n+p-1 p 2
a(n+p) D f(2) z a(n+p)
(zeUOLPp<p0<o<l,aa>0) 3.1)
x pmPlrz) ) r
then —-—d<argip|———| —fr<—0. (3.2)
2 zP 2

Proof : Define ¢g(z) by



_ 1| (D)
Q(Z)_p—ﬂ[p[ ”: ] ﬁ] (3-3)

Differentiating (3.3) we obtain

qg'(z) op [an_lf(Z)Ja[(an_lf(z))' _Ej (3.4)

9(z)  q(z)(p-p) P pPlrzy oz

z

which gives

') _ p (D@ ) (20" f)
a p-p P D" f(2)

z

Then by applying the identity (1.5) to (3.4) we obtain

(=) p (D"t p)DTP f(2)-nD™ P f(2)
= ~ -p
a p-p zP D" f(2)

which gives

24 (2) L _pap)( DM f@) (D) B
— (it p)() = Py (D'”p_lf(z)J( > } p_ﬂ(n+p)

z

Therefore
4G 1| (0" YD)
a(n+p)+q()Pﬂ[p(Dlef(Z)J[ zf J ﬁj

Suppose there exist a point z, €U such that |arg(q(z)|<%5 for |z|<|zo|and

z04'(2p)

|arg(q(zo)| =%5 where O >0. Then from Lemma 1.2, o)
0

=ix0, where

1 1 Vs
k>—|L+— |21, when ar =—0 d
2( LJ when arg(q(z)) S0 an



1
K< —%(L +%j < —1,when arg(q(zy)) = —%5, q(zo)%s ==+Li, (L>0).

Suppose arg(q(z()) = % 0, then, x> %(L + %J >1. Therefore

n+ n+p-1 @
e p( D" fzo) ][D ’ f(z@} iy
D f(Zo) Zop

) _ Z204'(0)
- arg(q(zo )(1 + a(n+p)q(z, )D

zq'(z) J

:%5+arg(l+£j

a(n+p)
:£§+tan_1 ko
2 a(n+p)
2£5+tan_1 _
2 a(n+ p)

which contradicts the assumptions of the theorem.

1 1
Now suppose that arg(g(zg)) = —%5 then x < —E(L +Zj < —1. Therefore

n+ n+p-1 @
are p[D pf(Zo)J{D ’ f(zO)] s

D" P f(zg) 20"

_ 209'(z9)
=argq(z,)+arg 1+—a(n+p)q( )
)



< —£5—tan_1 _
2 a(n+p)

which also contradicts the assumptions of the theorem. This completes the proof.
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