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K . K . G O R O W A R A 

I n this paper the def ini t ion of a L i n e a r Normal Congruence i n a sub-apace 

Vn of a E u c l i d e a n Vm is g i v e n . V a r i o u s conditions are established so 

thai a l i n e a r congruence may be a normal congruence . T h e l a v a of ref­

rac t ion for a r a y of the normal congruence are stated a n d M A L U S - D U P I N ' S 

and BELTRAMI 'S theorems are general ized. The pitch of the p e n c i l of a 

congruence aa defined by R A M B B H A K I is also general ized. Ul t imate ly a new 

theorem on U n i o n Curves Is es tablished. 

1. F u n d a m e n t a l F o r m u l a e 

L e t t h e r e be a space V„ o f c o - o r d i n a t e s x' (i = 1 , 2, n) i m m e r s e d i n a 

E u c l i d e a n Vm o f c o - o r d i n a t e s ^ ° ( a = 1 , 2 , . . . , m ) . I n w h a t f o l l o w s t h e l a t i n 

i n d i c e s t a k e t h e v a l u e s 1 , 2, n a n d g r e e k i n d i c e s t h e v a l u e s 1 , 2, m . 

S u p p o s e t h e m e t r i c s o f _V„ a n d Vm a r e p o s i t i v e d e f i n i t e a n d a r c r e s p e c t i v e l y 

d e f i n e d b y g;j dx' dx' a n d d a p dya d$P w h e r e 8ap a r e K R O N E C K E R d e l t a s : 

<S0p = 1 w h e n a = /?, 

— 0 w h e n a =t= / i . 

W e h a v e t h e n t h e r e l a t i o n 

(1-1) £ij=»*P i P . y 

w h e r e a c o m m a (,) f o l l o w e d b y l a t i n i n d i c e s d e n o t e s t h e g e n e r a l i z e d c o v a r i a n t 

d e r i v a t i v e o r t h e t e n s o r d e r i v a t i v e w i t h r e a p e d t o t h e x ' s b a s e d o n g i . [8 , p . 5 1 ] . 

L e t / V \ 1 be t h e c o n t r a v a r i a n t c o m p o n e n t s i n Vm o f a s y s t e m o f (m-n) m n t u -

i i l l y o r t h o g o n a l u n i t v e c t o r s n o r m a l t o Vn ; t h e n t h e f o l l o w i n g r e l a t i o n s a r e 

s a t i s f i e d (8) : 

(1.2) 5 a p ^ v i A ^ i - ^ v , 

(1.3) 3 a p ya,i i V P ¥ | = 0. 

S u p p o s e Aj\ij ai 'c Lhe c o m p o n e n t s i n K„ o f a s y m m e t r i c c o v a r i a u t t e n s o r 
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o f t h e s e c o n t o r d e r c o r r e s p o n d i n g t o a s y s t e m N\ \ o f t h e n o r m a l s o f Vn 

t h e n [8 , p . 163] 

(1.4) Av\ij = SQp g«, t J M v \ . . 

W e a l s o h a v e t h e G A U S S f o r m u l a e f o r a s u b - s p a c e Vn o f Vm [8, p . 163] 

(1.5) ^ ; i y = 2 ^ v l ( ^ v | . 

2 . L i n e a r C o n g r u e n c e s 

L e t us c o n s i d e r a se t o f (m-n) l i n e a r c o n g r u e n c e s w h i c h a r e s u c h t h a t 

t h r o u g h e a c h p o i n t o f a s u b - s p a c e Vn o f Vm, a c u r v e o f e a c h c o n g r u e n c e 

passes . 

A n o r m a l c o n g r u e n c e i n E u c l i d e a n space i s d e f i n e d as a c o n g r u e n c e w h i c h 

i s c a p a b l e o f o r t h o g o n a l i n t e r s e c t i o n b y a s u b - s p a c e a n d h e n c e a f a m i l y o f 

s u h s p a e c s . 

T h e e q u a t i o n o f t h e l i n e o f t h e c o n g r u e n c e g i v e n b y 

(2.1) . r « = + 

w h e r e Y a i s a p o i n t o n t h e l i n e d i s t a n t t f r o m ga a n d X9
X\ a r e t h e u n i t t a n g e n t s 

i n t h e d i r e c t i o n o f t h e l i n e o f t h e c o n g r u e n c e X%\ . D i f f e r e n t i a t i n g w e h a v e 

(2.2) dY* = dYa+td{lr'T\)+l\\dt. 

H e n c e i n o r d e r t h a t t h e c o n g r u e n c e X%\ be n o r m a l w e m u s t h a v e 

<5«fi l\\dYP = 0. 

M u l t i p l y i n g b o t h s ides o f (2.2) b y <Sap Xa
% \ w o h a v e 

(2.3) a o P z \ | ^ p + i f5 ap ; . \ | d ( A P t i ) ~ H f t P i\i dl = 0 

s i n c e Xa
x | i s a. u n i t v e c t o r , t h e r e f o r e 

(2-4) 3 a p ; . f i T i = l ' 

da$ X«x\ rf(APoI) = 0. 

B u t i n a E u c l i d e a n space t h e i n t r i n s i c d e r i v a t i v e i s e q u a l t o t h e t o t a l d e r i ­

v a t i v e . T h e r e f o r e u s i n g (2 .4 ) , (2 .3) b e c o m e s 

8a? * \ | dL.? = ~dt.. 

S i n c e t h i s h o l d s f o r a i l v a l u e s o f t h e d i f f e r e n t i a l dxl w e h a v e 
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(2.5) <3up A \ j j)P t , = 

S i m i l a r l y 

(2.6) _ ôaP ;.\, i P > , = 

c o v a r i a n t d i f f e r e n t i a t i o n o f (2.5) a n d (2.6) y i e l d s 

S i n c e g?, ij a n d f , ^ . a r e b o t h s y m m e t r i c i n c o - v a r i a n t i n d i c e s , w e h a v e t h e 

c o n d i t i o n o f n o r m a l i t y as 

(2-7) á 0 p l\\,t i P . ^ a P tfP.i-

¿ \ ¡ b e i n g a v e c t o r i n m d i m e n s i o n a l E u c l i d e a n space e a u be e x p r e s s e d 

as a l i n e a r c o m b i n a t i o n o f m v e c t o r s w h i c h do n u t l i e i n t h e same geodes ic 

s u r f a c e . L e t t h o s e m v e c t o r s be t h e « v e c t o r s ya, f a n d t h e (m-n) v e c t o r s Na
v\. 

H e n c e 

w h e r e i f # v i ; | is t h e a n g l e b e t w e e n Xe* T ¡ a n d A / \ I . t h e n 

(2.9) C v t 1 = ¿ \ ¡ /VPv| = C o s ^ V t | í 

(2.10) 1 — 2 C o s Í * " , = á r í y ¿ ' v i -

Go v a r i a n t cHff e r e n t i a t i o u o f (2.8) y i e l d s 

(2.11) A \ | , í = i z * | . , í A z + ^ l J C v r l , i A T v | + 2 c „ i N\\,i 

B u t 

-V % I , £ = - Av i í k g"' ffa, i + J * nv í i \ ! 

J I' 
w h e r e 

H e n c e (2.11) b e c o m e s 

(2.12) 

w h e r e 
1' 
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kl 

a n d 

(2-14) * V T | : = t l
x | Av 11 f - f C V T ! , , + J J c ^ J # w.Y I f 

H e n c e wo d e d u c e f r o m (2.12) 

^aP | . f y ^ f l ' x l i glj 

(2.15) - ^ ! , 7 -

H e n c e f r o m (2 .7) a n d (2.15) i t f o l l o w s t h a t i n o r d e r t h a t t h e c o n g r u e n c e m a y 

l ie n o r m a l , \ ,7 s h o u l d he s y m m e t r i c i n t h e i n d i c e s i a n d F r o m (2.13) w e 

h a v e 

q\ \ ,• gij = ul I , si) — Yfwx 1 A v 1 «'* 

or 

(2-16) ^ ¡ . . = ( , ¡ , , . ^ 2 ^ 1 ^ 1 , 7 . 
•1' 

S i m i l a r l y 

•c 

S i n c e f o r a n o r m a l c o n g r u e n c e ? x | i s s y m m e t r i c , t h e n 

(2-18) U I y i - I i , y = £ C v x \ (Av \ { j - As \ ,-,•)-
v 

T h i s g a v e u s 

(2-19) M i ^ M i , ; 

s i n c e Ay\ij i s s y m m e t r i c i n t h e i n d i c e s £ a n d j " . H e u c e : a n o t h e r c o n d i t i o n f o r 

t h e c o n g r u e n c e Xx\ t o be a n o r m a l c o n g r u e n c e i s t h a t f T | , - , y be s y m m e t r i c . 
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3. M a l u s - D u p i n ' s T h e o r e m 

L o t t h e c u r v e ) . x \ h e r e f r a c L e d t h r o u g h t h e s u b - s p a c e Vn to t h e c u r v e 

lx\ . W e c a l l Xa
x j t h e i n c i d e n t r a y , £ \ , t h e r e f r a c t e d r a y a n d Vn t h e space o f 

r e f r a c t i o n . L e t & v x , be t h e a n g l e b e t w e e n X"? \ a n d N\ I • B e f o r e p r o c e e d i n g 

t o g e n e r a l i z e t h i s t h e o r e m w e s h a l l s t a t e t h e f o l l o w i n g l a w s o f r e f r a c t i o n f o r 

a r a y o f a c o n g r u e n c e i n a E u c l i d e a n Vm. L e t u s a s s u m e t h a t t h e f o l l o w i n g 

t w o l a w s h o l d f o r r e f r a c t i o n : 

(/) T h e i n c i d e n t r a y , t h e set o f ' n o r m a l s a n d t h e r e f r a c t e d r a y l i e i n t h e 

s a m e goedes i c s u r f a c e . 

<«) T h e r a t i o 

l _ 2 C o s ^ V T , 

(3.1) ^ •—r-i— = c o n s t = M? ( s a y ) . 

v 

I f t h e i n c i d e n t r a y , t h e se t o f n o r m a l s a n d t h e r e f r a c t e d r a y l i e i n t h e 

s a m e geodes i c s u r f a c e , t h e n - w e h a v e 

(3.2) Z % I = 2 Z - v l A ' \ i + M i \ i . . 
v 

M u l t i p l y i n g b o t h s i d e s o f (3.2) b y <5ap • JVP V I a i l < f s u m m i n g w i t h r e s p e c t t o 

x w e h a v e 

G o s f l Y T l = L T Y i + A f G o s * v » | . 

H e n c e t h e e q u a t i o n (3.2) a s s u m e s t h e f o r m ' 

A % I = £ (Cos 0 V , | - Jlf Cos ^ T , ) N % i + M 

V 

o r 

(3.3) Xa
x | — ^ (Cos f V T | — M Cos 0 „ , ) N % , = M X \ , • 

V 

T a k i n g t h e m a g n i t u d e o f t h e v e c t o r s o f b o t h t h e s ides o f t h i s e q u a t i o n 'we 

h a v e 

1 + [ E ( C o S 1 ~ M C o S ^ v x I*]*- 2 i & G o B ^vx | — M Cos 3 „ |) Cos # V T I = M2 

V V 

o r 
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1 + E G o s 2 & v % i + M " E C o s S ^ 1 — 2 M E C o s 1 C o s ^ v t 1 ~~ 2 E G o s a ^ 1 

V V V V 

+ 2 M E G o s 1 G o s 1 = M 3 

o r 

i ~ E G o s 2 

i ~ E G o s S 

H e n c e b y t h e s e c o n d l a w o f r e f r a c t i o n , M m u s t be c o n s t a n t . 

N o w 

v 

D i f f e r e n t i a t i n g c o - v a r i a n t l y w e h a v e 

(3.4) ^ i . ^ E ^ v i . i A ^ v , + J J L ^ l N \ i , i + M i a ^ , { . 
V V 

M u l t i p l y i n g b o t h s ides o f (3.4) b y <5ap i/P , ; - w e h a v e 

V V 

(3-5) • — E ^ x v I •» ^ v I '7 + A " . P ^1 • f ffP • y • 
v 

S i m i l a r l y w e h a v e . . 

(3.6) 3 ap i \ | . / 5 P i = E ^ v | , y A I y; + M «5«p X% |. y . f . 

S u b t r a c t i n g (3.6) f r o m (3.5) w e h a v e 

( 5 a P * \ i . i £P , y — i a P . y , i = E ^ v ' j 'V ~ A v I /'*) 

v 

+ ^ ' ( « a P . f % l , ( S P . ; - ^ p i % | , y i i P . i ) . 

N o w f o r a n o r m a l c o n g r u e n c e 8a$ £ a
T , , ; yP , • i s s y m m e t r i c , t h e r e f o r e t h e 

a b o v e e q u a t i o n t a k e s t h e f o r m 
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M (cP l \ i . t ^ , j - *«P * \ I , y tfP . i ) = 0 

B u t w n h a v e p r o v e d t h a t M i s a c o n s t a n t , h e n c e 

( 3 - 7 ) * aP * \ i . f S P . y - * « P *\|,yflP.i = ° 

o r 
5 a p X a

T | , f i?P , i s s y m m e t r i c . 

H e n c e : 

// the incident rags X"x\ form a normal congruence, then the refracted rays 

J .\ | also form a normal congruence. 

4. B e l t r a m i ' s T h e o r e m 

L e t t h e s p a c e o f r e f e r e n c e Vn h e d e f o r m e d i n s n c h a m a n n e r t h a t t h e 

d i r e c t i o n o f t h e n o r m a l c o n g r u e n c e Xxl w i t h r e s p e c t t o t h e space r e m a i n u n a l ­

t e r e d . T h e n 

V 

a n d 

l _ £ C o s 3 &vxi = t l
x l t x t l = i l

T i ix\i 

V 

so t h a t w e h a v e 

tlr I t x i i = t l
x \ , i tx\ i 

o r 

(4.2) tx\m, itx\l glm=tx\m,iU\l glm-

H e n c e i f tx \ m , i s s y m m e t r i c , t h e n ix\m,i i s a l s o s y m m e t r i c a n d t h i s i s t h e 

c o n d i t i o n f o r t h e c o n g r u e n c e Xx\ to h e n o r m a l . 

H e n c e : 

// the space of reference Vn of a normal congruence be deformed in such a 

ma?iner that the direction of the congruence with respect to the space remain unal­

tered, the congruence continues to he normal. 

5. L e t Xa
x i h e t h e i n c i d e n t r a y . t h e r e f r a c t e d r a y a n d N\) t h e c o m ­

p o n e n t s o f a s e t o f u n i t n o r m a l s a t a p o i n t P o f Vn. 

T h e n w e h a v e as i n M A L U S - D U P I N ' S t h e o r e m 
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(5.1) ; . % , ^ 2 ] . Z , t v l y V \ | - H M ^ r i . 

v 

M u l t i p l y i n g b o t h s ides o f (5.1) b y o^p w e h a v e 

•5«|J X\ I A P . = E £ « 1 3 « P ^ 1 5 ( 1 ' + M 3 « p ^ 1 j P ' f • 
v 

U s 1 t i g (2.8) t h i s b e c o m e s 

I , f 3 * . I = M drf i\ 1 i P , , ya , i 

o r 

o r 

(5.2) M £ = M i t | , 

I n e n c l i d e a n 3-spacc i f C i s a c l o s e d c u r v e t h e p i t c h o f t h e p e n c i l o f 

t h e c o n g r u e n c e 

Xt = x' , X + qXi 

i s g i v e n b y 

(5.3) p = dx* = J (pa x',x-\- qXi) x! , 6 d n * = jpi, du?> 
c . c • c 

w h e r e C i s a c l o s e d c u r v e . 

S i m i l a r l y l e t u s c o n s i d e r a c l o s e d c u r v e i n Vn , t h e n ' w e d e f i n e t h e p i t c h 

o f t h e c o n g r u e n c e b y 

c 

^ / ^ P [ * \ ! I / " , j + 2 C v T 1 N % 1 ] i P " ' ^ 
c V 

- / <5«P * \ I ff\ , ifP , £ + 2 C V T | «S«p / V \ I S P , , ] d V 

= / Stj tjx I dx* 
c 

(5.4> . = j U\idx*. -
c 

S i m i l a r l y i f pr i s t h e p i t c h o f t h e r e f r a c t e d r a y t h e n 
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p = J t%\idxi = J Mtxi i dxl 

c 

H e n c e : 

The pitch of the pencil of ray of the congruence formed by the incident rays 

remains unaltered by refraction except for the constant of refraction between the 

two media. 

6. U n i o n C u r v e s 

A u n i o n c u r v e C c o r r e s p o n d i n g t o a c u r v e . lx\ o f t h e c o n g r u e n c e o f a 

s u b - s p a c e Vn o f Vm i s d e f i n e d as a c u r v e w h i c h h a s t h e p r o p e r t y t h a t a t 

p o i n t P o f t h e c u r v e t h e o s c u l a t i n g geodes ic s u r f a c e c o n t a i n s t h e t a n g e n t 

t o t h e c u r v e o f t h e c o n g r u e n c e t h r o u g h t h e p o i n t P. H e n c e f o r a u n i o n 

c u r v e w e h a v e 

(6-1) * S 1 = ^ 1 ^ + « * I 9 ° 
OS 

w h e r e —~- a r e t h e components o f t h e t a n g e n t v e c t o r t o t h e c u r v e a n d qa a r e 
ds 

t h e c o n t r a v a r i a n t c o m p o n e n t s o f t h e c u r v a t u r e v e e t o r e o f G r e l a t i v e t o Vm 

a r e g i v e n b y [ 4 , p . 3] 

(6.2) i* = £A*\ij^d7^d7 N % 1 + 3 " •1 "f' 

p<" b e i n g t h e c o n t r a v a r i a n t c o m p o n e n t s o f t h e c u r v a t u r e v e c t o r o f C r e l a t i v e 

t o Vn. 

L e t i be t h e a n g l e b e t w e e n ~ — a n d Xa
v\. T h e n 

ds 

(6 .3) dtf^"xpxl = Co&Vx\. 
as 

M u l t i p l y i n g b o t h s i d e s o f (6.1) b y § a p ^ ™ w e h a v e 

(6 .4) GQS</X\=V%\ • 

A g a i n m u l t i p l y i n g b o t h s ides o f (6.1) b y Sap w e h a v e 
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1 = y T i Cos <px i - f s T i a u p AP T I 

o r 

(6 .5) S i u ' ^ i ^ ^ i <S«p x P t | g « . 

E q u a t i o n (6. ; l ) c a n be w r i t t e n as 

as 

T a k i n g s q u a r e s o f t h e m a g n i t u d e s o f t h e v e c t o r s o f t h i s e q u a t i o n w e h a v e 

(6.6) l + * S l — 2 * * 1 <5o P 19X\ q« = v.Q& <px \ 

w h e r e k i s t h e c u r v a t u r e o f t h e c u r v e C. E q u a t i o n (6.6) y i e l d s o n s i m p l i f i c a t i o n 

ks * % | = S i n 2 tf% \ , 

(6.7) S t l = 5 i ^ i 

T h e r e f o r e e q u a t i o n (6.1) becomes 

* T I = C O S ^ | H q 

(6.8) i . = _ t C o t „ 1 * - + g n i | - 1 - i M . 

U s i n g (6.2) t h e e q u a t i o n (6.8) b e c o m e s 

(6.9) J A, , , 7 i | ! £ « . Y , + s . , p.' = - k C o t „ , i£ + g j J L - . i % , . 

M u l t i p l y i n g b o t h s ides o f (6.9) b y a p.YPv I a n d s u m m i n g u p w e h a v e 

(6.10) ^ Av I ij ~jr" — k G o s e t : I C u s I • 

S q u a r i n g (6.10) w e h a v e a s i m p l i f i c a t i v e -

kn = k" Cosec 2 (fix | ^ Cos- # V T I , 

v 
o r 

k„ — k Cosec <px | — / * 

H e n c e : 
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I f t h e U n i o n c u r v e i s a n a s y m p t o t i c c u r v e , t h e n t h e t a n g e n t geodesic s u r ­

f a c e t o V„ a t p c o i n c i d e s w i t h t h e o s c u l a t i n g geodes ic s u r f a c e t o t h e c u r v e 

o r k m a y h e z e r o , t h a t i s t h e U n i o n c u r v e c a n he a geodesic a l s o i f t h e U n i o n 

c u r v e i s a n a s y m p t o t i c l i n e . 

M u l t i p l y i n g (6.9) h y <3(,p X$x\ w e h a v e 

v 

daa k 

o r 

V 

o r 

^ k Gosec ifT j , - C o s 2 i > V T | -j- tx i f />•' = k S i n yv | , 

V 

o r 

p - ' S i n y ^ i _ 

S i u ' ^ i — £ C o s < i ? v x | 

v 



7 8 K . K . G o R O W A R A 

R E F E R E N C E S 

[ L ] B E H A I U , R . 

B E U A R I , R . 

[ U ] B E H A R J , R . A N D M I S H R A R . S . 

[ 4 ] M I S H R A , R . S . 

[ 5 ] M I S H R A R . S . 

P] M C C O N N E L 

[ ' ] SPRINGER 

[ B l W E A T H E R B U H N 

Generalizations of the theorems af Malus - Dııpin, Belirtimi 

and Ribaıtcotır in Rectilinear Congruences. Jour. I n d . Math. 

Soc . New Series V o l I I , 2 , 45—60 (l!>36). 

Differential Geometri/ of Ruled Surfaces. L u c k n o w U n i v e r ­

s i t y Studies . No X V I I I (1946). 

Some Formulae in Rectilinear Congruences. P r O C . Nat. Inst . 

S c i . I n d i a X V , S , (1949). 

Sur Certaines Courbes Appartenant à un Sons Espace d'an 

Espace Riemannien. B u l l . Dca S c i . Math. S e c o n d Seriea. 

1 9 , (1050). 

Union Curves and hyper asymptotic curves on the surface of. 

reference of a Rectilinear Congruence. B u l l . C a l . Math. S o c , 

4 2 , 213—16 (1950). 

A p p l i c a t i o n s o î t l ı e A b s o l u t e D i f f e r e n t i a l C a l c u ­

l u s , B L A C K I E A N D SON, London (1931). 

Union curves of a hyper sur face. C a n a d i a n Jour. Matil . , 

00457—4 (1050). 

A n I n t r o d u c t i o n t o t h e R l e ı n a ı ı u İ a n G e o m e t r y , 

Cambridge (1050). 

D E P A R T M E N T O F M A T H E M A T I C S (Manuscript received December 1,7, 1962) 

M O N T A N A S T A T E U N I V E R S I T Y 

M I S S O U L A , M O N T A N A U . S . A . 

Ö Z E T 

B u y a z ı d a bir Öklid Vm m-boyutlıı uzayına daldırılulış bulunan Vn a l t -uza-

y ı a d a n o r m a l d o ğ r u k o n g r ü a n s ı n m tarifi v e r i l m i ş , v e bir k o n g r l i a n s m 

n o r m a l olması iç in g e r ç e k i e u ı n e s i gereken ş a r t l a r elde edilmiştir . A y r ı c a 

bir n o r m a l k o n g r ü a n s m ış ınlar ının y a n s ı m a kanunlar ı ifade edi ldikten sonra 

M A L U S - D U P I N v e B E L T R A M I t eoremlor inin teşmili yapı lmış t ı r . R A M B E H A U I tara­

fından Uç, boyutlu u z a y d a k i bir kongrliansın bîr ışın demeti iç in tarif edi ­

l e n «piteh» k a v r a m ı teşmil edilmiş ve n i h a y e t «birleşim eğrileri» için y e n i 

bir netice ispat olunmuştur . 


