
P R O P A G A T I O N O F S M A L L D I S T U R B A N C E S I N A V I S C O E L A S T I C 

F L U I D C O N T A I N E D B E T W E E N T W O C O A X I A L C Y L I N D E R S 

P . N . S R I V A S T A V A ( * ) 

T h e p r o p a g a t i o n of s m a l l d i s t u r b a n c e s I n a v i s c o e l a s t i c f l u i d c o n t a i n e d 

b e t w e e n t w o c o a x i a l c y l i n d e r s d u e t o t h e s l o w a n g u l a r m o t i o n oE U s b a a e 

i s d i s c u s s e d i n t w o c a s e s : (1) t h e a n g u l a r v e l o c i t y o f t h e d i s c i s g i v e n 

b y o>(t) = m
a
d(t) ( D i r a c d e l t a f u n c t i o n ) ; (11) w ( f ) = <u0 s i n ( « / ) • T h e s o l u 

t i o n s a s X ( t h e r e l a x a t i o n t i m e p a r a m e t e r ) t e n d s t o z e r o a r e s h o w n t o 

c o r r e s p o n d t o t h o s e f o r a n o r d i n a r y v i s c o u s f l u i d , I t h a s b e e n o b s e r v e d t h a t 

u n l i k e t h e o r d i n a r y v i s c o u s f l u i d , t h e v e l o c i t y of p r o p a g a t i o n o f t h e d i s 

t u r b a n c e s i n c a s e ( i ) i s f i n i t e a n d t h e d i s t u r b a n c e d o e s n o t r e a c h a l l 

p o i n t s o f t h e f l u i d i n s t a n t a n e o u s l y . 

1. I n t r o d u c t i o n . V a r i o u s a u t h o r s such as R O B E R T S [ B ] , L U N D Q U I S T [ 6 ] , B H A T N A -

G A R and K U M A R [ ' ] , K U M A R [ V ] h a v e discussed t h e p r o p a g a t i o n of e m a i l d i s t u r b a n 
ces i n v iscous i n c o m p r e s s i b l e f l u i d s a n d i n i n v i s c i d a n d e l e c t r i c a l l y c o n d u c t i n g 
f l u i d s i n t h e presence of a m a g n e t i c f i e l d . 

T h e a u t h o r e l sewhere [ 7 > a ] has discussed t h e p r o p a g a t i o n of d i s turbances i n a u 
idea l i zed v iscoe last i c f l u i d i n t w o cases: 

(i) T h e f l u i d occupies t h e space (z > 0 ) . T h e d i s t u r b a n c e i s p r o d u c e d b y t h e 
s l o w a n g u l a r m o t i o n of a disc x2 - f~# 2 = a2, z = 0. 

(it) T h e f l u i d is c o n t a i n e d i n a n i n f i n i t e c i r c u l a r c y l i n d e r . T h e d i s t u r b a n c e 
i s p roduced b y t h e s l o w a n g u l a r m o t i o n of i t s base. 

I n t h i s paper , w h e n t h e r e l a x a t i o n p h e n o m e n o n of t h e f l u i d ia c ons idered , 
w e s t u d y t h e p r o p a g a t i o n of d i s t u r b a n c e s i n t h e v iscoe last i c f l u i d c o n t a i n e d i n t h e 
a n n u l a r space z ^ O , b^r^a. T h e d i s t u r b a n c e i s produced b y g i v i n g t h e base of 
t h e a n n u l u s a s l ow a n g u l a r m o t i o n a b o u t t h e z -axis a t t i m e t — 0 w h i c h ia r e p r e 
sented f o r t i m e t > 0 b y <o(t), w h e r e 

( i ) w(f) = co0 8(t) (d(t) i s t h e D i R A G - d e l t a f u n c t i o n ) , 

( i t ) o{t) ~ a>o s i n ni. 

( l ) T h e A u t h o r i s g r a t e f u l t o D r . J . N . K A P U R f o r h i s a d v i c e a n d g u i d a n c e t h r o u g h o u t 

t h e p r e p a r a t i o n o f t h e p r e s e n t p a p e r . 

4B 



50 P . N . S R I V A S T A V A 

I t is i n t e r e s t i n g t o n o t e t h a t as X ( t h e r e l a x a t i o n t i m e ) tends t o zero , t h e so
l u t i o n s g ive t h e s o l u t i o n of t h e cor respond ing p r o b l e m f o r a n o r d i n a r y viscous f l u i d 
as o b t a i n e d e a r l i e r [ s ] , 

2 . F o r m u l a t i o n of t h e p r o b l e m . The s t r e s s - s t r a i n r a t e r e l a t i o n f o r a n i d e a 
l i z e d i n c o m p r e s s i b l e v isco -e last i c f l u i d w h e n o n l y t h e r e l a x a t i o n p h e n o m e n o n is 
t a k e n i n t o c o n s i d e r a t i o n is of t h e f o r m 

(1) Sik-\-X [-Jy-Sifc + VjSik,j ~ Vitj Sjk — -Wjfc.ySf;] = 2(t e i k , 

w h e r e X i s t h e r e l a x a t i o n t i m e cons tant a n d ft i s t h e coe f f i c ient of v i s c o s i t y . T h e 
e q u a t i o n s of m o t i o n i n t h e absence of e x t r a n e o u s forces a re 

(2) e [ ^ i + » t . y « / ] ~ — p , i - r - » i / . y ' 

Q b e ing t h e d e n s i t y of t h e f l u i d , a n d t h e e q u a t i o n of c o n t i n u i t y i s 

(3) «£,¡ = 0. 

W e t a k e c y l i n d r i c a l p o l a r coord inates ( r , # , z ) . W e assume vT — vz — 0 a n d 
3 

— ^ 0 (due t o s y m m e t r y [ a b o u t z -ax is ) . T h e n t h e e q u a t i o n of c o n t i n u i t y is sa

t i s f i e d i d e n t i c a l l y . We t h u s get v ( t h e c o m p o n e n t of v e l o c i t y i n t h e -^ -d i rec t i on as 

v{r, z, t). 

E q u a t i o n (1) w h e n t r a n s f o r m e d t o c y l i n d r i c a l p o l a r coord inates , gives, u n d e r 

these a s s u m p t i o n s , t h e f o l l o w i n g equat i ons 

(i) s r r + X ^ ( S f r ) ^ 0 , 

(5) s r z + 1 j - (sT2) = 0, ' 

(6) ' * « + i - ^ - ( O = 0 , 

, 3 . 9 « 
(7) Sftg -f- Ufl-a' — f- g - ) . 

(8) S r# ( * r # ) — P ( — ' 

a n d 

(9) + X-^-(s$#\—2X sT& ^-.^ — 0. 

E q u a t i o n s (4 ) , (5) a n d (6) g i v e 
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(10) * r r — 01, sra = Qt t g g = 0 . 

T h e n from (2) w e get 

(12) 

a n d 

3p _^ 
3r r /• 

1 ij} f) 2 
(13) i? TT = r ( i r # ^ ~f" T " fa-Os^H"" • ~ sT-ti 

(it or <JZ r 

F r o m equat i ons (7) , (S) a n d (13) w d get t h e f o l l o w i n g e q u a t i o n , f o r d e t e r m i 

n i n g v 

. d~v , dv r 32w , 1 9 « i» , 9*« "1 
(14) i w + ^T = v \ iT* + - J + T ^ » 

ot' ot Ldr r or r1 dz' J 

where V — {IIIQ) is t h e k i n e m a t i c coe f f i c i ent of v i s c o s i t y . 

3. S o l u t i o n of the p r o b l e m . T h e f l u i d c o n t a i n e d i n t h e a n n u l a r space 
z ^ O , a^r^a is a t r e s t . A t t h e instant i = 0 t h e d i s t u r b a n c e is i n i t i a t e d b y 
g i v i n g t h e base o f t h e a n u u l u s a s l o w a n g u l a r m o t i o n a b o u t t h e z -axis w h i c h a t 
l a t e r timeB is de f ined b y <*> (t). 

T h e r e f o r e w e solve e q u a t i o n (14) under t h e f o l l o w i n g i n i t i a l a n d b o u n d a r y 

c o n d i t i o n s . 
a) I n i t i a l c o n d i t i o n s 

(15) v = 0, t^O, 

(16) t^O, 

b) B o u n d a r y c o n d i t i o n s 

(17) b^r^a, z = 0, 

(18) o = 0, r = B , z ^ O , 

(19) * = 0, r = b, z ^ O , 

(20) v — 0 w h e n «--»- oo, 

Case (i). L e t 

« ( f ) = M 0 <3(i) , 

w h e r e •5(0 i s t h e D I R A C d e l t a f u n c t i o n . 
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M u l t i p l y i n g e q u a t i o n (14) b y e~Ft a n d i n t e g r a t i n g b e t w e e n t h e l i m i t s t = 0 

t o t = co, w e get 

(21) ( i p - + p ) w = , L „ + _ r _ _ _ r + _ . j 

w h e r e 

(22) 5 — y" e ~ P f © i / i 

u 

is t h e L A P L A C E t r a n s f o r m of v. 

L e t 
a 

(23) £ f f = y rK(r,a,%i)vdr 
b 

be t h e f i n i t e H A N K E L t r a n s f o r m of v, w h e r e 

(24) K ( r , a, - J , & r) G , (^ a) - / , (£, a) G , (|f i-) 

a n d 5f is a p o s i t i v e r o o t of t h e e q u a t i o n 
(25) 7, (I b) GL (I a) - Gt (? 6) / 1 (§ a) = 0. 

M u l t i p l y i n g e q u a t i o n (21) b y rK(r, a, %i) a n d i n t e g r a t i n g b e t w e e n t h e l i m i t s 6 

t o a we get 

= [ T - * ( ' + x ) + a ] B -

W e solve e q u a t i o n (26) u n d e r t h e b o u n d a r y c o n d i t i o n s 

(27) vB — 0 w h e n z = <*> 

and 

a 

{'¿8) v u — m0 J r2 K (r, a, ?;) dr 
b 

= f [ ^ f - » ] " h e n , = 0. 

T h e s o l u t i o n o f e q u a t i o n (26) is 
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T a k i n g t h e H A N K E L i n v e r s i o n of (29) a n d t h e n u s i n g t h e i n v e r s i o n t h e o r e m f o r 

L A P L A C E t r a n s f o r m , w e get 

(30) 
i 

W e s p l i t 

(31) 

w h e r e k is s u c h t h a t 

( = 1 

5* < 

/ = ! / = f c + l 

< i f c + i -(32) 2 ^ , 

N o w o n e v a l u a t i n g t h e p - i n t e g r a l [ ' ] i n (30) w e get w h e n 

(33) v = 
X it2 — 

z2xy2 

l ^ T R a l ^ T i ^ ) } ( I - * ^ r 1 ' * 
i _ 1 / Xz2\ir< 

2* 

a n d 

(34) 

w h e n 

= 0 

f < 

, t i « , Q n m u »a 1 - v O As A - ^ 0 t h e second s u m m a t i o n N o w we proceed t o t a k e t h e l i m i t as A >-U . a n 

(33) vanishes and w e get 
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( 3 5 ) ^ = t 7 = l ^ W -

C O 

T h i s l i m i t i n g v a l u e of « denoted b y v „ i a corresponds t o t h e s o l u t i o n of t h e 
p r o b l e m o f a n o r d i n a r y v iscous incompress ib le f l u i d as a l r e a d y o b t a i n e d [ " ] . 

I t is i n t e r e s t i n g t o n o t e t h a t ( 3 3 ) is v a l i d w h e n 

W e m a y h a v e a p h y s i c a l p i c t u r e of t h i s i n t h e f o l l o w i n g m a n n e r . K e e p i n g z — z 0 

we see t h a t so f a r as 

t h e d i s t u r b a n c e has n o t reached t h e r e g i o n z ^ z 0 . T h u s w e conc lude t h a t t h e 
d i s t u r b a n c e is n o t p ropagated i n s t a n t a n e o u s l y i n t h e w h o l e r e g i o n occup ied b y t h e 
f l u i d as i n t h e case of a n o r d i n a r y viscous f l u i d b u t i t has a f i n i t e v e l o c i t y of 
p r o p a g a t i o n a n d reaches a n y p a r t i c u l a r p o i n t z ^ z 0 o n l y a f t e r t = t0 w h e r e 

to —- I 
\ v 

Case (ii). W e t a k e ca(t) — <w0 s in nt. 

A p p l y i n g t h e same t e c h n i q u e s as i n case ( I ) w e get t h e same e q u a t i o n ( '¿6) 

f o r d e t e r m i n i n g v u . 

W e so lve e q u a t i o n ( 2 6 ) u n d e r t h e b o u n d a r y c o n d i t i o n s 

( 3 6 ) VH = 0, w h e n z — «> 

a n d 

( 3 7 ) vH = ~ ^-r-^r~—w , , , v v - w h e n z — 0 

a n d get 

( 3 8 ) vH 

P3 + 
— ¥ 7 r ^ — e e x p . - | - P ^ + T j + 5 # | z. 

T a k i n g t h e H A N K E L i n v e r s i o n of ( 3 8 ) a n d t h e n f i n d i n g t h e L A P L A C E i n v e r s i o n 
w e get 
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{6 7, (a W - a j , ( b J, (b lt) K (r , q , % t) 
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2 « ; I 
C—JO-J 

T h e p - i n t e g r a l e n t e r i n g i n (39) has been e v a l u a t e d b y t h e a u t h o r e l sewhe
re [ 7 j . S u b s t i t u t i n g t h e v a l u e o f t h e p - i n t e g r a l i n (39) a n d s p l i t t i n g t h e sum 

i n t o 

a n d 

2 
k 1 

CO 1 
as i n case ( l ) , w e g e t 

C O 
(40)

 *-^h——Tfim=imto——~
e

 e s p - H v ) *J 

• r , <,/^v/2i • " e - ^ { ^ y , t « g / ) - « y . ( & i f ) ) y . ( & i f > g ' - , a . ^ ) 

1 

r ie-*u 8 i n | ( - ^ y / l i

z i ( t - ^ i ) , / - i | 

—1 2* 
w h e r e 

(41) 

(43) 

a n d 

(44) 

I 

t < 2 V S < i + 1 -



56 P . N . S R I V A S T A V A 

N o w w e t a k e t h e l i m i t as I 0 a n d o b t a i n 

(4=5) v v ! q — l i m « 
¿-»-0 

C O 

- 2 r o ' i — L 7 ? ( a ? i ) - 7 i ( 6 i i ) r • e x p * a , J 

rin J 
• 2<oanZ\ {b 7, (a I ; ) -ajjb 7, (6 j ; ) K ( r , a , |Q 

» ^ [;?(«i i)-7/(6? i )3 
j ' = l 

C O 

f « e x p . [ - ( ^ i + ^ ) j [ B i n ( ^ y / 2 ] 
j V + ^ + T W — d g 

0 

w h e r e 

(46) « 1 = [ ( f ! I / + n , ) ' / , + i '5n ,/ s 

a n d 

(47) P^Wti + n'yi'-vWVr-. 

T h e s o l u t i o n g i v e a i n (40) i s v a l i d f o r an o r d i n a r y viscous incompress ib l e f l u i d 
a n d agrees w i t h t h a t a l r e a d y o b t a i n e d [ a l . 
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Ö Z E T 

Aynı e k s e n l i İki s i l i n d i r arasında b u l u n a n visboelaatîk bir sıvıda, tabanın 
ağır açısal h a r e k e t i n d e n doğan k Uç İlk distürbanslarm bu sıvı içindeki 

yayılımı i k i ayrı h a l d e İncelenmiştir. 


