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INTRODUCTION

Let M be an n —dimensional manifold and T*M its cotangent bundle. Note that in the present paper
everything will be always discussed in the C*- category, manifolds will be assumed to be connected and
dimension n > 1. And let 7 the natural projection T*M — M. The local coordinates (U,x/), j =1,...,n

on M induces a system of local coordinates (71‘1(U),xf,x7 = pj), j=n+1,..2n on T*M, where

x) = p; are the components of the covector p in each cotangent space TyM and x € U with respect to the
natural coframe {dx’}. We denote the set of all tensor fields of type (r,s), by I5(M),35(T*(M)) on M
and T*M respectively.

The problem of determining infinitesimal holomorphically projective transformation on M and TM
have been studied some authors, including (Hasegawa and Yamauchi, 1979; Hasegawa and Yamauchi,
2003; Hasegawa and Yamauchi, 2005; Tarakci et al., 2009; Gezer, 2011). Also, (Etayo and Gadea, 1992;
Iscan and Magden, 2008), investigated some properties of infinitesimal paraholomorphically projective
transformations on tangent bundle.

In this paper, we shall use the Levi-Civita connection of the Riemannian extension by using the
horizantal and vertical lifts and we give definition and formulas almost paracomplex structure J. Then we
research the infinitesimal paraholomorphically projective transformation on cotangent bundle with respect
to the Levi-Civita connection of the Riemannian extension (?V) and adapted almost paracomplex structure.

MATERIAL AND METHODS

Let V be an affine connection on M. A vector field V on M is called an infinitesimal projective

transformation if there exist a 1-form Q on M such that

(LyN(X, V) = QX)Y + Q(NX,
for any X,Y € 35(M), where L, is the Lie derivation with respect to V. In this case Q is called the
associated 1- form of V. Especially, if Q = 0 then V is called an infinitesimal affine transformation.

An almost paracomplex manifold is an almost product manifold (M, ), J? = I, such that the two
eigenbundles T*M and T~M associated to the two eigenvalues +1 and —1 of J, respectively (Cruceanu
et al., 1995; Salimov et al., 2007). (M,]) be an almost paracomplex manifold with affine connection V. A
vector field Von Mis called an infinitesimal paraholomorphically projective transformation if there exist a
1-form Q on M such that

(LyNX,Y) = QXY + QX +QUX)]Y + QUV)]X,
for any X,Y € I3 (M). In this case Q is also called the associated 1- form of V (Prvanovic, 1971; Etayo
and Gadea, 1992).

Let X = Xi% and w = w;dx" be the local expressions of a vector field X and a covector (1-form)

field w on M, respectively. According to the induced coordinates the vertical lift Yw of w, the horizontal
lift #x and the complete lift ¢X of X are obtained as follows
Yo = w05, (1)
HY = X'0; + ppI}X7 05, )
CX = X]al - phaiXha{,
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where 0d; = poet 0; = _z and Fi’} are the coefficients of symmetric (torsion-free) affine connection V on

M (Yano and Ishihara, 1973). For arbitrary X,Y € J3(M) and 6, w € I9(M), the Lie bracket operation of
vertical and horizontal vector fields on T*M is given as follows
[#x,HY] = #[X, Y]+ (p o R(X,Y))
("X, V0] = ¥ (Vyw) 3)
[V6,"w] = 0,
where R = R(X,Y) = [V, Vy] — V[xy] is the curvature tensor of the symmetric connection V (Yano and
Ishihara, 1973).

The adapted frame
The adapted frame {E,} = {Ej,Ej} on each induced coordinate neighbourhood 7~(U) of T*M is
given by (Yano and Ishihara, 1973)

Ej = "X =9 + parf?jaﬁ'} @
E; = "0 =05,
where
X(j)—ﬁ 9] —dX]]—l
the indices «, B,v,...= 1,...,2n denote the indices according to the adapted frame. It follows from (1), (2)

and (4) that

according to the adapted frame {E,}.

Lemma 1 The Lie bracket of the adapted frame of T*M satisfies the following identities (YYano and
Ishihara, 1973)

[Eu ]] Ds UlEl'
|Eo 5| = -1)E3,
|EB5| = 0,

where R = 0;T;; — 0;Ty; + is;cl“]-’l‘ — T3,T indicates the Riemannian curvature tensor of (M, g).

Lemma 2 Let V be a vector field of T*M with the components (vh, vﬁ). Then, the Lie derivatives of the
adapted frame and the dual basis are obtained as follows (Bilen, 2019):

1 LyE; =—(Ev)E, - (VaPsRiakS + Bk — var‘i?c) Eg,

2. LyE; = —(E*)E, — (voTi + Epv¥) By,

3. Lydx" = (Exv™)dx* + (Ezv")8py,

4. Ly6pp = (v DsRian’ — v, + (Exv™)8iM)dx* + (voTk, + (Ezv™)6M)Spy.

{For more work on tangent bundles see (Hasegawa and Yamauchi, 2003; Gezer, 2011)}.
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Riemannian Extension
A pseudo-Riemannian metric Rve J3(T*M) is given by (Yano and Ishihara, 1973).
Rv( CXrC Y) = _)/(VXY + VYX)!
forany X,Y € 3L (M), where
—y(VxY + VyX) = pp(X/V;Y™ + YIV,X™),
Rye 39(T*M) with the following components in =~ 1(U)
—2puIj} &)
RV: RV = < j J
( ]1) 611 0
relative to the natural frame, where 6} is the Kronecker delta. The indices i,j,k,...=1,...,2n correspond
to the natural frame {%, %}. The analyzed tensor field defines a pseudo-Riemannian metric in T*M and
xl

a line element of the pseudo-Riemannian metric RV is given by the formula

ds? = 2dx'6p;,
where

8p; = dp; — ppljidx’,

This metric is called the Riemannian extension of the symmetric affine connection V (Patterson and
Walker, 1952; Yano and Ishihara, 1973). Any tensor field of type (0,2) is entirely detected by its action of
Hx and Yw on T*M (Yano and Ishihara, 1973). Then the Riemannian extension RV is defined by

Ry(Vw,V0) =0,

RY(Vew, 1X) = (w(X)) = (0(X)) o,

Ry(Hx, Hy) =0

forany X,Y € I3(M) and w, 8 € I9(M) (Aslanci et al., 2010).

The Levi-Civita connection of Rv
CV is the Levi-Civita connection of RV, because of ‘V(RV) = 0. (°V is called the complete lift of V
to T*M) The Levi-Civita connection of ¢V in m=1(U) € T*M are given by
crh = rh
Jji Jji
‘T = =T,
- 1
er}ll = Epm(Rjr?h - Rir;llj + Rfrlr}i) = meZ}j
Cph = Cph = cph = cpf = cpk =
Ji Ji Ji Ji Jji
with respect to adapted frame {E,}, where 1“]1-‘ denote the Christoffel symbols constructed with g;; on M
(Aslanci et al, 2010).
Let us consider a tensor field J of type (1,1) on T*M defined by
JiX ==X, ]Vw ="w,
for any X € I{(M), e, JE; = —E,, JE; = E;. Then we obtain J? =1. Therefore J is an almost
paracomplex structure on T*M. This almost paracomplex structure is called adapted almost paracomplex
structure (Etayo and Gadea, 1992).
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RESULTS AND DISCUSSION

Theorem 3 Let (M, g) be a Riemannian manifold and T*M be its cotangent bundle with the Riemannian
extension and adapted almost paracomplex structure. A vector field V is an infinitesimal
paraholomorphically projective transformation with associated 1- form Q on T*M if and only if there exist
B =(B") e3y(M),D = (D) € II(M) and A = (4}),C = () € 31(M) satisfying

1 (vf) _ ( pSAk + Bk )
- \pk Dy + paCi + 49py + 2papi P*
V,A¥ =0, V¢l =0
Vipg =0,V =0 V¥ =0
AR =0
AR+ AfRE; = 0
V;V;B¥ + B*RY;; = 20,6/ + 20,6/ = LT
ViRjak — VaRpji =0
]:ghilph =0
. ViV;Dy + DRE;; =0
10. CER, + CRE, =0
11 O = —V;V;B/, 05 = W/

© o N g bk wbh

vk — , .
where V = (V2) = v*B, + vFEr, 0 = (0ydx) + 058y,

v

Proof. Here we prove only the necessary condition because it is easy to prove the sufficient condition. Let
V' be an infinitesimal paraholomorphically projective transformation with the associated 1- form Q on
"M

(LyV(X,Y) = QX)Y + QX + QUX)JY + QU)X
forany X,Y € I (M).

From
(Lv"V) (E7, E5) = Q(E7)E5 + Q (E5) E; + QUE;)JE; + 0 (JE5) JE;
we obtain
(Lv"V) (E7 E5) = 2 (58] + Q56%) Bz 5)
also
(Lv*V) (5 EB5) = |05 (05v% )| Ei + |0z (05v% )| Bz (6)
from (5) and (6) we obtain
0; (95v%) = 0= v* = poAl + B* )
and
0; (95vF) = 2 (81 + 0561). ®)

Contracting k and j in (8), we have
QO = 6;1/), (9)
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where Y = ﬁafvf. If we use the expression (9) in (8), expression (8) is rewritten as follows:

0; (95v%) = 2(05w)57 + 2 (059 5. (10)
Differentiating (10) partially, we have
65656717" = 2636#6; + 2656;1/)6,‘(
= 2656?#5%4‘2050?#5&6{
= 070:(4¥67)
from here we get
050; (959 — 4ys)) = 0.
Written here as

M = o; (050 — 4ys)) (11)
and
Cl+paMy = 05v* — 495), (12)

where ] and M, are certain functions which depend only on the variables (x"). Also
M, + M = 0;0;vF — 40;98;, + 0;0;v* — 40595
Using (10) in above equation
My =2 (m) - m]') = 2|(o59) 6 — (950)57]. (13)
Contracting k and j in (12), we have
Cik + paM* = (2 = 2n)y.

From which
1 1
- k - ak
V=g bk T Pag o M
and we get
Y =@ +p Y (14)
where ¢ = ——CF and ¥* = —— M, from which we have
2-2n 2-2n .
Q; = d:p = Wi, (15)

If used (13) and (14) in (12) we get
0:v% = CJ + 48] + 2p¥°5] + 2p W
and

v = Dy + paCit + 49pi + 2papi Ve, (16)
where D, are certain functions which depend only on (x"). The coordinat transformation rule implies that
D = (Dy) € I9(M).

Next, from
(LyVHX,Y)=0X)Y + o)X +aUx)JY + QUY)JX,
we have
(1v"V) (3 E) = 0
or
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(Lv*V) (B B5) = 0

from which, we get
0 = [V;A¥)Ey + [A"DsRis; + vOR i + ViCE + 20 (V;PY) + 2D 8LV, P + 4(0;9) 6 | Ex.
Therefore,

VA =0 (17)
and
APPSR + VO Ry + ViCh 4 2ps(V;W5) + 2p,64V,%2 + 4(0;9) 55 = 0. (18)
Contracting k and i in (18), we have
{v,-c; =0, (19)
Vip=0
and
VWS = +1)A‘“Rfu] (20)
Lastly, from
(Ly*V)(Es E;) = (28] + 20;6])E,
we obtain

(20,6F + 29;6/)Ey = [V,V,v* + vRY;

aij
+ [Ps ((Vivh)Rkhj + (V™) Ritni — (Eﬁvk) Riji)
_I_vaps(vl.R]‘.sak — VaRlijl) + (vath(ljl + Vivj"l]k)] EE
from which, using (7) and (16), we obtain

+ A" psR; i | Ex

V:V, A% + AZRY,; + AKRL; =0, (21)

V,V;B* + BaR{;U = 20,6/ + 2Q;6{ = LgTf, (22)

ViRju — VaRyji = 0, (23)

ViV, ¥ + R, WM =0, (24)

V.V;Dy + D Rgﬁ =0, (25)

(ViB)Ra; + (V;iBY)Ry g + CERG + CiRE; + V,V;CE = 0. (26)

From (26), we get
Kij = (ViBYR;; + (ViBY)Ria + CRRjy + CSRE; + V,V;CR = 0,
= (V;BY)R; o + (ViBYR . + CiRS; + C5RY; + VY€ = 0.

Ki; — K;; = C}(R; jhl Rfy;) + C3(RE;i —Ri;) =0
CRRS, + C5RE, =0 (27)
Contracting j and k in (22), we obtain
Q; = —V,V;B). (28)
This completes the proof.

Theorem 4 Let (M, g) be a Riemannian manifold and T*M be its cotangent bundle with the Riemannian
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extension and adapted almost paracomplex structure. If T*M admits a non-affine infinitesimal
paraholomorphically projective transformation, than M and T*M are locally flat.

Proof. Let VV be non-affine infinitesimal paraholomorphically projective transformation on T*M, using
(3) in the expression of theorem 3, we have V;||¥||? = Vj||61/)||2 = 0. Hence, ||¥|| and |[0y]| are
constant on M. Suppose that M is non-locally flat, then ¥ = dy = 0 by virtue of (9) and (3) in the
expression of theorem 3, that is, V is an infinitesimal affine transformation. This is a contradiction.
Therefore, M is locally flat. In this case T*M is locally flat.

Corollary 5 Let (M, g) be a Riemannian manifold and T*M be its cotangent bundle with the Riemannian
extension and adapted almost paracomplex structure. A vertical vector field V is an infinitesimal
paraholomorphically projective transformation with associated 1- form Q on T*M if and only if there exist
D = (Dy) € 39(M) and C = (C!") € 31 (M) satisfying

k 0
L ()= ( )
vk Dy + paCi¢ + 49py + 2papi'P?
2. ViCi =0
3. Vip=0,V;p =0, ;¥ =0
4. V;V;Dyx + DgRij;; = 0
6. l_ph ]:Shi = O
7. l_pa ]:Ski + lPSR;?]l = 0
8. Q=0 0;=W

0\_ . .
where V = (vf) = vFEg, 0 = (Qudx + 056y7).

CONCLUSION

In this article, we use the Levi-Civita connection of the Riemannian extension and we give definition
and formulas almost paracomplex structure J. Then we research the infinitesimal paraholomorphically
projective transformation on cotangent bundle with respect to the Levi-Civita connection of the Riemannian
extension (RV) and adapted almost paracomplex structure J.
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