
ON T H E F L O W O F T W O CONDUCTING I N C O M P R E S S I B L E I M M I S C I B L E 

F L U I D S B E T W E E N T W O NON - CONDUCTING P L A T E S 

J , N . K A P U R — J . B , S H U K L A 

T h e ; steady flow of two conducting incompressible and immiscible f luids 
between two non-conduct ing para l le l plates has been considered i n the 
presence of a t ransverse magnetic f ie ld . I t has been shown that as the 
HARTMANN numbers for the two fhtida increase , the flux, the inter- faee 
v e l o c i t y and the s k i n fr ict ions at the two plates decrease . I t has been s h o w n 
that unl ike the case ot non-conduct ing fluids where the ve loc i ty maximum 
occurs i n the. leaa v iscous i l u i d , here the v e l o c i t y - maximum can occur i n 

the more v iscous f luid also . 

1. I n t r o d u c t i o n 

T h e v e l o c i t y p r o f i l e d u e t o t h e f l o w o f t w o i n c o m p r e s s i b l e i m m i s c i b l e 
f l u i d s b e t w e e n t w o p a r a l l e l p l a t e s w a s o b t a i n e d i n ['] a n d i t w a s s h o w n t h e r e 
t h a t w h e n , t h e h e i g h t s o f t h e t w o f l u i d s a r e e q u a l , t h e v e l o c i t y - m a x i m u m 
o c c u r s i u t h e f l u i d o f s m a l l e r v i s c o s i t y . T h e d i s c u s s i o n w a s g e n e r a l i s e d b y 
t h e p r e s e n t a u t h o r s [' !] t o t h e case o f t h e f l o w o f / ( - i n c o m p r e s s i b l e i m m i s c i b l e 
f l u i d s o c c u p y i n g d i f f e r e n t h e i g h t s b e t w e e n t w o p a r a l l e l p l a t e s a n d i t w a s 
s h o w n t h a t a u n i q u e v e l o c i t y m a x i m u m a l w a y s e x i s t s . 

I n t h e p r e s e n t p a p e r w e h a v e c o n s i d e r e d t h e f l o w o f t w o c o n d u c t i n g i n ­
c o m p r e s s i b l e a u d i m m i s c i h l e f l u i d s o c c u p y i n g ; e q u a l h e i g h t s b e t w e e n t w o p a ­
r a l l e l n o n - c o n d u c t i n g p l a t e s i n t h e presence o f a t r a n s v e r s e m a g n e t i c f i e l d . 
I t h a s b e e n s h o w n t h a t as t h e H A R T M A N N n u m b e r s f o r t h e t w o f l u i d s i n c r e a ­
se, t h e f l u x , t h e i n t e r - f a c e v e l o c i t y a n d t h e s k i n - f r i c t i o n s a t t h e t w o p l a t e s 
decrease . T h e s e r e s u l t s a r e c o n s i s t e n t w i t h t h e p h e n o m e n o n [ 3 ] t h a t a m a g n e t i c 
f i e l d g i v e s a c e r t a i n degree o f « r i g i d i t y » t o a f l u i d . AVe a l s o o b t a i n a n o t h e r 
i n t e r e s t i n g r e s u l t w h i c h i s a l s o c o n s i s t e n t w i t h t h i s p h e n o m e n o n . W e p r o v e 
t h a t w h i l e f o r n o n - c o n d u c t i n g f l u i d s , t h e v e l o c i t y m a x i m u m a l w a y s o c c u r s 
i n t h e less v i s c o u s f l u i d , i n t h e case o f c o n d u c t i n g f l u i d s i t c a n o c c u r i n t h e 
m o r e v i s c o u s f l u i d a l s o , i f i t s c o n d u c t i v i t y i s less t h a n t h a t o f t h e less v i s ­
c o u s f l u i d s . I n f a c t w e f i u d t h a t f o r g i v e n H A R T M A N N n u m b e r s t h e r e i s a c r i ­
t i c a l v a l u e " o f t h e r a t i o o f t h e t w o v i s c o s i t y c o e f f i c i e n t s f o r w h i c h t h e v e l o ­
c i t y m a x i m u m w i l l o c c u r a t t h e i n t e r f a c e a n d t h e v e l o c i t y m a x i m u m w i l l oc­
c u r i u one f l u i d o r t h e o t h e r d e p e n d i n g o n w h e t h e r t h e a c t u a l r a t i o o f t h e 
v i s c o s i t y c o e f f i c i e n t s i s l ess t h a n o r g r e a t e r t h a n t h i s c r i t i c a l v a l u e . 
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2. D e t e r m i n a t i o n of the v e l o c i t y prof i le 

L e t 2h. he t h e d i s t a n c e b e t w e e n t h e p l a t e s a n d l e t /«.„ an e 2 , j w e i , / t e 2 

d e n o t e t h e c o e f f i c i e n t s o f v i s c o s i t y , c o n d u c t i v i t y a n d p e r m e a b i l i t y r e s p e c t i v e l y 
o f t h e t w o f l u i d s e a c h o c c u p y i n g a h e i g h t h. We t a k e t h e * - a x i s a l o n g t h e 
i n t e r f a c e a n d t h e y-nxis p e r p e n d i c u l a r t o i t d r a w n i n t o t h e s e c o n d f l u i d . A l s o 
l e t a c o n s t a n t p r e s s u r e g r a d i e n t q he a p p l i e d t o b o t h Lhe f l u i d s . 

(1) 

w h e r e 

(2) 

T h e e q u a t i o n s g o v e r n i n g t h e h y d r o i n a g n e t i e f l o w a r e [ 4 j 

= 2] 
. d*vi Mi 

Pi 

[i — 1, 2] 

a r e t h e H A R T M A N N n u m b e r s a n d <ut,vs d e n o t e t h e v e l o c i t i e s o f t h e t w o f l u i d s . 
T h e b o u n d a r y c o n d i t i o n s a r e 

(3) 

V i — 0' w h e n y = — h, 

<vL = u0' w h e n y = 0, 

v2 = 0 w h e n y = -\-h, 

v2 — u„ w h e n y = 0, 
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w h e r e u0 i s t h e c o m m o n i n t e r f a c e v e l o c i t y ( t o he d e t e r m i n e d ) . S o l v i n g (1) , s u b ­

j e c t t o (3 ) , w e g e t 

(4) 

and 

(5) 

-1 ih — — 
Ph* M\ 

s i o h A f ^ l + y ) — s i n b 
h 

Uoft 

s i n b M1 

sinhM^l^-^ 

Ph* Mi 1 

Ph- s inb. Mi 

sin h M2 ( 1 — J 4- sin h df s 

is i nh M., 

l-h^s^O], 

s i n h / 1 ^ 1 — - f - ) 

s i n h M , 
[O^gtàh). 

3. D e t e r m i n a t i o n of i n t e r f a c e v e l o c i t y , f lux a n d s k i n - f r i c t i o n s 

at t h e two p l a t e s 

T o d e t e r m i n e U o i u t h e o r d i n a r y h y d r o d y n a m i c case ['J w e u s e t h e c o n t i ­
n u i t y o f t h e s h e a r s t r e s s a t t h e i n t e r f a c e . I n t h e p r e s e n t case w e c a n i n c l u d e 
t h e c o n t r i b u t i o n o f t h e m a g n e t i c f i e l d t o t h e s h e a r s t r e s s , b u t s i n c e t h e i n ­
d u c e d m a g n e t i c f i e l d i s c o n t i n o u s a t t h e i n t e r f a c e , t h i s f a c t o r does n o t c h a n g e 
t h e b o u n d a r y c o n d i t i o n w h i c h g i v e s 

<8> .. ( - t L o = ( - t L „ 

a n d t h e n b y (4) a n d (5 ) , w e g e t 

(?) 
M, t a n h ^ + Mt t a n h ^ 

a0 Hi ___ à I-. 
Ph- M1 M2 (ML c o t h M1 + 1 Mi c o l l i M2) 

w h e r e 

(8) A = ~ ^ ' . 

T h e t o t a l f l u x Q i s g i v e n b y 

o ft 
(9) Q= J vvdy + f v i d s = Q l + Q i ( s a y ) 

-ft o 
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w h e r e f r o m (4) a n d (5 ) , 

_ „ , t a n h -^-M, 

2 1 

„ „ - , . t a n h \- M„ 

2 M 2 

T h e s k i n - f r i c t i o n s a t the. t w o p l a t e s a re g i v e n b y : 

/ 7 «. ( -i t a n l i - ^ - M t , , 
(12) p _ / „ 4<\ -Ph\— 2 _L_ ^ ^ 
* ' 1 ~~ V 1 dy ) „ = - h - P h J 2 1 , ' Ph* s i n h M , 

~2Mi 

(13) P* = ll>tP) = - P h \ ± — ^ + °°"* M -dg Jg=h I 2 J / Ph2 s i l l h J l f a 
2 

4. R e s u l t J about i n t e r f a c e v e l o c i t y , f lux a n d s k i n f r i c t i o n s 

(i) E q u a t i o n (7) c a n be w r i t t e n as 

t a n h - ^ M ! t a n h - ^ - M 2 

^ t a n h A f t ^ ^ t a n h M 2 

I t i s o b v i o u s t h a t t h e r i g h t h a n d s i d e o f (14) does , n o t c h a n g e i f M 1 5 ^ , a r e 
i n t e r c h a n g e d w i t h A / s , /A,

2
. T h i s i s a r e s u l t w h i c h w e e x p e c t . W e c a n see s i ­

m i l a r l y f r o m t h e p a i r s o f e q u a t i o n s (4=) a n d (5 ) , (10) a n d (11), (12) a n d (13) 
t h a t -on Q t a n d PL a r e i n t e r c h a n g e d w i t h v2, Q 2 a n d P2 i f Mt, a n d g a r e 
i n t e r c h a n g e d w i t h M.,, p3 a n d — y r e s p e c t i v e l y . 

( i i ) S i n c e 

d r t a n h M i 2M — s i n h 2 i l f d r _ . . . , 
, rfâfl—jCr-N—w^M^ > ^ [ 2 M - s i u h 2 ^ , 

^ 1 5 ^ 1 [ 2 j t f — s i n h 2M]M=LI = 0, = 2 [1 — c o s h 2Af] 

0, 

i t f o l l o w s t h a t ( t a n h i s a d e c r e a s i n g f u n c t i o n o f M w h e n M>0. 

T h e r e f o r e w e g e t f r o m (14) t h a t t h e i n t e r f a c e v e l o c i t y decreases as Mt, M 5 
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i n c r e a s e . I n p a r t i c u l a r i t w i l l decrease i f t h e a p p l i e d m a g n e t i c f i e l d i n c r e a s e s 
o r w e u s e f l u i d s w i t h g r e a t e r e l e c t r i c a l c o n d u c t i v i t i e s . T o see t h e e f f e c t o f 
a n i n c r e a s e o f pL, fi2 w e w r i t e (14) as 

(14 ' ) 

^ t a n h l A 
t a n h — M„ 

¿1 

2 o 0 

Ph.* K 
Ks/JTi c o t h - f fl-> M2 c o t h M2 

W e k e e p K, M^, ft2 f i x e d a n d i n c r e a s e (ti t h e n i t c a n he s h o w n t h a t b o t h 

1 Î'C 
ViTi t a n h . — -•— a n d sj^ c o t h — 

^ VV'i W i 

i n c r e a s e as j t , i n c r e a s e s , h u t t h e f i r s t t e r m i n c r e a s e s a t a s l o w e r r a t e as i t s 
one f a c t o r i n c r e a s e s w h i l e t h e o t h e r decreases , w h i l e i n t h e s e c o n d t e r m b o t h 
f a c t o r s i n c r e a s e . T h u s t h e i n t e r f a c e v e l o c i t y decreases as, t h e v i s c o s i t y coe f ­
f i c i e n t s i n c r e a s e . 

{Hi) S ince 

(16) 

d rM— t a n h A f - i _ 3 t a n h M—1M — Mscch* M 
dMl M* J ~ Ml ' 

[3 t a n h M — 2M — M seeh* M]M^Q = 0, 

— [3 t a n h M — 2 M — M sech* M ] 

= — [2 t a n h W — 2 t a n h M sech* Af] ^ 0 

i t f o l l o w s t h a t 

M — t a n h M 

i s a d e c r e a s i n g f u n c t i o n o f M , M>0- S i n c e 

t a n h M 

i s a l s o a d e c r e a s i n g f u n c t i o n o f M w e f i n d , o n u s i n g t h e r e s u l t ( i i ) t h a t b o t h 
Q n Q 2 decrease as M , , M , i n c r e a s e . 

(IT?) S ince 
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(17) 

I t f o l l ows t h a t 

d. r M i _ sin h M — M cosh M 
dM L s i n h M J s i n h 2 M 

[ s inh M — M cosh M ] M = O — 0 

[ s i n h M — M c o s h M\ 

- - M s i n h A / ^ 0. 

Af 
s i n h M 

i s a l s o a d e c r e a s i n g f u n c t i o n o f M. F r o m (12) a n d (13) , we get t h a t b o t h PL 

a n d P2 decrease as Mi, Ma i n c r e a s e . 

(v) I f w e t a k e t h e l i m i t s as Mlt M2 t e n d to zero o f (4 ) , (5 ) , (7 ) , (10) , (11) , 
(12) a n d (13) we get t h e s a m e r e s u l t s as t h o s e o f f 1 ] . 

5. T h e v e l o c i t y m a x i m u m 

T o o b t a i n t h e v e l o c i t y m a x i m u m w e h a v e t o f i n d w h e r e t h e ] d e r i v a t i v e 
o f t h e v e l o c i t y v a n i s h e s . F o r t h i s p o i n t w e get f r o m (4) a n d (5) , 

(18) h 2M, h 

1 — e-Wi I — 
M 9 t a n h ~ - s

r M l t a n h ^ 

Wt M\ c o t h Af,. + A Af 2 c o t h Af s _ 

1 — e J f i 
„ A f 2 t a n h M l - f ^ t a n h ^ ^ 

. _ M [ 2 2_ 
M 2 M1 c o t h M t - j - A M 2 c o t h M2 _ 

(19) - 4 -

(20) 

(21) 4 ^ 

2 M (
 b l - E M . ^ ( M ^ M ^ A ) s f 1 9 

M, M. M2 t a n h + ^ t a n h -

AA A f t c o t h - f X M2 c o t h Af a 

1 — e-M, 1 — 
^ t a n h f - ^ t a n h 

M i Mt c o t h M ± + A M 3 c o t h M 

1 , 
2A/ 2

 B 1 — e~-M'i &2 {Mi, M 2 , A) 2Mt
 b F„ 

( s a y ) . 

I f 

• l < - ^ - < 0 , 

t h e ^ v e l o c i t y m a x i m u m , w i l l be i n t h e f i r s t l a y e r , w h i l e i f 
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i t w i l l be i n t h e s e c o n d l a y e r . 

T h e v e l o c i t y m a x i m u m w i l l be i n t h e c o m m o n i n t e r f a c e i f X — X*, w h e r e 

(22> - x -rm 
a n d 

/ ( > ! } . c o s h A i — 1 

W e o b s e r v e t h e f o l l o w i n g f a c t s : 

( i ) I f I i n c r e a s e s , $L (M^ X) i n c r e a s e s so t h a t b o t h Fllt Fn decrease 
b u t Fn decreases m o r e so t h a t F^fF^ i n c r e a s e s . I f 

yjk becomes p o s i t i v e a n d m a x i m u m v e l o c i t y c a n n o t o c c u r i n t h e f i r s t f l u i d . 

(H) I f X i n c r e a s e s , <p2 (Mlt Ms, X) decreases so t h a t b o t h F2l a n d Fsi i n ­
c r e a s e , b u t FiL i n c r e a s e s m o r e , so t h a t F S J F 9 2 i n c r e a s e s . I f 

x:> A * , ^ > i 
^ 2 2 

so t h a t yjh becomes p o s i t i v e a n d a v e l o c i t y m a x i m u m c a n o c c u r i n t h e se 
c o n d f l u i d . 

(Hi) I f 

yjh i s n e g a t i v e a n d v e l o c i t y m a x i m u m c a n o c c u r i n t h e f i r s t f l u i d . 

(iv) I f 

gjh i s n e g a t i v e a n d a v e l o c i t y m a x i m u m c a n n o t o c c u r i n t h e second f l u i d . 

(v) T h e v e l o c i t y v a n i s h e s a t b o t h , t h e p l a t e s , a n d b o t h t h e v e l o c i t i e s 
a n d i t s d e r i v a t i v e a r e c o n t i n u o u s a t a l l p o i n t s e x c e p t a t t h e i n t e r f a c e w h e r e 
t h e . d e r i v a t i v e c a n c h a n g e i n m a g n i t u d e h u t n o t i n s i g n . R e m e m b e r i n g a l l t h e 
a b o v e f a e t s , w e c o n c l u d e t h a t t h e r e i s a u n i q u e v e l o c i t y m a x i m u m a n d i t oc­
c u r s i n t h e f i r s t f l u i d i f I >X*, En t h e s e c o n d f l u i d i f X > X* a n d a t t h e 
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c o m m o n i n t e r f a c e i f A — A * . A s X i n c r e a s e s s t e a d i l y f r o m 0 t o <*>, t h e v e l o ­

c i t y m a x i m u m goes f r o m a p o i n t i n t h e f i r s t f l u i d g i v e n b y y = y i 0 t o a 

p o i n t i n t h e s e c o n d f l u i d g i v e n b y y — y w w h e r e , 

(25) 

(24) Zj* 

U21 
• h 

_ 1 l o g 

M, t a n h ^ + ML t a n h 
M2  

2 
A f 2 c o t h A f , 

e-ML _ 1 _|_ 
M-i t a n h ~ + A f i t a n h 

A / 2  

1 
e-ML _ 1 _|_ 

A f , c o t h Mt 

eM2 1 + 
M2 t a n h ^~-\- Mt t a n h 

Af a  

2 
eM2 1 + 

Mi c o t h Af g 

3 —ftf* 1 ^ 

•M 2 t a n h + ^ 1 t a n h „ 

' A f i c o t h M2 
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Ö Z E T 

Sıkışmayan v e karışmayan i k i İletken sıvının i l e t k e n o lmayan i k i l e v h a 
arasındaki düzgün akışı, akış i s t ikametine dik bir manyet ik a l a n m e v c u t 
olması h a l i n d e i n c e l e n m e k t e d i r . İki sıvının HARTMANN sayılan büyüdükçe 
akış, ayırma yüzeyi hız ve l e v h a l a r d a k i yllfcey sürtünmesi azaldığını gös­
terilmiştir. İletken o l m a y a n sıvılarda hız maksimumu en az v i s k o z i t e y i 
haiz sıvıda v u k u bulmasına karşı incelemekte olan hız m a k s i m u m u en yük­

sek • v i s k o z i t e y i haiz sıvıda da v u k u b u l a b i l i r . 


