ON UNIVALENT FUNCTIONS
N. AYIRTMAN

In this paper the'préblem of deterwmining an upper bound of the absolute
value of the difference between the moduli of two successive coefficienta
of a univalent function is conzidered in the speecial case of a so-called
k - fold symmetric starlike univalent function, It is shown that the result

found here i3 a refinement of another result for k=1 due to G. M. GorLvsm.

Introduction. Lel @ he the class of all funetions f(z), analytic and uni-
valent in the cirele |z[ <1, and normalized as f(0)=0, f*(0)=1; and let
©* he its subelass whieh consists of all functions starlike with respect to
z=20. PFurther, let f(z)=2z+4 ay2z"+ -+ -+apz"-}++- be a function from the
class G*. G. M, Gorusmy proved thatt)

(1) Hapri ) —lanl|<Cin=1,2,3, ...,

where C denotes a positive abhsolute constant?) [?].

Now, let k=1 he a given integer, and let us consider the class & of
funections of the form fp(2) —z- & zgkt+l 4 oo fa &) 2Dkt 1o a5 a
subelass of &, One may surmise, as a refinement of (1), that in general

1
—_— =1 .
(2) Ha® 1 —1a®l|<Cc®a® 1n=1,2,3. ..,

where C (k) denotes a positive constant dependent only on %k%. In this paper
we shall prove that (2) is valid at least for the subclass &) =G, M G*.

Incidentally, at the same time we shall prove also that

1} W, K, Havman later proved that this inegquality is valid even for the more general
«class of «areally univalent» functions. (See the Journal of the London Mathematical Society,
April 1063 igsue.)

%} Throughout the paper C will always denote a positive absolute constant: while
CG), € (&), C,(k) will denote positive constants dependent only on k. Neither of the foregoing
entries will negegsarily refer to the same constant from one occurence to another,
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||a§’21 —la?||<Ctyn®

1. In the first place we ghall quole certaln classical results, already
known, ag shown in the following lemmas :

Lemma 1-1: For any f{z}C€® and for [z }=e, <1, ]z, =g, <1 the
inequality

V1i—pf V1-—p° P 1 i

el T e TG
holds []. -
Lemma 1-2: If f(z) & G*, then the éoefficieuts of the Taylorian expan-
f'(z)

sion, about the origin, of the funection z

f(z)

ifz]}((z))__l—.‘-d z4dy? 4 eor 4 dyz* + oo, then [ d, | <2 for all n. (For the

proof sec [*]; also may be obtained as a simple consequence of Hilfsatz2, [],
p. 167, merely by considering necessary and sufficient condition for being
starlike.) _ :

Lemma 1-3: If fr{z)=zF a, (R} 2k+' oo g B 2P+ ) b+ | ... is any
funetion from the elass &.%, the inequality

| a,%) | << C{k) rz%
holds [*].
Lemma 1-4: If fulz) —_ L AL 7 b SO N ) 1P o) JL S S 1 au.y
function from the class &;, the inequality

n
z
Yl <yt
=1
holds [?].

We shall mention also the foIlowmg lemma which seems mgmflcaut to
demonstrate the inner relation between the class &* and its subclass G,*:

Lemma 1-5: If f(z2)C&* then “Vf{(zF)C G.* Couversely, if fy (z) € 65"
then (£, ("Wz)]" € . (Certainly, for*y™ a definite branch is choosen.) (For
proof of the first part see [*], p. 40; the proof of the second partis similar.)

Lemma 1-6¢ For any f(z) € & we have
If(:e'f’)lé( )2,0<r<1.

{The well-known Modulus Theorem [*], p. 44.)

ar¢ hounded. More preeisely,.

[
I
™
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Lemma 1-7: For any f{z) ¢ @ we have
r
fgf(re:ﬂ);wﬂ fﬂé Qo 0 r <1,

where A (g) = Max | f(z)}. (A special case of Hilfsatz 1, |4), p.- 151)
|zj=¢
2. As the next step we shall obtain certain preliminary resuits which
are stlalghtfmwald consequences of foregoing lemmas :

In the first place, it is almost obvious from Lemma 1—5 that, for any

given &, to each f;(z) € ©; there corresponds an f(z)£&; such thai the
identity '
(2—1) [ fi (2} J* == f (%)
holds within the unit eircle.
Next, we shall state and prove the following lemma :

Lemma 2-1: If f{z) € &* then the co11e5p0&d1ug Fe(z) E6® and vice
versa. : :

Proof: In faet, one can write from (2—1)

o B R
(2—2) 2 T R

A necessary and sufficient condition for f (z) € &% is that, for every g {0 p << 1)

and every z for whieh |z | =p, Re(zf (Z)) > 0. Further, it is obvious that

(=)
il (z)) . " , roo : ( & [ (z%)
Re( 7o) >0,A for ahove deseribed ¢’ sand z"s, if and only if Re| =z f(zk))<0

for the same " & and z’ s. On'the other hand, it is evident from (2—2)

k *
that Re (zkj;((zk))) >0 if and only if Re (z f%%) > 0. This implies that
k

e zf (z) i e z—f"’ (=) rhi h #® 3
R ( iz ))>0 if and only if R ( Fe(2) ) >0 “.hwh means that f(z) C &% if
and only if f, (z) € G~

Now, let fz{z) € G.*. According to the foregoing lemma, the correspon-
ding f(z) € €. Let us set R (g, #)=| f (eei®) [and & (o, B) = arg f (ei#) ; and
R_R 2

g 9
for every fized (0 << o< 1), ﬁ >0; and, as a result, for every fixed 4,

consider the Cavenv-Riemann Identity —— EP: Binee f({z) is starlike,

R (g, #) is a monotonically increasing function of g. Suppose that [z | << z(]3
then, since R is monotonieally inereasing, | f(z,)]<|f(z)[. Henee, one
ean write from Lemma 11 - ’ ‘
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20,0,

2—3 zl—-z? a) | L
(2-3) oz f ) | 2=t =

where |z,| =g, <@, =]|z|-

Next, let us try to make an estimate for | (zf —z§)- fi{z)|. For this
purpose write after (2—1)

1

| (et —29) - fa @) | <[] (et — ) £ (R} []- "(Izll"-l-izel") B
Using (2—38) on the right-hand side of foregoing inequalily, one can
write, with z, replaced by z and g, veplaced by p,
2070
1

|k — 2} fu(z) | < I -
(— obk}E (1— ptk)

where |z |=a<<e,=]z]|-
Finally let us mention and prove following two lemmas:

Lemma 2-2: For any f(z) ¢ &* we have

(4 2
2,;]' f (7-) 1+14—:1I:§;22Pei"},0<r< 1.
Proof: In fact, let z f iz )—I—I—d z-t oo Fd,z®+ -+ . Accordingly, in
f(z) 1 By

view of the Parsevar Identity and the Lemma 1 —2, one can write

from which the lemma follows immediately,
Lemma 2-3: For any fi(z)=z-F a0 2k oo g, ) ()41 | .0
from the class G we have
C (k)
2
(1—r) ¥

, for k—=1,2,8;

I
2 1(1(1'7‘)'2 P
1 Clog

1
=" for k=4;

C (k), for any k< 4,

Proof: In fact, Lemma 1—6 and the identity (2—1) suggest thal
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r

Max. | fr(z) | = ~——§—2- . Thus, the lemma at once deduced as a simple con-
—5 \ 2

- (1 —o8)*

sequence of Parsgval identity and the Lemma 1-—7.

3. Now, let us aséociate with each
felzy=z+al® b+t 4 oo 4 al® =Dkt |

the funetion a (&)=1+al¥ ¢+ -+ + aik) 2=t ... which is andlytic in the
cirele ] ¢ ] < 1, and, which together with f({z) satisfies the identity

(3—1) fr(z) =z u(zF).
Thus, using .(3—1) and setting zk =10, f=1¢, ¢f=vr,, ok=r, and
(8-2) - e =(E—E)all)
the inequality (2;4) may he replaced hy
27,

(3—2) @) < T

1
A= )T

where |C|7=r<rl:|é‘1|. .
Now, let g (£)=b, -8, L+ «++ + b, "+ --+ . Equating the ecocfficlents of
¢" on both sides of (3—2), we have '

(3—3) ba=a® — 2, a® n=1, 2, 3, ere .

Finally let us mention for later use, the inequality,

(1_"1)

(3—4) BT 1a® 1|2 |8t 16,

which may be derived from (3—3) .hy simple reasonings.

¢’ (£)
?{%)
the cirele | { | < r,, and, which together with ¢ ({) satisfies the identity

4. Next, let us define the function g({)=¢ which is analytic in

(=1 , Lo’ (D=9 (&)g(D
Accordingly, as a result of the eombinationof (2—1), (3—1), (3—2) and

{(4—1), one may have

(4—2) _ g(C)Z%[;J;.((CC)Lq_FE_c_Cl_

Then, applying the simple inequality fa+8]*<=2{|a|®*+4|5b|*] to the
right-hand side of (4—2), one can write
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[lg(m?d f[[cﬂ(‘g *d§]+§j}§”_ﬁ;. ¢ = e,

2m

did 1 oy
and, considering the simple lnteglﬂl o f [a—be®F —Tap — T together
with the Lemma 2—2, one obtams
(4—) 2nfig(C)E2a’?5‘< G = rei.

On the other hand, one can write from (4—1)

g 2
1 e e 1 ' , 1 . e ,
5o [l @ s Wx Lo @ g f e @ ans ¢ e,
1} o
and considering (3—2) and (4—38)

P4 T
(4—4) 2ﬂf v @O do< LW
: (L—r)¥ (1 —r)*

Next, applying to the left-hand side the PARSEVAL idenﬂty, and, integra-
ting both sides with respect to » from 0 to », one obtains from (4—4)

(4—5) | Yol — f(k) -
= (=% (L= )"

On the other hand, we can write by Caycuy-Scuwarz inequality

L & n . L n .
Nrtonl etz (3 areal ) (Farine )’

A=t =t A=t
from whieh, considering (4—5) and Z ArZﬂ-—'—?‘:(rz—_lr—‘_,)ﬁ,., we obtain
- A= *
n ‘
Yl AL LR
A=t (L —'r%)g"’ r:— 2)I2i~

Then, integrating both “sides of the for egomg inequality with respect to
r from 0 to », we obtalnl) ‘

D] Hcre, before 1ntcgtahon, we' replacc r; —»? in fhe denominafor by rq Gry - r. and,

pass to the feollowing incquality by wssuming r, = 4,
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I
i k
Z [ha| r2t < CJ(‘) +
r=1 (1_.,.‘.})21:.(1__‘],)2:;

and conclude by taking », =vr

_ o
(4_6) . 2 I bl | < P20 (1 ).'c

=y

5. Now, let g({}=cl +el?++++0nl® | ++-. By comparing the cocffici-
ents on both sides, we have from (4—1)

(6—1) _ ' rby = Z by Cnoa-

Next, let us try to make an estimate for |ea] . Let C j;((f) 1-4 d1.1:+..

+d, "+ -« By comparing the coefficients on both sides of (4—2), we have

1. 1
—d —
k &

cﬂ ==
Now, considering the foregoing inequality, we can write from (4—86) and
{5--1) '
; 1/2 1 C (k) -
lonl < () [ tin0 ]

[
E

1'2"(1 . r) i

Further, cous1deuug th( foregoing inequality, we can “write 110111 (3 4)
and the Lemma 1—4 Y

f2 1 1 o
| fi:li af}i‘<cl(k)(i+“ﬁ)-m+c(k)”ﬁ (1—r).

3 3 1 3 3
Finally, setting r =1 —3, on the right-hand side of the foregoing . ine-

gquality, one concludes, after some simple reasonings,

| i —la “’*’ <CEnt!

as proposed at the heginning of the paper.

'} 1t must be notiesd in the foregoing lnequalily that, in view of (3--2),

ipt=0l=ri<1
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On the other hand, we can write from (3—4)
n
R K b
IRIEART ”i|<2 |bl|+(1~r)2 12
A=1 A=t

Using (4—6) and the Lemma i—4 on the right-hand side of the foregoing
inequality, ene obtains

3|1 116 | <GByt ),

A+l
P P (1—r)

_1_
%

Finally, setting r =1 — 51— on the right-hand side of the foregoing ineqﬁality,
n

one concludes, after some simple reasenings, that

-1
Z' ® =1 1< cwnt

as proposed at the beginning of the paper.
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ERRATA

All &%’s and G*.’s in 6th and 7th lines from below on page 10 should
read respectively G and &, .
f4) in 3 rd line from above on page 11 should read [4].

" (zk
Re (zk%) <0 on 12th line from bhelow on page 11 should read
z

Re (zk ,{(%)) >0.

1
The factor (— gik)®* in the denominator of the right-band side of (2—4)

on page 12 should read (1—-«9%:’:)ﬁ .

On page 18, (8—2) on 11th line should read (3—8); (3—3) on 12th line
from below should read (8—4); (8—4) ou 10th line from below should read
(8—b); and (8--3) on 9th line from helow should read (8—4).

1
The factor (1—r?)% in the denominator of the fraction on the right-hand
A
sids of (4—4) on page 14 should read (r% —r%) * ",
A
The factor (1—*) * in the denominator of the fraction on the right-hand

side of (4—b) should read (r3 —r2) % .

o0
The ineguality Zﬁ. r2i—2 ﬁ in the 4th line from below on page 14
—F
A=1
1
y A— —_——
should read lel rai—2 G —r)e

The exponent §1I of the second factor in the denominator of the faction
on the right-hand side of the ineqguality in the 3rd line from blow on page

1
- 14 should read oy +1.
The second factor (L—-r)ﬁ in the denominator of the right-hand side of

2
the inequalily on the top of page 15 should read (r, — #)2% .

14-r .

ri=Vr on the second line on the top of page 15 should read r, = 2

The capital C on the right-hand side of (5~1) on page 15 should read small c.
{(8—4) on 7th line from below ou page 15 should read (83—5).
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OZET

Bu makaleginde yazar

fe@y =2+ Pzt oo 4 olP 00 R
geklindeki yalinkat yildizil fonksiyonlar simifina miinhasir olmak ilzere,

|1yl — 1”1

bliyiikliginin iist simr haklnnda evvelece k=1 ‘hali igin bulunmus olan bir

neticeyi genellegtirmelite, ve keza

1)’1
)

A=t

3 k
a1 1a

bilyikliifiiniin de bir st simirimi bulmaktadir.

T
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