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I t i t h i s p a p s r a p p r o x i m a t e l y s e m i - c o n t i n u o u s f u n c t i o n s h a v e been d e f i n e d 
a n d tbo c o n c e p t s of m e t r i c a l l y c l osed a n d o p e n sets h a v e been i n t r o d u 
ced. Some p r o p e r t i e s of a p p r o x i m a t e l y s e m i - c o n t i n u o u s f u n c t i o n s h a v e 
been e s t a b l i s h e d a n d t h e b e h a v i o u r of a p p r o x i m a t e l y s e m i - c o n t i n u o u s f u n c 
t i o n s i n r e g a r d to m e t r i c a l l y c losed sets a n d m e t r i c a l l y open sets h a v e 

been s t u d i e d . 

1 . I n t r o d u c t i o n 3 L e t f(x) be a b o u n d e d r e a l f u n c t i o n d e f i n e d i n t h e i n 
t e r v a l [a, b]. L e t | £ [a, b] a n d £ > 0 be a r b i t r a r y . W e s a y t h a t f(x) i s approxi

mated upper semi-continuous o r i n s h o r t a. u- s. c. a t x = % i f t h e r e e x i s t s a 
m e a s u r a b l e set SC. [fli b] w i t h | as a. p o i n t o f d e n s i t y [ L ] .such t h a t 

/ ( * ) < / ( i ) + « , i f x e s. 
S i m i l a r l y , f(x) i s s a i d t o be approximately lozuer semi-continuous or i n 

s h o r t a. I. s. c. a t x ~\ i f t h e r e e x i s t s a m e a s u r a b l e set SC. [a, b] w i t h % as 
a p o i n t o f d e n s i t y s u c h t h a t 

/<*)>/(?)-«. ^ *£S. 

I f f(x) i s a. u. s. c. { o r a. I. s. c.) a t e a c h \ o f [a, b], t h e n i t i s s a i d t o 
be a. u. s. c. ( o r a. I. s. c.) i n [a, b]. 

I t i s o b v i o u s t h a t , i f f(x) i s a p p r o x i m a t e l y c o n t i n u o u s { [ 3 J , p . 182} a t 
x= %, then i t i s b o t h a. I. s. c. a n d a. u. s. c. a t * — 5 a n ( l a ^ s o c o n v e r s e l y . 
B u t t h e r e e x i s t f u n c t i o n s w h i c h a r e n e i t h e r u p p e r s e m i - c o n t i n u o u s n o r a p 
p r o x i m a t e l y c o n t i n u o u s a t a p o i n t £ w h e r e i t m a y be a. u. s. c. 

T h e f o l l o w i n g i s a n i l l u s t r a t i o n : 

f[x)~ 0 i f ,v i s i r r a t i o n a l 
— , i j f — l 

= 1 f o r a l l o t h e r r a t i o n a l s . 

H e r e 
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T h e p u r p o s e o f t h e p r e s e n t p a p e r i s t o p r o v e s ome p r o p e r t i e s o f a p p r o x i 
m a t e l y s e m i - c o n t i n u o u s f u n c t i o n s . T o d o t h i s , w c a r e l e d t o i n t r o d u c e t h e 
c o n c e p t o f m e t r i c a l l y c l o s e d sets a n d as a c o n s e q u e n c e w e h a v e i n v e s t i g a t e d 
t o w h a t e x t e n t a p p r o x i m a t e l y c o n t i n u o u s f u n c t i o n s c a n he c h a r a c t e r i s e d w i t h 
t h e a i d o f t h e sets c o m p l e m e n t a r y t o m e t r i c a l l y c l o s e d se t s . 

T h r o u g h o u t t h e p a p e r , w e s h a l l a l w a y s c o n s i d e r t h o s e sets w h i c h a r c 
s u b s e t s o f t h e s e g m e n t fa , b] a n d t h o s e r e a l f u n c t i o n s w h i c h a r e s i n g l e - v a 
l u e d , b o u n d e d a n d d e f i n e d i n [ a , & ] . 

2. T h e o r e m 1. Suppose f(x) and g(x) are a. I. s- c at x0£ [a, b]. Then 

f{x) -f- g(x) is also a. I. s. c. at x0. 

P r o o f : L e t A be a n y n u m b e r w i t h / ( J K 0 ) ~\~ g(x„) > A. T h e n t h e r e e x i s t B 

a n d C s u c h t h a L / ( * „ ) > B, g(x^) > C, B + C > A. S ince f(x) a n d g(x) arc. 
a. I. s. c. a t x0> b y d e f i n i t i o n t h e r e e x i s t m e a s u r a b l e se ts St a n d S2 w i t h * 0 

as p o i n t o f d e n s i t y a n d s u c h t h a t / { * ) > B f o r x £ St a n d g(x) > C f o r x (z St. 

L e t S = S-L C\ S2. T h e n S i s m e a s u r a b l e a n d * 0 is a p o i n t o f d e n s i t y o f S a n d 
/(*) + g(x) > B - f C > A f o r x € S. S i n c e ¿4 i s a n y n u m b e r w i t h A < f{x0) - f - #{ .v 0 ) 
t h e t h e o r e m f o l l o w s . 

T h e o r e m 2. Z.e£ an increasing sequence of functions 

fM^Ux)^ ^ / „ W ^ 

be given; suppose that all the functions fn{x) are a . / . s. c . at xu £ [a, b]. Then 

f(x)= Lt fn(x) is a. I. s. c. at xa. 
/I-+CO 

P r o o f : L e t A be a r e a l n u m b e r s u c h t h a t f(xv)>A. T h e n f o r a l l s u f f i 
c i e n t l y l a r g e v a l u e s o f n, f„(x(i)>A' W e choose oue o f t h e v a l u e s o f these 
n ' s , say m a n d keep i t f i x e d . S i n c e fm (x) i s a. I. s. c. a t x = x0 i t f o l l o w s 
t h a t t h e r e e x i s t s a m e a s u r a b l e set S C ¿.1 " w i t h xa as p o i n t o f d e n s i t y a n d 
s u c h t h a t / , „ (x) > A if x £ S. Since, f o r e v e r y x > f(x) ^ fm (x) we h a v e f(x) > A 

i f x £ J . A s A i s a n y n u m b e r w i t h A < / ( - v 0 ) , t h e t h e o r e m f o l l o w s . 

C o m b i n i n g t h e o r e m s 1 a n d 2 w e g e t t h e f o l l o w i n g : 

T h e o r e m 3. Suppose that all the terms of the series i ' u„ (*) ore nonnega-

ti-ve and the series converges in [a, b]. If each un(x) is a. I. s. c. at x,„ then the 

sum of the series is also a. I. s. c. at x0. 

D e f i n i t i o n : A p o i n t « i s s a i d t o be a m e t r i c l i m i t p o i n t o f a set S, i f i n 
e v e r y n e i g h b o u r h o o d o f a, t h e r e i s a p o i n t o f d e n s i t y o f S. A set S i s s a i d 
t o be metrically closed i f i t c o n t a i n s a l l i t s m e t r i c l i m i t p o i n t s . 

T h e o r e m 4. / / A is any set, then the set of metric limit points of A is 

metrically closed. 
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P r o o f : L o t Av d e n o t e t h e set o f m e t r i c l i m i t p o i n t s o f A a n d l e t i be a 
m e t r i c l i m i t , p o i n t o f A¡_. W e a r e t o s h o w t h a t % £ At. L e t 1% be a n e i g h b o u r 
h o o d o f %. S i n c e % i s a m e t r i c l i m i t p o i n t o f A,, t h e r e e x i s t s a p o i n t o f d e n 
s i t y o f Al a n d c o n s e q u e n t l y a p o i n t o f d e n s i t y A i n 1%. S i n c e /§ i s a n y n e i g h 
b o u r h o o d o f %, % i s a m e t r i c l i m i t p o i n t o f A. H e n c e % £ A± a n d t h e t h e o r e m 
i s p r o v e d . 

T h e o r e m 5. / / for any real number a the set 

E[x£ [a, b]; / O O ^ o c } 

is metrically closed, then f(x) is a. « . s . c. in [a, b]. 

P r o o f ; L e t e > 0 be a r b i t r a r y a n d ^ be t a k e n a t r a n d o m o n t h e s e g m e n t 

[a, b]. 

L e t 

S^Eixtia, b); f(x)^f&) + s) 

a n d 

= b}: f{x)<f(l) + s). 

So , 5 L U ^ - [a, b] a n d St C\ S2 — <Z>. S i n c e Si i s , b y h y p o t h e s i s , m e t r i c a l l y c l o 
sed a n d I £ S3, t h e r e e x i s t s a n e i g h b o u r h o o d o f % a l m o s t a l l p o i n t s o f w h i c h 
b e l o n g t o Ss. H e n c e t h e r e e x i s t s a m e a s u r a b l e ^et S w i t h % as a p o i n t o f d e n 
s i t y a n d s u c h t h a t 

f(x)<f(l)-\-s i f X £ S . 

H e n c e f{x) i s a. u. s. c. a t x — %• S i n c e | i s a n y p o i n t i n [a, b] t h e t h e o r e m 
f o l l o w s . 

N o t e ; I t i s o b v i o u s t h a t t h e o r e m s 1 , 2 a n d 5 h a v e a n a l a g o u s c o u n t e r p a r t s 

i f one r e p l a c e s a. I. s. c. b y a. u. s. c. a n d v i c e v e r s a . 

3. I f S i s a n y m e t r i c a l l y c l o s e d set i n [a, b] a n d £ £ S. t h e n i t f o l l o w s 
t h a t t h e r e e x i s t s a n e i g h b o u r h o o d o f % a l m o s t a l l p o i n t s o f w h i c h b e l o n g t o 
t h e c o m p l e m e n t o f S- T h i s c o n s i d e r a t i o n s u g g e s t s t h e f o l l o w i n g d e f i n i t i o n . 

D e f i n i t i o n i A p o i n t | o f a set S i s s a i d t o be a metric interior point o f 
S, i f t h e r e e x i s t s a n e i g h b o u r h o o d o f % a l m o s t a l l p o i n t s o f w h i c h a r e p o i n t s 
o f S. A set S i s s a i d t o be metrically open i f e v e r y p o i n t o f S i s a m e t r i c i n 
t e r i o r p o i n t o f S. 

T h e f o l l o w i n g r e s u l t s f o l l o w i m m e d i a t e l y : 

(1) I f A i s a m e t r i c a l l y c l o s e d s e t , t h e n i t s c o m p l e m e n t i s m e t r i c a l l y 
o p e n . 

(2) I f A i s a m e t r i c a l l y o p e n se t , t h e n i t s c o m p l e m e n t i s m e t r i c a l l y c l o s e d . 
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(3) I f A a n d B a r e m e t r i c a l l y o p e n se t s , t h e n A U B a n d A C\ B a r e m e t 
r i c a l l y open se t s . 

(4) U n i o n o f an a r b i t r a r y f a m i l y o f m e t r i c a l l y open sets i s a m e t r i c a l l y 
o p e u se t . 

4. I t m a y be o f s ome i n t e r e s t t o a s k w h a t r e l a t i o n s t h e s e m e t r i c a l l y 
open sets b e a r w i t h t h e a p p r o x i m a t e l y c o n t i n u o u s f u n c t i o n s . I n t h e f o l l o w i n g 
w e h a v e a t t e m p t e d t o e s t a b l i s h s ome o f t h e s e c o n n e c t i o n s . T o do t h i s , w e 
i n t r o d u c e a n o t h e r t y p e o f set c l e f iued b e l o w . 

D e f i n i t i o n 3 A set $ i s s a i d t o be a n / 1 - t y p e set i f e v e r y p o i n t o f S i s a 
p o i n t o f d e n s i t y o f 3-

T h e o r e m 6. Let f(x) be a boundsd function defined in [a, & ] . / / for every 
metrically open set 0,f~~l(0) is metricolly open, then f(x) is approximately conti
nuous in [a, b\. 

C o n v e r s e l y , i f f(x) i s a p p r o x i m a t e l y c o n t i n u o u s a n d / _ 1 f u l f i l s t h e c o n - j. 
d i t i o n (N) { ['¿1, p . 224} i n [a, b] Lhen f o r a n y m e t r i c a l l y o p e n set O, f"'1 (O) i s 
a n . 4 - t y p e se t . 

P r o o f • L e t | £ [a, b] a n d n > 0 be a r b i t r a r y . ' L e t Q be a m e t r i c a l l y o p e n 
set w i t h s p a n less t h a n s a n d c o n t a i n i n g / ( | ) . T h e n % £ £ ~ M O ) . S i n c e , b y 
h y p o t h e s i s , / — 1 (O ) i s m e t r i c a l l y o p e n a n d % £ f~l(0) t h e r e e x i s t s a m e a s u 
r a b l e set S w i t h \ as a p o i n t o f d e n s i t y a n d | f(x) — f(%) \ < s i f x £ S. So, 
f(x) i s a p p r o x i m a t e l y c o n t i n u o u s a t * = S i n c e % i s a n y p o i n t i n [a, b], t h e 
f i r s t p a r t o f t h e t h e o r e m f o l l o w s . 

C o n v e r s e l y , l e t f(x) be a p p r o x i m a t e l y c o n t i n u o u s i n fa , b]. L e t O he a 
m e t r i c a l l y o p e n se t . I f / — 1 (O) i s v o i d , t h e t h e o r e m i s p r o v e d . So, l e t % £ [a, b] 
a n d fC%) t O. S i n c e f(x) i s a p p r o x i m a t e l y c o n t i n u o u s a t x = % a n d f u l f i l s [: 
t h e c o n d i t i o n (TV) i n [a, b], t h e r e e x i s t s a set A% w i t h £ as a p o i n t o f d e n s i t y 
a n d f{At) C O . L e t t h e p o i n t % be a d j o i n e d t o t h e set A\ a n d t h e r e s u l t i n g 
set d e n o t e d b y A\. 

T h e n I € ^ C / " M O ) . 

So, 
/ - M O ) : U A\. 

H e n c e e v e r y p o i n t o f / ^ ' ( O ) i s a p o i n t o f d e n s i t y o f / ~ 1 ( 0 ) , i . e . / ~ M O ) 
i s a n ^4—type s e t . 

T h i s c o m p l e t e s t h e p r o o f . 
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Ö Z E T 

B u araştırmada (yaklaş ık yarı -sureki i f o n k s i y o n ) tanımı o r t a y a atılmış ve 
b u n u n i n c e l e n m e s i iç in ( m e t r i k o l a r a k kapal ı v e y a açık cümle) kavramları 
i t h a l edi lmiştir . Yaklaş ık yarı-Hürekli f onks iyon lar ın bazı öze l ik ler i i s p a t 
ed i lmiş v e b u çeşit f onks iyonlar ın m e t r i k o l a r a k kapal ı v e m e t r i k o l a r a k 

aç ık cümle ler le i l g i l i öze l ik ler i ince lenmişt ir . 


