
C O N V E X F U N C T I O N S A N D T H E I R A P P L I C A T I O N S 

P . K . K A M T H A N 

Some properties of convex functions are proved and the resulting formulae 
are used to establish, some inequalities for such, functions. 

1. Lot M(u) be an increas ing f u n c t i o n of a. Suppose f u r t h e r t h a t <p(a) 
i s an increasing f u n c t i o n of u, absolutely cont inuous f o r 0 < « < < » (H = 0 is 
an admissible value i n some cases). Obviously <p'{a) exists and is > 0 . Let us 
.suppose t h a t M { u ) is a convex f u n c t i o n w i t h respect to cp(a). Then i f aL < u < u a , 
we h a v e : 

M ( u ) ^ M M + ^ a \ ~ ^ \ M ( u J . 

The preceding i n e q u a l i t y can be w r i t t e n d o w n as : 

M ( a ) - M ( a l ) ^ M(ut) ~ M j u J ^ M { u 2 ) - M ( u ) 

<p(n)—<p(ai) ~~ <p(u,) — 9»(oi) ~" y(n») — <H«) 

L e t 0 < h L < h t . Then (1) yields , neglect ing the obvious steps, 

/!') — M(g — A,) _^ j|f(a) - M(a - A t ) M(a - f AQ — j|f(g) 

M{u + A a ) — M{a) 
<p(u H- A,) — 9>(a) 

I f f o l l o w s t h e n t h a t 

M(a) — M(u ~ A) r y ( t i ) — A h - ' 
A L A J 

<loes not decrease as A - > + 0 and so has a l i m i t n—(u). S i m i l a r l y 

M(a + A) — ili(«) r?(a + A) — <p(a)-\-1 
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does riot increase as A-*- + ° and so has a l i m i t 71+ («) and therefore 

(2) n _ ( n ) ^ n + ( u ) . 

Next we show : 

The r i g h t - h a n d der iva t ive n + (u) of the cont inuous convex f u n c t i o n M(a) 
w i t h respect to (p(u) is a non-decreasing continuous f u n c t i o n f r o m the r i g h t . 

Let uL<u3. Then f o r a r b i t r a r i l y smal l A < 0 , at < u t + A < u2 — h < u2 , 

and so 

Mjaj. + h) — MM r y ( g ! + M — y f c i ) " ! " 1 ^ M(g a ) — M (g 2 — A) r y ( n , ) — y ( n , — A ) - ] - 1 

A L A J — A L A J 

and consequently we have, f o r A->-0, 

(3) n + ( H i ) ^ » - ( « , ) 

f r o m (2). Now we have, f o r A > 0, f r o m (1') t h a t 

, , ^M(u-\-k)-M(ll) | - y ( a + A ) - y ( „ ) - ] - l 
» + ( « ) ^ r — • L — f t J • 

Let us f i x h and take the l i m i t as u-+u0~{-0; we have, since M{u) and y ( n ) 
are cont inuous , 

Iim ^ ( u ) ^ ^ + b ) ~ M { u o ) r y ( " ° + h ) ~ 

The l i m i t on the l e f t - h a n d side exists i n view of the monotonoc i ty of the 
f u n c t i o n n + (a). Now le t A ->- - f °> then \ 

l i m n+ (a) ^ 7 i + (n„) f 

i 
therefore ; 

l i m 7 i + (a) ~ 7 i + ( u 0 ) , E 

and so n + («) is cont inuous f r o m the r i g h t . S i m i l a r l y , i t can he shown t h a t i; 
n—(u) is a non-decreasing cont inuous f u n c t i o n f r o m the l e f t . ; 

Next we shal l show t h a t M(n) is an absolutely cont inuous f u n c t i o n , t 
Consider any i n t e r v a l [a, 6 ] , a > 0 ; b<<x. Let a < i i i < u 2 < A. I n view of 
(1 ' ) , we have 

n+ (a) ^ j — r 7- • , 7 i - ( ,&) , 
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a n d since (p(u) is absolute ly cont inuous , we f i n d t h a t 

M{u2) ~ M{Ui) \ 

(where 2 denotes s u m m a t i o n over [a, 6] f o r a l l f i n i t e pairs ( u i } u 2 ) ) , is a r b i t ­
r a r i l y s m a l l and i t gives the absolute c o n t i n u i t y . I t can also be seen t h a t i f 
<p(x) satisf ies] the L I P S C H I T Z - c o n d i t i o n { [ ' ] , p . 216), so does the f u n c t i o n M ( a ) 

i n [a, b]. 

Now suppose M(a) = 0, then 

II 

(4) A f ( n ) = J n(t)dq>(t). 
a 

To prove i t , let us suppose « 2 > t i l , then f r o m (2) and (3), we h a v e : 

But n— (u), be ing monotonic , is cont inuous almost everywhere. I f « t is a p o i n t 
o f c o n t i n u i t y of n—(u), we have f r o m (5), on l e t t i n g n 8 - > n 1 ( 

7 i „ (ut) ^ n+ (ax) : - 7 i - ( « 0 , 

a n d so T I „ (UL) = 71+ (« , ) , and consequently 

almost everywhere. B u t since «every absolutely cont inuous f u n c t i o n is an i n ­
def in i te i n t e g r a l of i t s o w n d e r i v a t i v e * , ( f 1 ] , p . 255), we f i n d that the resu l t 
(4) is established. 

2. Some important applications of the result (4). 

Here we apply the resu l t (4) to f i n d cer ta in more general results whose 
p a r t i c u l a r cases are k n o w n f o r the case covering ent ire func t ions represented 
b y T A Y L O R ' S series and DmicHLET-series. I n fac t , we s h a l l , however, conf ine 
ourselves to the resul t s regarding the g r o w t h s of M ( a ) ; n (n) w i t h respect to 
•certain f u n c t i o n s we w i l l he d e f i n i n g . To o b t a i n the results very precisely, 
let us in t roduce a f u n c t i o n Q (r) to sa t i s fy the f o l l o w i n g condit ions : 

( i ) Q (r) Q ; r ->- 00 ; where 0 < Q < co ; 

< « ) ^ j J ^ H - O , 

u n i f o r m l y as r - v ~ ; 
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. . . . . - p — M(r) . 
(in) i n n 7—,AT—~—. = 1 . 

Let 

J 

A i L ( r ) = J Q{x)ji{x)d<!> {x) ; <S>0. 

Then A/ (r) — 1/g M x ( r ) , r - > o c . D e f i n e : 

h m — ~ — n ; l i in ) ; — n ; 

where 

s i r ) £ ' - — g(r) D 

d 

Theorem 1. We shall prove : 

(0 (»> A 

(Hi) A ~ - ~ e D I C ' M B ^ ~ - -

Proofs To prove the resul t s , let us suppose R = R (r, K ) (K = a posi t ive 
constant) such t h a t if (R) — <p (r) -> q> (AT) ^ 0, w h i c h is a lways possible f o r a 
proper choice of tp(r) and then of R [ f or example, <p (r) — r, R—r~\-K; A T > 0 
and <p (r) — l o g r , R = rK; A T > 1 , etc . ] . We s h a l l use the f o l l o w i n g r e s u l t : 

(6) ^ 4 ? r - ^ < 

u n i f o r m l y as r ^ - c o , and the proof of t h i s is s t r a i g h t f o r w a r d . Now 

M { R ) ~ ^ j M l (R) 

r if 
" — f e{x)n(x)d<p(x)+Y J Q(x)n (x) d cp (x) 

ö r 

r -ff 
1 / 7i (x) . . . , , 1 /* . , ff'(Ar) , 

e i ; e / i W 

< 0 ( l ) + ( ^ ± l ) , ( , ) + f t Wlog{ff} 
' C + A ^ ( ' " ) + n ( ^ ) 9 ' ( A - ) . 
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Hence 

(7) A ^ - ^ e - e < P 0 O + C<?(K); 

(8) B ^ i i e - e < P ( i O - f Dy(K). 

The inequal i t ies (7) and (8) w i l l he the best possible i n the sense t h a t they are 
replaced ( r i g h t h a n d expressions) by t h e i r m i n i m u m values respectively f o r 
some <p(K). These values are respectively 0 and l/<5 log (C/D), and s u b s t i t u l i a g 
these values of <p(K) i n (7) and (8) we get (ii) and (r) respectively. F u r t h e r i t 
can also be v e r i f i e d easi ly t h a t f o r s u f f i c i e n t l y large r , 

M(R)>(-^-^-"}g(r) + n(r) y(K), 

a n d so 

(9) A ^ye-zviK)-\-C<p(K)e->iViK), 

(10) B ^ ^ ^ ( f T l + Z i y ^ e - e W ) . 

The m a x i m u m of the r i g h t - h a n d expression, i n (9) occurs at y (AT) — (C~D)IQ C, 
and of the r i g h t - h a n d expression i n (10) at <p (K) — 0, and so (Hi) and (iv) are 
proved . 

Corollary. I f C = D , then A — B ~ C \ Q . 

This easi ly f o l l o w s f r o m ( i ) , ( i i ) , (Hi) and ( i v ) . 

We now show : 

Theorem 2. // A = B , then C = D = QA. 

Proofs We have, f o r r > r0 and e > 0, 

A - s < ^ < A + e. 
g(r) 

Now 

(v (R)—V(r)^n(r) = n(r) j d<p(x)^ J n (x) d y (x) — M(R) — M(r) 

- ( 1 + o (1)) A g (R)- {1 + o (1)) A g (r) 

= ( l + o ( l ) ) ( e W i K ) - l ) A g ( r ) 

- ( l + o (1)) S e <P W + O ((<? (K) T)£ A g (r), 
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where <p (K) is assumed to be s m a l l . Hence 

, . - + 0 0 g (r) <p ( A ) 

and on m a k i n g <p(K)-*-Q (on s u i t a b l y choosing <p(x) and K), we h a v e : 

r - w o g (r) 

s i m i l a r l y i t can be proved t h a t 

r^-co g{n 
and the resu l t f o l l o w s . 

3. I t is obvious f r o m (4) t h a t 

x 

M(R)< J n{t)<p' (t)dt, 

r 

where R ~ R (r) >r is chosen i n such a way so as to sa t i s fy 

<p(R)-<p(r)~Kv(r) or ~ K-\-q> ( r ) , 

as i- ->• c o , AT is some posi t ive constant ( th i s a lways exists ; f o r Jet <p (r) — l o g r , 

R = r*, y (r) = l o g l o g r , £ = e < l o s r ) 2 ) and we f i n d t h a t 

•—hrr-> K n (r)<s> as r->-<x>, 

and so i t is a lways t h a t 

l i m - , \ J — oo. 
r-»co <M»'.) 

B u t 
l i m l o g M ( r ) 

may or m a y n o t tend to OD ; i n t h i s a r t i c l e we consider o n l y the l a t t e r possi­
b i l i t y . Consequently def ine : 

( I D - i T ^ M j m = e j 
cp (r) * 

We prove : 

Theorem 3. I F e s/ioZZ A a n e . -
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7 7 - ^ n(r) Q A r-o3 n (r) 

Proof; I n the course of the proof we s h a l l use the f o l l o w i n g resul t : 

(12) T ^ M ^ M ^ ; 
fp (r) X 

and t h i s can easily he proved by s u i t a b l y choosing R such that 9» (R) — fp (r) 
-v <p(K) and m a k i n g use of (4) and (11). F i r s t we show t h a t 

(13) l i m M ( r ) - 1 

n (r) Q 

Sappose on the c o n t r a r y that (13) is false , then g iven A< Q and for a l l r > r0 

(14) n(r)^AM(r). 

Hence 

r r 

A j M{x)dy (x)>0 ( l ) + e - « , P < r ) M ( r ) + ' ; y r " W M W < i i ( i ) 

where ,4 < < e- Therefore 

r 

(15) (A~v) f e-WW M{x)d<p{x)>0{\) + ^n{r)e-"K'nT). 

But f r o m (12) n (r) > c^"* ,( r) for a sequence of a r b i t r a r i l y large values of r 
and where T\ < < Q. B u t (/3 —)/) is a negative q u a n t i t y and the i n t e g r a l i n 
(15) is a posi t ive q u a n t i t y , since 

e~^f(x)M(x)<p' (x). 

Therefore (15) gives a c o n t r a d i c t i o n ; hence (13) must be t r u e . S i m i l a r l y , we 
can show t h a t 

"Urn M(r)/n(r)^X-1, 

and the resu l t is proved. 
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Ö Z E T 

Bu yazıda Konveks fonksiyonların bazı özelikleri incelenmekte ve bulunan 
formulier bu eeşit fonksiyonlar tarafından gerçeklenen birkaç eşitsizliğin 

elde edilmesinde kullanılmaktadır. 


