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I n th is paper proximate orders of an ent i re funct ion i n terms of the 

maximum term of its T A Y L O R se r i es and the max imum modulus have been 

found. 

1. L e t 

CO 

b e a n e n t i r e f u n c t i o n of o r d e r p a n d l o w e r o r de r l\ M(r) d e n o t e t h e m a x i m u m 

m o d u l u s a n d p(r) t h e m a x i m u m t e r m of r a n k r ( r ) i n t h e T A Y L O R e x p a n s i o n of / ( z ) 

f o r | z | — r. T h e n M ( r ) , / t ( r ) a n d v ( r ) a r e a l l p o s i t i v e a n d n o n - d e c r e a s i n g f u n c 

t i o n s of r a n d 

j . ^ s u p l o g l og M(r) s u p l og l og /i(r) 

— l i m . , • , • 

W h e n £> = A, / ( z ) i s s a i d to b e of r e g u l a r g r o w t h . 

I t i a p o s s i b l e to f i n d ( [ ' ] , p . 6 4 ) a p o s i t i v e c o n t i n o n s f u n c t i o n o { r ) h a v i n g t h e 

f o l l o w i n g p r o p e r t i e s : 

( ' } i s d i f f e r e n t i a t e f o r r > r0 e x c e p t a t i s o l a t e d p o i n t s a t w h i c h 

Qr(r — 0) and ( > ' ( / - - j - 0 ) e x i s t , 

( i i ) l i m s u p e(r)~e; 

f > CO 

( i n ) l i m r i>'(r) l o g r — 0 ; a n d 

( I V ) l i m eup . 
, . l o a M{r) . 
h m B U D — ^ • — 1. 
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S u c h a f u n c t i o n &{>•) i s c a l l e d L I N D E L O F ' S P r o x i m a t e O r d e r for t h e e n t i r e f u n c 

t i o n / ( z ) . Tn t h i s p a p e r w e f i n d p r o x i m a t e o r d e r s of f { z ) i n t e r m s of t h e m a x i m u m 

t e r m ,u{r) a n d t h e m a x i m u m m o d u l u s M(r). 

2 . T h e o r e m 1 : / / / ( z ) i s an entire function of orJer t>, (0 < Q < and v ( r ) 

the rank of its maximum term ft[r) such that v ( r ) ~ <?>(r) r ^ , where <Z>(r) i s a positive 

continuous function in (/•„, oo) and lP ( c r ) <--' <I>(r) as r ->- ^> for evert/ constant c > 0 

then 

0 ) f(z) °f regular growth; 

v (r) 

( n ) l i m — — o ; and 

r^<s> log t*(r) 

. . l o g l o g / ( V ) , . 
( i l l ) i s a proximate order of f{z). 

P r o o f : ( i ) S i n c e / ( z ) i s of o r d e r Q, w e h a v e 

l o g J ' ( r ) 
l i r a s u p — = £>, 

H e n c e , fo r a n y s > 0 , w e c a n f i n d a n r 0 = r „ (s) s u c h t h a t fo r e v e r y r > r„{e) 

l o g »' ( r ) < (e + s) log r 

o r , 

( 2 . 1 ) » - ( r ) < r e + e . 

A l s o , s i n c e 

v (r) ~ 0 ( r ) r e 

w e h a v e , f o r a n y e > 0, 

( 2 . 2 ) (1 - «) 3» (/•) r « < v ( r ) < (1 + B ) * ( r ) 

f o r r > r„'. 

H e n c e f o r s u f f i c i e n t l y l a r g e r, w e h a v e f r o m ( 2 . 1 ) a n d ( 2 . 2 ) 

(1 — * ) # ( r ) / • « < > • « + * 

o r 

(1 — « ) * ( r ) < r*. 

T a k i n g l o g a r i t h m s a n d p r o c e e d i n g to l i m i t s w e ge t , s i n c e <I>{r) i s p o s i t i v e , 

l i m ^ - 0 . 
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T h e c o n d i t i o n v(r) ~ <p{r) r$ t h e n g i v e s 

l og v(r) 
l i m -~f- • — o . 

S o f(z) i s of r e g u l a r g r o w t h . 

(11) T o p r o v e t h e s e c o n d p a r t , w e h a v e 

r ( r ) ~ tf(r) r « 

(i>(r) - e) ,1 < y[r) < ( * » - f 0 r « f o r r > r„ <«). 

a n d s o , 

O r , 

r r r 

( 2 . 3 ) / ( * ( r ) — 8 ) r ' 2 - I r f r < J ^ dr < j (<P[r)-\-B) r^~'dr 

o r , 

r 

^ <P(r) r*-1 dr ~ e f r*~l dr < f ~ ^ < j Hr) r-^ dr + s f r^'1 dr 

N o w , b y L e m m a V [~], t h e c o n d i t i o n >P(cr) —' </>(r) i n v o l v e s 

/ u a " ~ ' i i ( i i ) ifu ^ ~ <f(r) 

f o r e v e r y p o s i t i v e 3, a n d so w e g e t , 

r 

( 2 . 4 ) - ^ - # ( r ) — « - ^ - + 0 ( l ) < y - ^ r f r < - ~ - i P ( r ) + * - ^ - - 0 ( l ) . 

N o w i t i s k n o w n ( [ ' ] , p . 31 ) t h a t 

r 

( 2 . 5 ) l o g ft ( r ) - l o g , i ( r 0 ) -f f ^ dx 

H e n c e , ( 2 . 4 ) b e c o m e s 

l l $ { o ) - 8 - y + 0 ( 1 ) < l og ,* ( r ) - l o g K r 0 ) < ~- <P(r) + « - y - - 0 , 1 ) . 

D i v i d i n g b y f ( r ) a n d p r o c e e d i n g to l i m i t s , w e h a v e , s i n c e r { r ) ~ <P{r) r 
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gP if) 

( 2 . 6 ) Urn K - L - - = Q . 
,.-*«> l og i i ( r ) 

( m ) T o p r o v e ( i n ) , l e t 

log r 

T h e n , J im e(r) — s i n c e / ( z ) i s of r e g u l a r g r o w t h a n d o r d e r q. F u r t h e r , i f 
7*->-co 

CO 

f z ) ^ a n z " , 

0 

t h e m a x i m u m t e r m /i(r) fo r I z I = r i s g i v e n b y /t(r) = | n v{r) I r v ( r > . A s a v ( r > , 

}'(/-) a r e c o n s t a n t s i n i n t e r v a l s , h a v e a n e n u m e r a b l e n u m b e r of d i s c o n t i n u i t i e s a n d 

c h a n g e v a l u e s a t t h e s e d i s c o n t i n u i t i e s o n l y , t h e y a r e d i f f e r e n t Sable e v e r y w h e r e 

e x c e p t a t a s e t of m e a s u r e z e r o a n d t h e i r d e r i v a t i v e s v a n i s h a l m o s t e v e r y w h e r e . 

C o n s e q u e n t l y , fi[r) a n d h e n c e £>(r) a r e a l s o d i f f e r e n t i a t e a l m o s t e v e r y w h e r e . T h u s , 

( 2 . 7 ) r e > ) l o K , = _ r . / ' ' 0 - > _ . log log Mr) 

ft{r) l o g fi[r) l og r 

w h e r e / ' ' ( r ) d e n o t e s t h e d e r i v a t i v e of f<-{r). 

S i n c e fi(r) = | av ( r ) I r v C ) , w e ge t o n d i f f e r e n t i a t i o n 

ft(r) r 

a l m o s t e v e r y w h e r e . S u b s t i t u t i n g i n ( 2 . 7 ) , w e g e t , 

\ t (r) l e g l o g l i { r ) 

re i r ) log/- — — — * - j - r &
t — — ^ 0 a s 

l o g f»(r) l o g r 

s i n c e b y ( 2 . 6 ) 

''(>•) l og l o g (((/•) 
l i m , . , =Q = l im - e s ' w 

i o g ^ W + l o g r 

A l s o , f r o m t h e d e f i n i t i o n of e ( r ) 

l og P» _ , 

r ^ C ) _ 

a n d s i n c e l og ^ ( r ) • — l o g M(r) f o r f u n c t i o n s of f i n i t e o r d e r , w e h a v e , 
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T h u s , a l l t h e c o n d i t i o n s f o r o{r) to b e a p r o x i m a t e o r d e r a r e s a t i s f i e d and so 

t h e t h e o r e m i s p r o v e d . 

3 . I f W(r) b e a n i n d e f i n i t e l y i n c r e a s i n g f u n c t i o n c o n t i n u o u s i n a d j a c e n t i n 

t e r v a l s , w e k n o w ( [ ' ] , p . 27 ) t h a t 

r 

l o g M(r) = l o g M{rti) + j x~' W{x) dx. 

U s i n g t h i s r e l a t i o n a n d p r o c e e d i n g a s i n T h e o r e m 1, w e c a n s i m i l a r l y p r o v e 

t h e f o l l o w i n g : 

T h e o r e m 2 : / / f { z ) i s an entire function of order Q (0 <. Q < ^ ) , and W{r) an 

indefinitely increasing positive function sach that W{r) ' <I>(r) r e where <I'(r) i s a po

sitive continuous function in ( r u , <*>) and <I>(cr) ^ <[>{r) for every constant c > 0 , then 

, . l o g l og M(r) , , , ,. , 
(.11) T — ~ i s a proximate order of / ( . z ) . 
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I N D I A N I N S T I T U T E O F T E C H N O L O G Y 

K A N P U R — I N D I A 

Ö Z E T 

B u maka lede l am fonks i yon l a r ı n «proxlmate» (komşu) mer teheter i , hah ia 

konusu f onks i yon l a r ı n T A Y L O R s e r i l e r i n i n maksimum ter im i i le maks imum 

modü l l e r i c i ns i nden ifade ed i lm iş t i r . 


