GENERALIZATIONS OF SOME THEOREMS ON RECTILINEAR CONGRUENCES

K. K. GorowARA

In thig paper the definitlon of a Linear Normal Congruence in a sub-space

Va of a Ruclidean [/m is given. Various econditions are established so

that a linear congruence may be a normal congruence, The lawa of ref-

raction for a ray of the normal cosgruence are stated and Marus-Duein 8

and BeLrranTS theorems are generalized. The pitech of the pencil of-a

congruence as defined by Ram Benanr ig also generalized, Ullimately a new
theorem on Unien Curves is established.

1. Fundamental Formulae

Lot there be a space V, of co-ordinates xi (i=1, 2, ..., n) immersed in a
FEaclidean V, of co-ordinates y%(x=1, 2, ..., m). In what follows the latin
indices take the values 1, 2,..., n and greek indices the values 1, 2,..., m.
Sappose the metries of 1/, and V,, are positive definite and arc respectively
defined hy g;; dx? dx’ and 8,3 dy® dy# where d,p arc KroNEckERr deltas :

dop=1 when « =4,
=0 ‘ when « + 8.
We have then the relation
(1.1) . £iy =dqp 5°,; 4B, ;

where a comma (,) followed by latin indices denoles Lhe generalized covariant
derivative or the tensor derivative with respect to the x’s based on g[8, p. 51].
Let A%,y be Lhe contravariant components in V,, of a system of (m-n) mnto-
ally orthogonal anit veetors normal to V,; then the following relations are
satisfied (8) :

(1.2) dap N% 1 NBu | = oy,
(1.3) daB 7% ¢ NByi=0.
Suppose A,|;; are Lhe components in V, of a symmelric covariant tensor
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of the secont order corresponding te a system W% of the nermals of V.
then [8, p. 163]

(1.4) Ayl ;= dgp AN i VB

We also have the Gauss formulae for a sab-space V, of V, [8, p. 163]

{1.5) ya;szzdvhj N
a

2. Linezr Congruences

Let us consider a set of (m-n) linear congruences which are such that
throogh each point of a suob-space ¥V, of V,, a curve of cach eongruoence
PASSES.

A normal congruence in Euclidean space is defined as a congrucnee which
is capable of orthogonal intersection by a sub-space and hence a family of
suhspaces.

The equation of the line of the congrucnee given .by
@1 Yt =gt %y

where ¥® is apoint on the line distant ¢ from z* and 1% are the unit tangents
in the direetion of the line of the eongruenee igp. Differentiating we have

(2.2) CdYt=dY S Htd (1)) + A% dt
Hence in order that the congroence 1, be normal we must have

dgp 4% | dY B =0.

Multiplying both sides of {2.2) by dqp 4%, wo have

(2.3) Bop A% | dyB b1 Bup 2% d(iBq ()t up A% 2By dL =0

sinec 1%, is a wonit veetor, thél‘efdre o

(2.4) Sap %) My =1
daf A%gy d(ifg ) =0n

Bubt'in a Buclidean space the intrinsic derivative is equal to the total deri-
vative. Therefore using (2.4), {2.3) becomes

Oap A% dif = —d¢.

Sinee this holds for all valoes of the (l.iffel'elliiial dxi we have
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(2.9) : dup A% yB, = —1t
Similarly
(2.6) . dap A%t B, ;= —t,

covariant differentiation of (2.5) and (2.6) yields

Oap 4% 1, ; 5Bt dap Mrppb=—ty,
Ao A1, Y8, 0ap %01 1B, = —1 4
Sinece yb, ;; and ¢,;; are hoth symmetric in co-variant indices, wo have the

condition of nermality as
(2.7) ‘ Iof A%, 3B, =0ap A%, ; uB

151 being a veetor in m dimcnsional Buelidean space cau be expressed
as a lincar combination of m vectors whick do not lie in the same geodesic
surface. Let those m veeiors be the » vectors g% ; and the (m-n) voctors N % .
Hence -

(2.8) 2o =t g% f ) Cet N1

P

where if # is the angle hetween 1%, and N® then
V“’F i3] 'Ei Y¥in

(2.9) Cyel==dgp A% NBy|=Co08 dyr |,

(2.10} 1——ECosgﬂmrigij Hep tiyy.

5t

Covariant differeotiation of (2.8) yields

(2.11) luﬂ,i::ilw:i.z‘ y“,ri—tlrl RNt chﬂ;i Navl*}"zcv-rl N1,
' » »
But
N%i i=—dvin gkr 9“x1+‘209vh'mﬂvl
T

where

Juy;=dap N1,z VBuy-

Henee (2.11) hecomeos

(2.12) A% .i:‘qlrli AT Z"'vrli N %y
»
where
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(2.18) gheie=11, 10— 2 Cvel vl g4
P
and
(2.14) "’V1:|i:tl1:|11v“:‘+C~‘tf.i+zcﬂtl‘9}wii‘
I

Hence we deduce from (2.12)

dap A%y, ¢y, j:qlt'liglj

(2.15) =gz !

Hence from (2.7) and (2.15) it follows that in order that the congruence may
be normal, g, | ij should he symmetric in the indices i and j. From (2.13) we
have

deis =1 gl,-—'ZCwIAvlik gkt gi;

v

I B
=t g[j—zc'\frld'\’lfk akj

»

or

(2.16) qr!ij:frli-j‘_‘zcwrtlfiv]ij-

Similarly

(2.17) ‘Hljizl‘tli:j"'ZC'\rtldvlﬁ-
k

Since for a normal congruence g.|;; is symmetric, then
(2.18) f-:!j:'—fﬂi.j:ECVti(Avlij—Aﬂﬁ)-
' v .

This gave us

(2.19) tel i =leli g

since Ayl is symmetrie in the indices i and j. Heuce: another condition for
the congruence i:} to be a normal congruence is that t.}; ;, be symmetric.
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3. Malus-Dupiu’s Theorem

Let the eurve ;| he refracled through the sub-space Va to. the curve
1.1 We eall 2%, the incident ray, %, the refracted ray and V. the space of
refraction. Let $#,;, be the angle between A% and N ,. Before procecding

to generalize this theorem we shall state the following laws of refraction for
a ray of a eongrucnce in a Fuclideau Vw. Let us assume that the following
two laws hold for refraction :-

{(#) The incident ray, the set of‘normals and the refracted ray lic in the
game goedesie surface.

{#{) The ratio

1—2(}032 ez
L1

{3.1) =const = M*(say).

1 —Z c:oszév, ; ‘ '

v

If the ineident ray, the set of normals and the refracted vay lic in the
same geodesic: surface, then we have Lo ‘

(3.2) luﬂ;ZLWIN“tI“!‘Mi.QH-
v

Multiplying hoth sides of (3.25‘ by 8q8 NByy and _summi"l'lg‘with respect to
@ Ww¢ have -

CoS By 1= Low |+ MCos By .

Henee the equation (3.2) assumes the form i

]

R.“ﬂ:Z(Cosﬂ.”]—MGOS'SH,)N“V,—}—MZ“_,,[

b

or ‘

(3.3) }.“ﬂ——Z(Cosﬂvﬂ-—MCosﬁ,ﬂ)N“v,:M}.“t,.
v

Taking the magnitude of -the veetors of both the sides of this egquation we
have ' '

i —}— [ Z(Cos thy | = M Cos Dy [)]?— 2 Z(GDS By | — M Cos Fye |} Cos Ty ) = M?
o v

or
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14—2‘(0052 ﬂ”ﬁ-MQZGos? 5"|—2MZGOS By Cos 5‘,.,|—2ECOS" Byz
v v ¥ ¥

- 2M ) Cos By Co8 Byq) = M

v
or
1— Z Cos® Py,
- =M,
1——20052 N

»

Hence by the second law of refraction, M must be constant.

Now

A%, :ZLrviNav 1+ Mi“-:['.~
. b
Differentiating co-variantly we have

(3.4) 21,0 = Y Loy 1, e N% 4 Y Lev N% 1o+ M 1%
v v

Multiplying both sides of (3.4) by 3. »B, ; Wwe have
3a82% 1 ¢ gP, ;= ) Lavi .t 3aB N 3R, j+ ) Lavi 8aB N 1.1 ¥6.
v : v
MBI, yP,
(3.5) - =Y Leviotdviy+ M3epitey, s g8, ;.
v
Similarly we have’
(3.6) Sap 2%, ;Sﬁi:ELﬁI,f Ay | j;'“i‘M‘suﬁ %00, 5k,
’ v
Subtracting (3.6) f-rom (3.5) we have
BapAfus, s 4B, ;—dap 2%y, ; 4Py :ZLTV[ (Ayja;—dvy ;)
v
MG P i 08— e T 500

Now for a normal congruence d.p k‘ifi i 58, ; I8 symmetrie, therefore ‘the
above equation takes the form
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MA(ap A%, ¢ 4B, ;= 0qp 1%, ; 4P, ) =0
But .we have proved that M is a constant, hence
@7 aaﬁiatl.i‘yp.j_aaﬂiqrhjyls-i:()

or
Bap A%¢,; 5B, iS5 symmelric.
Hence :

If the incident rags A%;| form a normal congruence, then the refracted rays
1%, also form a normel congruence.
4. Beltrami's Theorem
Let the space of reference ¥, be deformed in sneh a manner that the

~ direction of the normal congruence i,, with respect to the space remain unal-
" tered. Then

(4.1) - lu:l:flrlﬂa.l‘f‘zcvtlﬁuvi
v

and

l—EGOSe 19,,.,,;:1.‘1.”#;,1:51-”5-;]1

v
a d ) _ i il ¥
e ZQOS' Pygy )28 |, g bl i =20 ¢|, s Exl
v
50 that we have
flri,it':ll:#tfuiftll
or
(4.2) telmitoli gm=dgim, it gim.

Henee if 4}, ; is symmetrie, then f{;1,, ; is also symmetric and this is the
condition for the congruence A;; to he normal.

Hence :
If the space of reference V, of a normal congruence be deformed in such «

manner that the direction of the congruence with respect to the space remain unal-

tered, the congruence confinues to he normal.

B. Let 2% he the ineident ray, i%;: the refracted ray and &'y} the com-
ponents of a set of unit normals at a point P of V.

Then we have as in Mavrus-Dupin’s theorem

e I T T T T

T T



where C is a closed curve.
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(5.1) 2oy ) Loy | N |+ M 1%
v
Multiplying Doth sides of (5.1) by dqp g8 ,; we have
Baf A% 158, 1= 3, Loy |9ap Ny 158 . 1+ M 3gp 1% 1 9B, -
v .

Using (2.8) this Dbecomes

dup flriyﬁ,iy“.l:MJufi glrlgf".iy‘“.l

or .

I =M | e

gl = t el git
or o
{5.2) & teli=MiEc1;

In enclidean B-space if € is a closed curve the pitch of the lﬁencil of
the congruence

M=ptx, a1t qXi
is given by

(5.8) p:'/’;\-" dx":f(p"x", a + gX?) x",ada?:fpa dgd
e e ‘ ' -

¢

Similarly let us consider a closed earve in ¥, , then we define the piteh
of the congruence by

p= [ das 1% 1 dyb
¢ )

ifaaﬂ [tjw|yq.j+zcvrlNdvl]_!,ﬂ,_,'dxi
¢ v

:f‘saﬂtj'vlyq.j !J‘E‘.i+zc‘vrlfsuﬂN“ylyﬂ,;]dxf
© L4

‘ :fgijfjﬂdl’"
o P

60 = [

Similarly if p" 1s the pitch of the refracted ray then
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P:ff-:{i dx":focf,- dxt
[33 (4
=M f Foig dei
¢

== Mf).
Hence @

The pitch of the pencil of ray of the congruence formed by the incident rays
remains unaltered by refraction except for the constant of refraction between the

two media.

4. Union Curves

A union curve ¢ corresponding to a curve ip; of the congruence of a

gub-space V, of V,, is defined as a curve which has the property that at

point P of the curve the osculating geodesic surface contains the tangent
(1%} to the curve of the congruence through the point P. Hence for a union
curve we have

a

d
(6.1) Mg = e T ey

[14
where %”L are the eomponents of the tangent vector to the curve and g% are
A .

the contravariant components of the curvalure vectore of G relative to V,
are given by [4, p. 3] :

o . dxtdx! .
{6.2) _ q“:ZAV.lij—&;‘—a;‘Nuv[+yu.ip"
pf heing the contravariant components of the curvature vector of C relative
to V. ’

[+4
Let g be the angle between %‘%— and 4%;;. Then

dy® .
(6.3) : fﬁqg—i—wt,zuos Fl
N . dyf
Multiplying hoth sides- of (6.1} hy &g 5 ve have
{6.4) Gos ggy=—=wgl.

Again multiplying hoth sides of (6.1} by dgs we have

£
!:
I
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T=rg 1 COS @yl -+ sc! dup B2y g%

or

(6.5} Sin? gz =s! daf 4Bo| g%

Equation (6.1) can be written as

o

A s @Y =wg )

ds

Taking squares of the magnitudes of the vectors of this equation we have

(6.6) L s%3 0 k" — 255y dgp 4B,y ¢°

where &k is the curvature of thecurve C. Equation (6.8) yiclds on simplification

=08 gy

kst = 8in® gy,

or
(6.7) | | st.:fifn_km.
Thercfore equation (6.1) becomes

or

(6.8) gu =k Cotg, 1 0 K

ds

ﬁsing (6.2) the equation (6.8) becomes

deidx! P
©9) WAty G TNt g =k Got g D
v
Multiplying hoth sides of (6.9) by ,pWBy| and summing up we have

(6.10) E Avliy g dxt d% =k Cosec g | Cos Oyq| .

Sqguaring (6.10) we have a simplificative-

'-“.—-—Q
Sm%ll

ki =k* Gosee® gy E Cos® &y,
v

or

kn =k CoseC gy | V1 — 1/ Ec] ;-

Hence
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If the Unioun curve is an asymptotic curve, then the tangent geodesic sur-
face to V, at P coincides with the osculating geodesic surface to the curve
or k may be wero, that is the Union e¢urve can be a geodesic also if the Union
curve is an asymptotic line.

Multiplying (6.9} by d.p AByj we have

| dxd d ' .
ZAHI, dx] e dap N | Ao+ dap 8By g, ¢ pf
. dy® k
= kG0t Bap M1 " b g 30 A% ABa
or
o xf k "
Eflﬂ,,d = (‘Ubﬂ'vvl“l'fti:f) =k Cobge | Cos ge g }~k51ﬂ¢1|,
T

¥
or _

Zk(?osewrl; Cos®dyy ) +ig1s pi=kSingq| ,

v
or

,k: tel: piBineqi
Sia? gy Zbos’ﬂwl
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OZET

Bu yamda bir Oklid Vm m-boyutln uzayina daldimlung bulunan Vn alt-uza-
yinda normal degru kongriiansinin farifi verilmig, ve bir kongrliansin
normal olmas igin gergekisumesi gereken sartlar elde edilmistir. Ayrica

bir normal kongritansin iginlarimin yansima kanunlar: ifade edildikten sonra

Maros-Dupiy ve Bertrami teoremlerinin tesmili yapilmigtir, Ram Bemawa tara-

findan g boyutlu uzaydaki bir kongréiansin bir isin demeti igin tarif edi-

len «piteh» kavrami tesmil edilmig ve nihayet <birlegim egrileri» igin yeni

bir netice ispat clunmugtur,




