CERTAIN THEOREMS ON SEi.F-RECIPROCAL FUNCTIONS

K, 8, Danrva*

Let @ be the Laprace transform of f and either of the two functions f or @

have a given property of solf reciprocity in the Hawnxwn transform : then

the object of this paper is to investigate under what conditions the same
property will hold for the other function,

1. It is well-known that the Larrace transform of & (p) is given hy:

(A) 3 (p) = f o=t () di.
)]

1f we rhultiply by p the right band side, then s_ﬁf'mholically we can write
@ {p)=f (¢) and the symbol = is called «operational,

Let
() b1 (p) = f1 () »

(2i) ' Py (P) i f2();
then after applying Gorpstein’s theorem [*], we get

-] w

JRACIROR= ENOFACE

0 0

where &, (p) is the image and f;{¢) is the original. Our objectis to investigate
(i) whether if either of the two functions f(#) and & (¢+) has a given property
of self-reciprocity, does that property hold for the other function and ()
to ascertain ander what conditions this property will hold. Incidentally, we
have obtained certain correspondences hetween the originals and the images,

* Dhe Author wishes to thank Dr. P. K. Komrsan for his help and encouragement,
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when either f (¢)¢* and f (¢) tB are sclf-reciprocal in the Hawker transform® '],

@ and f having particular values.

2. Theorem 1: Let
() F ()=o),

(i) _ K(xy==p*f(p"),

(it} k(x) be the Hawker transform of 277"~ g ( ), then

o etz [ ()

"
v+ S

Proof : We have
f {a t)“:“(—a ) .

~and

£ ey )~—%Lg (5):

Applying GorpsteEIn's theorem, we get

o ol 1 .
[3

an [ F e s(¥)E )*j e () a0

0

On writing p for «, we have

1

jtﬂ*‘%*1J’v(2v’?)qp(§)df:(n)!./“;?r;:ﬁiﬁ n( )f(PEf)df‘
‘ ‘ 0

0

* Lot

(4) sy = [f VR Iy ey dee
. , 0

In thia ease g{y)} is sald to be the Hanwsir transform of f{(x} of order v In particular, if
F{x=g{x), then (4} reduees to )

F@ = [ £ @V e s
J 7

F{(x) is then said to be self-reciprocal under the Fanker transferm of order v and is deno-
ted by Rw. V
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But p*f (p*) == K (x). Therefore

o0 i

S 1 VR - ,
ar [T pevne(Y)azm [ () k(G
P ol Y LN v Vi
4]

0
or,
“
pravre=t [t v oo o (4 ) a
0
w _1
gy (n) | ; — (1) K(i.) dr.
. J s % A Vi
0
But & (x) is the Hanxer transform of 2247 i g (;—) Therefore

W

1
% -2 1 )
(1.4) PR L b (p) =g v () ! j . S L::( )K<vl§) Jt.

P

AEvE
0
3. Corollary: Let
(&) fit) =olvp)
(&) K(x) == p* [ (p"):
-3
(iii) YT (%) is Ry,
then
o i
: ) ! 1 x
1.5 A2 g —2 _ﬂ): 9en4v—I | s L;" (_) K(ﬁf_) dt.
an o(£)2 (n) / e S * (G
0

4. Example: Let

I NP
therefore P{yp)=2 P
goioe medoy
= =f()
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. 91—y —2n PLEREY: B
so ptf(p?) = L

: r(n+3+1)

217772"! xl-fvvll-ﬁ?rl

B r (n +%+%) I (2—p—y—2n)

=K (x).

But the Hanker transform of 4% ig p—42% Hence from (1.4) we have

@ 1

s (n}! T f ¢ o L (i)dt
- »+3 H f
F(n —I—%—I—%) I' (2—p—vy—2n) ; 5
or,
. L (—) df——— = 4,
g P\ (m) 1

0

5. Example for the corollary :

X2

2
v—Zm-—l - X .
x 2 gt Wk,m(?) is Ry, where k=8m—v—1;

then @ (yp) =2 pF 77" P 4 nOP)

Suppose n =10, then

—_m

— 1
eWm) =2 pE T e 0,

. —rm (2_I_t)4m—kv41
© g i I (y—2m - 1)

=1 (1)

Fyim—y—1

Lo 2y —amn 2 3
P f(pr) =P (2P .
Pm—3 P (p—2m -+ 1)

. xI—R—am 3—p
R Fo (r—tmet 15 25E o,
T 9n—% I (—2m -t 1) I'(3— o — 4m)
Lt
2of—tmi S)=K,
(1.7}
2 o am o L
pIY TR —Tmt eﬁT Wam—w— 1. m (]3_2)é gPnEN—im + § (n)!
= 2o\ T )T T am ) T G—p—im)
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N
[

oo
. e 1 Bt I . x?
e x-—P_4mij; (T) Wy (V—4m+1; —2-—2me 2—-?-~2m H —'é")dt
0

where n is a positive integer (n=20). In particular, if g =2, m =—1/4, then

(1.8)
. 2"" A P -v
g et W—‘é ' i {2P) = (n ) tn+v+2 L SI]_I R

where n is a positive integer (n = 0).

6. Note: If we take n=0 in Theorem 1, we will get the result in place
of (1.1) as

«© R
t
9 ppv— 1 2 9v—1 - K(—t—_) dt,
(1.9) p 2 h(p)= f i'~'+%+1 Vi
0
and the corollary will turn out to be as follows:
Let

(i) f)==2p)
(i) K (x)==p & (%),
(iif) =1 gb( ) be Ry,
then

o 3

B P . e * K( Y g
w4 P—2 [ e ] ————————— — t.
P (p(ﬁ) f R Vt)
o
Again let
8 .
T K (VD= (p)

then

{1.10) p-ﬂf+l~‘“?@( ):qu(i) .
2 ) xEvEReT x*
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7. Theorem 2 : Let

{#) " f () =3 (p)

ii = Lk _1_ s

(i) h(x)Tplqr(p)

(7id) K (x) he the Haxxer transform of t—"‘"’%f(fz) »

then

(2.1) i K(P)%Q*”‘fﬂ’““j\, (2vE) Iy (2VE) b (xt) dt.
0

P].’O(;['S We have
a1 f ) =0 (£
and
Jo VD) Iy (2VE) = Jy (%) .

Applying Gorpstemn’s theorem, we get
Fi 2 dt ] ot dt
2.2) o [ (2) e = [ mevinevne (59
0 0
Replacing o hy p, we have

o [ () fona= [ Lrewnews(L)a

0 0

Bat A(x)==ptad (i) Therefore
: P

p"‘ft’“*‘fv (%)f(pf) dt = ft“‘*‘fv (2VE) Iy (2VE) h (x2) dt
0

0

or,

@) ok [ enm v e g () de o [ @vE) b 2y b (ot e
] 0
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But A (x) is the Hanger transform of #~™—3%/2 f(2/t). Therefore

[}

(2.4) PR (p = f Rt Jy (2VE) Iy (2VE) b (xt) de
1]
8. Corollary: Let
() ™ f (1) = @ (p),
" N 1
(id} h(x)fp“‘gl’l(p),
(i) Y (%) be Ry,
then
(2.5) pmTre (i) =z of =" Ty (2VE) Ty (2VE) A (xt) dt.

9. Examyple: Buppose

3

ey

therefore

Let »=—1, thercfore

oy =—pmtd 2 2m+§“/’; p e 2VEP = {p);

2V
Py (_) —omilyy phle P
. gmi1 = e i o
o T r""""_/e 2 (W) T (2R 1) % dt = R(x).

The Hanger transform of ¢V ¥ et ig \/%ﬁ So
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—_ o “@
92 ph—i 1 1 _ : —
(2:6) & P AR T g § e FL-;(ZV*”—;@\”)[_/“ '
0
X Hem(?\/—i—)]E(ZVZVQt)tht] dt
or,
n_
P F(z.n p 13w x2)
— g\ T Ty T T T
V;F(g‘—#)

(=]

=j% f_;(zvafﬁ_é.(wf)“'e"ﬁ Hezu(2\/5;)xjg(2\/§?§t)t"dt]df-

1]

10. Theorem 3: Liet

(i) f=p"o{p)
. . 1
(1) () == (_ﬁ) ,
K (xy==p" (-
(iii) R (x) he the Hanker transform of t—h—% g (%) s
then

P YR (p) =2 fi"" Jo (VE) K (VE) K* (xt) dE.

i1. Corollary: Let

() f () =p" o (p)

. 4 ) _1_. s
(i) & w=pf ()
(iit) FE g (ii) be Ry,
then

PR D (%)m g1~ f £m Jy (VE) Ky (VE) K7 (xt) d.
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12, Theorem 4: Let

(i) f @)= (p),

(i) K {x) = p* f (p")
) =3 g (‘}:) be Rav,
then

= 1
sp— NN 2P P (urt3) f e ¥ (1) (x
31 Py - i 1 x .
F 4@(4)7 {2+ 1) aEje Me, v K W)df
0

13. Theoram 5: Let

@ () == @ (p?),

@) h ()= p* £ (V7 ),
(ii) T a2 he Ry 55
then

pl**% (2 p)iw fD_,,_l (£ 1Y Dy (£ e %Y b (i) %
M L t ]t
22 Vo

il

Proofs of theorems 3, 4 and 5: By taking

+0v (3) =0 13 Ke (V)

-3 P _-_ﬂ!"“f""’”f’i) H,_Lp‘ 1—p l
B IOV =g, Ty e P pM}""(p)’

and
t?

S i (?) = I_(\l;nj__l) PD _y_i(pe™)D_y_, (pe ™)

in theorems 3, 4 and 5 we can prove these theorems on following the proce-
dure as adopted in Theorem 1.
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HZET

f fonksiyonunun Larrace dénésifti @ olsun ve f ile g fonksiyonlamndan
herhangi birisi, Hanker doniglirtmbue gire kendi kendisinin karsiti olma
Szelifini haiz bulunsun, Bu takdirde hangi gartlar altinda ayni Gzolifin

diger fonksiyon igin de varid olabilecefi, bu araghirmanin konusunu teglil

etmektedir,




