A THEOREM ON STEP FUNCTIONS (II)

P. K. Kavruan

The objeect of this paper is to give a eriterion for the convergence or 4di-
vergence of an infinite series asscciated to a step function by means of

an infegral confaining characteristie guantities of the function itself.

1. Let

oo

Hs)= 7, ane™™ (s =0 +it),

n=1

where the sequence {4,} is chosen in such a manner so as to satisfy the fol-
lowing conditions :

(i) 0 =Ry << < ooe Ry > e
(if) Tim xi:.? D (0<d=D< o),
n—oo R
(i) 0 (L, —A) =5 h>0: hD<Z1,
oo

he an entire function. Let M (9), (o) and ly stand as usual. Suppose y, de-
notes the «Sprungstellen» for f(s), ecquivalent to log|apfap—, | (Ap— An_y)
(for properties of x, see ['], p. 718). Sinee Ay is a step funetion with jumps
at x,, we have ([*|, p. 48) :

Ay(a) = Z Ay — Ay} (Ap=2_)).

r=a

Throughout this note we suppose, as we may withoul loss of generality, that
p(0) =1. 1 wish to prove the following:

2. Theorem: Let f(s) be ar entire function of finite order (R) >0 then the

convergence or divergence of the integral:

G5
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(2.1) [REME) g

qu

implies the convergence or divergence of the infinite series :

(2.2) Z Lap | %
To prove the result, the following necessary lemmas are required:
Lemma 1: Let W' (x) be ang function infegrable for x >0, then I
13
Z (o= ) ¥ (za) =W {0) dy(g) — fav(t) W (t)dt.
r =0 v
For the proof, sec [¢].

Lemma 2: The series:

(3.1) (R~ hy) =, l
=1
and the integral : B
e ()
f e%t dt
]
converge or diverge together.
For, by lemma 1, we have .T
‘N i z :
(8.2) Z (A —2p—) e = :—a(:) -+ ocf :éi) dt.
n=l1 o

If the left-hand side of (3.2) is hounded as T and consequently N — o , the
~ integral on the right does not exceed the values on the left and hence

f hy(pe ™ dt
L1}

converges. Suppose, ou the other hand, that

f Ayt et dt
o
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converges ; Lhen, since Ay(y increases, we have, for §>0,

a a8y 1 T+p 5 P+ A Tl
—e T __ +( (&)
_._Teﬁ._T = 2"\'(7) f ;‘f{ = f eq: dt = -:—a:— dt,
Q
or, we find that
Ay

2 = o),
and so the right-hand side of (3.2) is hounded and this gives the convergence
of (3.1). Arguments for divergence can similarly he disposed of.

Lemma 3: The series (3.1} and the series:

[vo)]

(3.3) Texp [~ { a2 - = 2ams) 1af]

=1

converge or diverge fogether.
For, let (3.1) he divergent. Then, since x, increases, we find that Lhe
series (3.3} is

> KA (m o) Yyl — i), (K= constant)

=]

and so (3.8) diverges. Nexl suppose that (38.1) is convergent, Now

An
X a
— 2 (1) xt':"_'Tl:R'n Zn —f Atz d«v], In =03 lyia) =1,
n
il

<—agataB ) ©()=-2L
T

But as (3.1) is convergent, we have yp = 0, for all large 7. Heunce for

large T
T

Log (1) ( L )
— 2l = (1 ax d.
AV(T) 0( ) + O ﬂv('r) J e x

=01}, for all large T';
and that for all large 7.

fo T
_g_i;_(_) << K.

Consequently
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N n N

Z eXp [—'f" E (i —2 1) x.—] < 2 e W + A8(L,)
T

=1

i—1 =1

: N
< KA (=) K ) (hn— I ) e %

n=l
i

=K+ K [e“”lv(g) + a fl-.,(x) ¢ 8 dx].
0
Therefore the series (3.3) 1s convergent.

Lemma 4 : The integrals:
7 lo 7 Ayiv) d
REMN) gy [ROEE ) #0)
g g :

converge or diverge together.

This is easy to establish from the relation:

(3.4)

o ¢%%0 2%

[ g
f log;:x(x) dr — Log ¢ (o0) 4. IOg.u(o) % /‘ lv(v) dx,

which can be, in turn, obtained from

1ogy(x)=10gy(xn)+fzv(x) dx, .

Xo

Lemma 5: The infegrals:
log ﬂi(x) de: fﬂv(x) de.

"
e
)

conwerge or diverge together.

For, the equation (8.4) can he written for Iarge o, since log M (o) ~ log p (a),

10g;M(x)aT +10gM(a) ‘F()[K—i— j’).v(x)

Ty

where ¥ (o) is confined between two positive finite Iimits, and then the result
follows exactly as in the preceding lemma.
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Proof of the Main Theorem : TFrom the definition of g,, it follows:

|=lauivr ,

P [_%n{(ﬁl_'l')) Dt (e — 4l ?.'n}] = exp [—%n log

ay
aﬂ

where we have, as we may, supposed that | a,| =1. The theorem now fol-
lows hy combining the lemmas 2, 3 and 5.
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OZET

Bu aragfirmada bir basamak fonksiyonuna fekabill ettirilen bir serinin ya-
lzinsaklhlk wveya 1raksaklmffini  belirtmefe yariyan bir kriter, fonksiyonun
karakteristik biytkliklerini ihtiva eden hir integral yardimiyle ifade

edilmigtir.




