ON THE FLOW OF TWO CONDUCTING INCOMPRESSIBLE IMMISCIBLE
FLUIDS BETWEEN TW(O NON - CONDUCTING PLATES

J. N, Karur — J. B, SxugLa

The;‘ steady flow of two conducting incompressible and immmiscible fluids
between two non-conducting parallel plates has been considered in the
presence of a transverse magnetic field. It has been shown that as the
HarTMany nummbers for the two fluids increase, the flux, the inter-faee
veloeity and the skin frictions at the two plates decrease. It has been shown
that unlike the case ot non-conddctlng fluids where the wveloecity maximum
ocours in the Iess viscous fluid, here the velocity - maximum can ocour in

the more wviscous fluid also,

1. Introduction

The velocity profile due to the flow of two incompressible immiscible
fluids hetween two parallel plales was ohtained in ['] and it was shown there
that when the heights of the two fluids are equal, the veloecity - maximum
ocours iu the fluid of smuller viscosity. The discussion was generalised by
the present authors [*] to the case of the flow of r-incompressible immiscihle
fluids occupying different heights hetween two parallel plates and it was
shown that a unique velocity maximum always exisis.

In the present paper we have considered the flow of two eonducting in-
compressible and immiscible fluids occupying equal heights belween’ two pa-
rallel non-conducting plates in the presence of a transverse magnetic field.
It has been shown that as the Harrmann numbers for the two fluids inerea-
se, the flux, the inter-face velocity and the skin-frictions at the two plates
decrease. These results are consistent with the phenomenon [#] that a magnetie
field gives a certain degree of «rigidity» to a fluid, We also obtain another
interesting result which is also consistent with this phenomenon. We prove
that while for nom-conducting fluids, the velocity maximum always occurs
in the less viscous fluid, in the case of conducting fluids it can ocecur in the
more vigcous fluid also, if its conductivity is less than that of the less vis-
cous fluids. In fact we fiud that for given Harrmann numhers there is a eri-
tical value® of the ratio of the two viscosity coefficients for which the velo-
city maximum will occur at the interface and the velocity maximum will oc-
cur iu one fluid or the other depending on whether the aetual ratio of the
viscosity coefficients is less than or greater than this critical value.
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2. Determination of the velocity profile

Let 2h he the distance hetween the plates and let py, g, 615, Her, ples
denote the coefficients of viseosity, conductivity and permeability respectively
of the two fluids each occupying a height A. We take the x-axis along the
interface and the y-axis perpendicular to ‘it -drawn into the second fluid, Also
let a econstant pressure gradient p he applied to hoth the fluids.
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.The equations governing the hydr?}mégnetic ﬂ-ow are [4|
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are the HarTmany numbers and o, o, denote the velocities of the two fluids.
The boundary conditions are

=u1='.0" .' -  "When y——h,

v, —d, when y=20,
3 . ' o :

v, —0 when y=-+h,

v, = u, when y=0,
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where g, 1s the common interface veloeity (to he determined). Solving (1), sub-
jest to (8), we get-
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3. Determination of interface velocity, flux and skin-frictions
at the two plates

To determine gz, in the ordinary hydrodynamic case['] we ise the conti-
nuity of the shear stress at the interface, In the present case wo ean include
the contribution of the magnetic field to the shear stress, but since the in-
duced magnetic field is contineus at the interfave, this factor dees not change
the houndary condition whieh gi'\'rcs _. S

(o — (i 2)
® ('ul dy ).f.rﬂ_'ﬁ #2dy Jy=o

and then hy (4) and (5), we get

o M, tanh % + M, tanh M, .
(7) g M) — 2 2
Ph? M, M, (M, coth M, + 4 M, coth M,)

where
8 p=te,
(8) | i,
The total flux @ is given hy
0 K
9 o= [wdst [ody=04+Q (say)
5 J . .

:
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where from (4} and (),

1
tanh - M,
10 Qe _ 271 0 pamn Lyt 2 7
(1 Bl g M R — ’
T M
1
: tanh- - M,
11 Qote _ 271 0 pann L by P
¢ T = g g Mo — tamh g M, Gl —
. = M,
The skin-frictions at the two plates are given by:
- () tanhom
{(12) Pr.:(.lh %) — Ph 1 _____271+ ol K] _M; .
_ dy Jy=—n e 2 1 M Ph* ginh M,
o M
A tanhiM '
(13) P-:(.u. @) —=— Ph l__%_:_f_aﬂ-“z_._Mﬁ_
# *dy Jy—n 2 l-M PR® sinh M,
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4. Result: about interface velocity, flux and skin frictions

(i) Equation (7) can be written as

tanh % M, tanh 1 M

€} 2
,_1 ,_L i o
(14) 2_'10___ ‘_Z'Ml —,é_MQ
PRET M M, :

r 1
Puotanh ar, 7 ¥ tanh i,

It is obvious that the right hand side of (14) does not echange if M,, p, are
interchanged with M,, »,. This is a result which we expect. We can see si-
milarly from the pairs of equations (4) and (5), (10) and (11), (12) and (13)
that «, Q, and P, are interchanged with »,, Q, and P, if M,, g, and y are
interchanged with M,, p, and —g respeetively.

(i7) Since

d tanhM:l__ 2M — sinh 20 |
HJ[ M ~ 2MPcosh’i °

[2Af — sinh 2M|m=, =0, =2 [1 — cosh 2]
=0,

d .
¥ i) [2M — sinh 2],
(15}

it follows that (tanh M)/# is a decreasing function of M when M > 0.

Therefore we get from (14) that the interface velocity decreases as M, M,
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increase. In particular it will decrease if the applied magnetic field increases
or we use fluids with greater electrical conductivities. To see the effect of
an increase of u,, g, we write (14) as

1

_ - tanh - M,
3}% tanh 7} —g - 1 a
, iy il
{147 2ay . 3 M,
PR ’

K i, coth 2 1w, M, coth M,
4y

We keep K, M,, p, fixed and inerease g, then it can he shown that both

Vir, tanh % Vl'i and Vi, coth X
Hy Ky
increase as p, inereases, hut the first term increases at a slower rate as its
one factor increases while the other decreases, while in the second term hoth
factors increase. Thus the interface velocity decreases as the viscosity coef-
ficients increase.

{ii) Since

_g_i_[M—tanhM:I__Stanh'MﬁZMaMscch‘-’M
dM Ms - M* >

[8tanh M — 2M — M sech® M]ar—0 =10,
(16)

%J [3tanh M — 2M — M sech® }]

= — [2tanh?®M —2 tanh M sech® Mf] =<0

it follows that

M-—1ianh M
MY

is a decreasing function of M, M > 0. Since

tanh M
M

is also a decreasing funection of M we find, on using the result {if) that both
Q. Q, decrease as M, M, incredse,

{iv}) Since
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d M ] . sinh M — M cosh M
CdM [ sinh st sinh? M
[sinh M — M cosh M]y=0=0 -
(17
d ;. :
17 [sinh M — M cosh M)

=--Msinh M =0.
It follows that S '
_M
sinh M

is also a decreasing function of M. From (12) and (18}, we get that both P,
and P, decrease as My, M, increase.

{¢) If we take the limits as M,, M, tond to zero of (4}, (5}, {7), (10), (11},
(12) and (18) we get the same results as those of ['].

5. The velocity maximum

To obtain the velocity maximum we have to find where the] derivative
of the velocity vanishes. For this point we get from (4) and (5),

/I
", M,tanh 22 - M, trmh‘—z— ]

1 — e l -

T M, M, coth mn+uv12 coth M,
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(20} h o, 08 ML M,
: A, tanh — 1+ M, tanh /=2
1 emary | 1— Mot 2
e M, M coth Ml—|—lM2 coth M,
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If

——1<-y;!~#<0,

the=velocity maximum will he in the first layer, while if
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it will be in the second layer.

The velocity maximum will be in the common interface if 4 —1*, where

‘ o ()
(22) o ' A =Gt
and

cosh M —1
23) FAM) = Gpcosutt

We observe the following facts:

(t) If i increases, ¢,(M,, M,, A) increases so that both F,,F,, decrease
but F,, deereases more so that F,,(F,, increases, If

g /h becomes positive and maximum veloeily cannot occur in the first fluid.

(ii) 'If 4 increases, ,(M,, M,, 1) decreases so that both F,, and F,, in-
crease, bul F,, increases more, so that F,,/F,, increases. 1f
. F,
V2%, Fed
= A Fis -
s0 that y,/h becomes positive and a velocity maximum can occur in the ze
cond fluid.

(iii) 1If
. F,
¥, 1L s
A< F <1

12

gk is negative and veloeity maximum can oceur in the first fluid.

(iv) If
. F
® 21
l<ﬂ. y 7 <1,

22
2./ is negative and a velocity maximom cannot occur in the second fluid.

(¢) The velocity vanishes at both the plates, and both the velocities
and its derivative are continuous at al]l points except at the interface where
the. derivative can change in magnitude hut not in sign. Remembering all the
above faets, we conclude that there is a unigue velocity maximum and it oe-
curs in the first fluid if 2 > A%, in the second fluid if i >1* and at the
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common interface if 1=21% As 1 increases steadily from 0 to oo, the velo-
city maximum goes from a point in the first fluid given by y=y, toa
point in the second fluid given by Y=Y where,

M, fanli%-‘ -+ M, tanh %

. M, 1
(24) I IOge LT T e, ,
h o M2tanhﬂ—l—‘—{— M;tanh%
P 2 i
C M, coth A,
M, tanh +M1tanh
M _ i
C ¥m_ 1 el —1+ MmmhM
(26) ho gy tos 7,
i ' : e M tanhg‘—[—M tanh —£ 2
—Mo : .
e M1 —— M, coth M2 ‘ '
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OZET
Bilzigmayan ve karrgmayan izl fletken ervinin iletken olmayan (k! levha
arasindaki dfizgin alg, alrg istikametine dik bir manyetik alan ‘meveut
olmist halinde incelenmektedir. 1ki' srvinin Harrmanw sayilam biiytidiikce
akig, ayirma ylzeyi hiz ve levhalardaki ylizey stirttinmesi avaldlgml gba-
terilmistu‘ ‘Hetken olmayan sivilarda hiz maksimimi en’az v1skomtey1
-halz s1vida vuku bulmasina karg: incelemelkte olan’ iz maksimumu en yilk-

sek - viskosziteyl haifz sivida da vulzu bulahilir,




