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O L U T A M M I 

T h e fo l lowing problem w h i c h is c lose ly r e l a t e d to P O H L K E ' S theorem i s 
s o l v e d : T h e u n i t sphere of o g i v e n space Q.\\]z Is mapped by p a r a l l e l pro
jec t ion onto the p l u n e . T h e map e l l ipse is to be d e t e r m i n e d . T h e r e s u l t 
i s found by u s i n g the m e t r i c propert ies d e r i v e d from p a r a l l e l p r o j e c t i o n . 

The construction of the paralel projection of a sphere i n a case, i n which 
are given the maps of three orthogonal diameters of the sphere, is closely related 
to the proof oi P O H L K E ' S theorem [ ' ] . The solution ellipse is obtained by twice 
using R Y T Z ' S construction for f inding the principal axes. 

I n [-] the metric properties of parallel projection were studied. The results 
obtained immediately give a solution of the problem mentioned. 

Let us formulate the problem precisely. Let Oxyz be a rectangular space co
ordinate system w i t h the u n i t e. Denote its parallel map onto the projection plane 
T by O'x'y'z'. Denote the angles between the axes x', y', z' 

(*'» y') = (9% * ' ) = V n ( z ' » * ' ) = Va» 

and the units on the x'~ , y- , z'- axis respectively e,, e21 ea. Call the coor
dinate system O'x'y'z' determined by the numbers 

p v , r/'v ('' = 1, 2, 3) 

brief ly «Poklke's flgure». 

Suppose now that i n the space Oxyz there is a uni t sphere K — Ke (O), w i t h 
radius e and centre O. The parallel projection K' oE this sphere is to be construc
ted. As a map of a circle on K, the figure K' is an ellipse 

The symmetry-plane of the figure involves the normal n of the plane 7*, and 
the major axis of the ellipse K' sought. This major axis thus lies on the orthogo
nal projection r' of the central projection line r = O0'. The mioor axis of K' has 
the half - length e, and the half-length of the major axis is found to be e/cos #, 
vhere 1? — ( « , r ' ) , which is the angle b3tween n and r . We thus arrive at the 
fol lowing result : 

25 



26 O L L I T A M M I 

Result. The parallel projection from the spies Ozyz {w'.th the unit e) on to the 

plane T is defined by giving the « P O H L K E ' S figare» through the units ev and the 

angles <py The unit sphere K — Ke(0) of the space is, by means of this projection, 

mapped on to the plane 7*. Ths map K' of K is to be determined. 

The major axis of the ellipse K' lies on the straight line r', the direction of 

which is determined by the angle 

•'/' = <*', r'). 

The half-lengths of the minor-and major axis of K' are 

e, e/cos 

The numbers e, V1 used are, according to [~], determined by the formulae 

2e» = fi
!
I + « % + e ,

a 

— \/(e-l + e a
a + e2

3Y — 4 (ea, e% s in 2 o ' r f e% e*8 s in 2 (j>2 - f e% e\ s in 2 <pa), 

t g 2 qi — s\ + s% + a'a — 2, 

_ J _ s% sin 2 7'3 — s% sin 2 <pL  

g V 2 5 % s in 2 <j>l + s 2
u ainVa — ( « s i + * % + * % — 1) ' 

ev 

Example. Take e ( = l / 2 , e? = e3 = 1; q>2 = 93°. These mimbsrs define the 
P O H L K E figure belonging to a classic case. From the above result, we foand i m 
mediately: e = l , iy=(f>, c o s i ? — 2 / V o - The major axis of K' lies on the axis 
having the half length V o / 2 . The minor axis is — 1 . 
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U N I V E R S I T Y O F H E L S I N K I 

H E L S I N K I — F I N L A N D 

Ö Z E T 

B u makalede , POHIJCE teoremly le yakından İlgili o lan aşağıdaki problem çö

zülmektedir : V e r i l e n b i r Oxyz uzayının b i r i m küresi p a r a l e l izdüşümle 

düzlem Üzerine t a s v i r edi lmekte ve t a s v i r e l i p s i n i n b e l i r l e n m e s i i s t e n 

m e k t e d i r . Netice p a r a l e l izdüşümden elde e d i l e n m e t r i k özelikler kullanı

l a r a k bulunmaktadır. 


