
ON T H E D E R I V A T I V E S O F A N I N T E G R A L F U N C T I O N R E P R E S E N T E D B Y 

D I R I C H L E T S E R I E S 

R . K . S R I V A S T A V A < * ) 

T h e object o i t h i s paper ia to examine the properties of the m a x i m u m 

term of the d e r i v a t i v e s of a n i n t e g r a l function r e p r e s e n t e d by a D I R I C H L E T 
series i n the w h o l e p l a n e . Some r e s u l t s e o n c e r n i u g the m a x i m u m modulus 

and a n e x p r e s s i o n for the d e r i v a t i v e of the m a x i m u m term h a v e also 

been obtained. 

1 . C o n s i d e r t h e D I R I C H L E T ser ies 

C O 

( 1 , 1 ) / ( * ) = £ 

"Where 

a n d 

l i m s u p -~— — 0 . 

L e i ac a n d aa be t h e a b s c i s s a e o f c o n v e r g e n c e a n d a b s o l u t e c o n v e r g e n c e 

o f / ( s ) r e s p e c t i v e l y . L e t f(s) r e p r e s e n t a n e n t i r e f u n c t i o n w i t h oc 

L e t 

M(a,f)=l. u . h . [ / ( o + i i ) j , / * ( o , / ) — m a x . | an | . 

I f v (o, / ) d e n o t e s t h e v a l u e s o f n , f o r w h i c h fi (a, f) = ] an \ e^" , w e c a l l i t 
t h e r a n k o f t h e m a x i m u m t e r m (i(a, / ) . I f t h e r e a r e m o v e t h a n one s u c h v a ­
l u e s o f n, we c o n s i d e r as r a n k t h e g r e a t e s t o f t h e m . T h e t y p e a n d l o w e r t y p e 
o f ( 1 . 1 ) a r e d e f i n e d as t h e s u p e r i o r a n d i n f e r i o r l i m i t s r e s p e c t i v e l y o f 

e~Q° l o g M (a, f) as o - v c o , w h e r e Q (0<e<°°) i s t h e l i n e a r o r d e r o f 

/ ( • ) • 

(*) T h e author w i s h e s to than It D r . S. K . Rosa u n d e r whose s u p e r v i s i o n this note has 

been w r i t t e n . 
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Y . G. Y u [ 5 ] h a s p r o v e d t h a t i f t h e l i n e a r o r d e r o f f(s) i s f i n i t e a n d 

U r n s u p ^ ^ O , 

t h e n f o r l a r g e a 

( 1 . 2 ) l o g M ( o - , / ) ~ l o g , * ( « , / ) . 

H e r e w e h a v e o b t a i n e d a f e w p r o p e r t i e s o f t h e m a x i m u m t e r m o f t h e de­
r i v a t i v e s o f a n i n t e g r a l f u n c t i o n r e p r e s e n t e d b y D I R I C H L E T se r i e s i n t h e w h o l e 
p l a n e a n d c e r t a i n r e l a t i o n s w i t h t h e m a x i m u m m o d u l u s . W e h a v e a l s o d e t e r ­
m i n e d itO) (o, / ( m > ) i n t e r m s o f f(m)) a n d Xv (a, f) w h e r e / t ( l ) (a. f(m)) i s 
t h e d e r i v a t i v e o f ^ ( o , / < m ) ) , t h e m a x i m u m t e r m o f / ( m ) ( s ) , t h e m

t h d e r i v a t i v e 
o f f(s). Throughout this paper me assume thai 

l i m s u p —2— — 0 
n->co " n 

and 

a 

J t.dXv(t, /C» ) ) = 0 ( « « « ) , 

for m — 0 , 1, 2 , . . . 

2. T h e o r e m 1 . / / 
CO 

f{s) = J ] a„ 

is an integral function of linear order Q ( 0 < Q < c o ) , type T and lower type t 

( O ^ f ^ T^ c o ) , then 

where 0 co through values outside a set of measure zero. 

T h e p r o o f depends o n t h e f o l l o w i n g l e m m a s : 

L e m m a 1 . Let 
CO 

= £ eSX" 
« = 1 

be an integral function of linear order Q (0 < g < c o ) , type T and lower type t, 

then 
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(2 .2 ) I t o J ™ ( . . - - J , « , . , ) ) = f . 

where d - > oo through values outside a set of measure zero. 

P r o o f . Y . G . Y u [ 5 ] h a s s h o w n t h a t , i f 

U m s u p i M ^ = £ ) < 

<2.8) 
l o g (o , / ) = l o g ^ ( o 0 , / ) + j A v ( i , / ) A . 

*o 

I n t e g r a t i n g A v { f . / ) n y p a r t s , w e g e t , f r o m (2.3) 

l o g / ) = l o g f * ( t f 0 , / ) + °Av (a. / ) — «0 *v (o 0 , / ) — y * • <™v <(. / )• 

H e n c e 

p r o v i d e d ff->-co t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o , 

a 

l i m s n p i o ^ ^ 0 a n d ft . dXv < f , / ) = 0 ( « « « ) . 

L e m m a 2. 77te i i /pe awci lower type of the derivative of an integral func­

tion are the same as that of the function-

P r o o f ; i n a p r e v i o u s paper ['] I h a v e p r o v e d 

, . s u p t , . / M (a, /<'">) \ \ e 

w h e r e I i s t h e l i n e a r l o w e r o r d e r o f f(s). 

T h u s , f o r o > o 0 , w e h a v e 

a e - « « ( i — * ) < e~9* l o g M ( t f , /<"<)) — e ~ e < * l o g o f f , / C " " 1 ) ) < a e ~ e ° ( e + g). 

or, 
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l i i n i n f f " 0 0 l o g / ( » > ) } - l i r a ^ f
P { e - « « logM(o, /<"-'>)} , 

w h i c h p r o v e d t h e l e m m a s i n c e t h e l i n e a r o r d e r o f / ( m ) (s) i s t h e same as 
/ ( " — ' ) (*) a n d 0 < Q< oo. 

Proof of T h e o r e m 1 . R . S , L , S R I V A S T A V A ["] h a s o b t a i n e d t h e f o l l o w i n g 
r e s u l t . 

(2-4) <«. / ) ^ ^ *v (BI / ( ' > ^ 

F r o m t h e a b o v e r e s u l t i t c a n e a s i l y be s h o w n t h a t 

T h e r e f o r e , 

l i m S 7 r . e - e ^ v ( a , / } U l i m S U * L eS» f ^ ^ Y ' ' " ! ^ 

i^S? { " - "» ' <«' / < mf 
H e n c e , o n u s i n g L e m m a 1 a n d L e m m a 2, w e get 

i n f \ \ fi(a, f) J f t 

w h e r e a ->• co t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . 

C o r o l l a r y 1 . 

w h e r e o - > co t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . 

C o r o l l a r y 2. F o r a l m o s t a l l v a l u e s o f « > o 0 . 

0 - m e m e < i ( t f)<ft(a, / ( m ) < o - m e m « < , ( 7 T H - e ) m (o, / ) . 

C o r o l l a r y 3. I f f > 0 f t h e n 

f K /<m) 
c o , as <T ->-co, 

C o r o l l a r y 4. I f i > 0, t h e n t h e sequence 
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M « . fh /(l>). /<2>). 

f o r m s a n i n c r e a s i n g s e q u e n c e f o r a > aD. 

C o r o l l a r y 5. I f 0 < t ^ T< «>, t h e n 

w h e r e o c o t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . 

T h i s f o l l o w s f r o m C o r o l l a r y 2, o n t a k i n g t h e l o g a r i t h m o n h o t h s i d e s , 
d i v i d i n g h y a a n d t h e n p r o c e e d i n g t o L i m i t . 

A p p l i c a t i o n . T h e i n t e g r a l f u n c t i o n 

CO 

/ ( . )=2«» e > i - i 

o f l i n e a r o r d e r Q(0<Q< OO ) i s o f p e r f e c t l y l i n e a r r e g u l a r g r o w t h T > 0, i f 
a n d o n l y i f , 

f o r l a r g e a, w h e r e a->• <x> t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . 

L e t f(s) be o f l i n e a r o r d e r g a n d p e r f e c t l y l i n e a r r e g u l a r g r o w t h T, t h e n 
w e h a v e f r o m ( 2 . 1 ) 

«-•00 I \ M « , / ) / J 

o r , 

A g a i n , i f (2.5) h o l d s , w e h a v e 

s - c o I V M « , / ) / J 

a n d f r o m ( 2 . 1 ) , f(s) i s o f p e r f e c t l y l i n e a r r e g u l a r g r o w t h T. N o w , 

( i ) i f t h e t y p e o f t h e f u n c t i o n i s o n e , t h e n 

f o r l a r g e o ; 
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( i f ) i f t h e t y p e o f t h e f u n c t i o n i s z e r o , t h e n 

<-> ' 
a n d i f t h e f u n c t i o n i s o f n o n - z e r o t y p e , t h e n o i s r e p l a c e d b y O i n (2 .6 ) . 

3. D e t e r m i n a t i o n o f pi1) (a, /{">)). 

W e h a v e , f r o m T h e o r e m 1 , f o r o > o u 

(f — e)"> emt!<* n(a, f)<am ¡1(0, f(m)) < ( f - f e)m e m « a f* (tf, / ) , 

w h e r e 
0 < t ̂  T< w . 

T h e r e f o r e , 

am ¡1(0-, / ( ' " ) ) — e

m < i a ( o , / ) | ( i — G ) m + 1? ( 7 + e) m — ( i — s ) m ) J , 

w h e r e 
0 < 0 < 1. 

H e n c e , o n u s i n g t h e r e s u l t (2 .3 ) , w e get 

0 c 
m l o g o + l o g ¡1 ( o 0 , /(">> + j Xv(t, f(m)) d i = m @ f f + l o g f* / ) + / ^ v ( i , / ) dt 

+ l o g | ( t - s ) m ; + 0 ( ( r + « ) • * • - ( i - s ) m ) } . 

o r 

j { A v ( ( , / ) < m ) ) — *v (f. / ) } dt=mQ o~m l o g a - j - C, (3.1) 

w h e r e 

c = i o g | ( i - B ) m + * ( ( r + 8 ) m - ( f - « ) m ) } + i o g : / i K , / ) - l o g A * K , /("•), 

0 < 1 . 

D i f f e r e n t i a t i n g (3 .1 ) , we get 

*v (0, / ) ( m > — *v (o. / ) = m e — - y - + T («)> 

a l m o s t e v e r y w h e r e , w h e r e , qi {a) i s h o u n d e d a n d t e n d s t o ze ro as o-^co. F r 
(2 .3 ) , a f t e r r e p l a c i n g f(s) b y / ( m ) ( s ) w e , t h e r e f o r e get 

(a, / ( ' " ) ) = p (o , / ( " 0 ) , { i ¥ („ , / ) + m 0 - ^ + y ( a ) } > 

a l m o s t e v e r y w h e r e . 
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C o r o l l a r y 1 * . 

(3.2) U r n hv ( o , / ( " ' ) > — l v ( c , A^mQ, 
0->co I. ) 

w h e r e a - v co t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . 

C o r o l l a r y 2. 

(3.3) l i r a ( l o g l v ( a , / ( » )> - l o g l s < a , /> } = 0, 
<T-i>co \ J 

w h e r e a co t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . 

C o r o l l a r y 3.** F o r a l m o s t a l l v a l u e s o f ff><Jo^0. 

/»(') ( d , / ) < / * ( 0 ( d , / ( ' ) } < /*( ')(<*, / ( ? ) ) < , 

p r o v i d e d t h e l o w e r o r d e r o f / ( s ) i s g r e a t e r t h a n z e r o . 

U s i n g (2.3) f o r t h e f u n c t i o n s / ( m ) ( , ) a n d / ( " • - ' ) (s), w e h a v e 

o 
(3.4) log ti (a, / ( * > ) = l o g ^ ( 0 o , / < * ) ) + Jlyft,f(.mhdt. 

f0 

a 

(3.5) l o g p (*, / < " - ' ) = l o g p (a0, / ( » - > > ) + y i ¥ ( ( > / ( » - ! ) ) rff. 

D i f f e r e n t i a t i n g (3.4) a n d (3 .5 ) , w e g e t 

(H6\ M'> («,/<">) A . f ( m ) . 

(8 .7) - M * , / * >), 

f o r a l m o s t a l l v a l u e s o f a > o 0 ^ 0 . 

T h e r e f o r e , o n u s i n g t h e r e s u l t o f (3 .3 ) , w e c a n deduce f r o m (3.6) a n d (3.7) 

\ a , 0 ) ftV) (a, / C " - 1 ) ) (i (a, /<m-')) ' 

a n d 

T h i s resuit haa also been obtained by [ 3 ] . 

T h i s reault haa been obtained by [ 8 J and also by 1*3 w i t h the conditions % ^ 6 > 0 

U m l o g Ay / < • " > ) - l o g ^ = 0 > ( m = 1 ( 2 ) t . 0 . 
0->-co 



86 R . K , S B I V A S T A V A 

f o r l a r g e a. N o w , R . P . S R I V A S T A V [ 3 ] h a s o b t a i n e d 

„-*co I ^ \ lt(0, f) J\ 

T h e r e f o r e , f o r l a r g e a. 

plP'.lty > e d (>.-*) ^ 1 , s i n c e X > 0. 

S i m i l a r l y , f o r m = 1 , 2, . . . . . , w e c a n p r o v e 

/ • ( a . / C " - 1 ) ) 

So f r o m (3 .8 ) , w e get 

[iV) (o , fim) > ftO) (o, , f o r a > a 0 ^ 0. , 

P u t t i n g m = l , 2 , w e get 

fiO)(o, f)<^){a, / ( ' ) ) < M ( 0 ( o , / ( * ) ) < 

4. T h e o r e m 2 . L e i 
IX) 

/ ( s ) = ^ a„ e*K 

&e a n integral function of linear order Q (0 < Q < o°), type T and lower type t, f-

Then, if o o° through values outside a set of measure zero and m — l j 2, s, i 

provided the linear lower order of f(s) is greater than zero. z 

™ njs? f - * ( M ? n - ' - - - {• - • 
•where |«(o, / ( m ) M{o,f'<'")) are i&e maximum term and least upper bound of 

the m " 1 derivative of f (s) respectively. 

P r o o f of T h e o r e m 2 . S. N . S R I V A S T A V f 1 ] h a s o b t a i n e d t h e f o l l o w i n g 

i n e q u a l i t y 

(4.3) / W ^ C ' ' ( ~ ' » l 0 g t f ( a ' / < m " ' ) ) • f a r a >am. 

F u r t h e r , h e h a s p r o v e d t h a t t h e sequence 
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M(o, f), M{c, /(')), M(a, /(*>) , M(a, /<*>), 

w h e r e a > aQ a n d s 0 = m a x , (alt a2, , < J s ) , f o r m s a n i n c r e a s i n g s e q u ­
ence p r o v i d e d f(s) i s a n i n t e g r a l f u n c t i o n o f l i n e a r l o w e r o r d e r X, X > 0. 

F r o m ( 4 . 3 ) f w e h a v e , f o r a > o u w h e r e aa - m a x . (alf a , a m ) 

a i\ / < " ) ) ^ l o g M{o, / ) - l o g M(a, / ( ' ) ) l o g M(a, /<•»-')) 
X ' M(a, f) — om 

a n d i f X>0 

U V M ( - a ' / < W > ) ^ flog M(a> /))"•. 

T h e r e f o r e , o n t a k i n g l i m i t s o f b o t h t h e s ides i n {4.4} a n d (4*5) r e s p e c t i v e l y , 
w e g e t 

and 

N o w , f r o m (2 .4 ) , w e h a v e 

T h e r e f o r e , w r i t i n g t h e a b o v e i n e q u a l i t y f o r /> = 1 , 2 , m a n d m u l t i p l y i n g 
t o g e t h e r , w e g e t 

^ { J ^ ^ M « / ( ' )> A ¥ <«. / ( » ) ) 

or, 
f m* . /<•">) y " , # / m h 

H e n c e o n u s i n g L e m m a 1 a n d L e m m a 2, w e g e t 

/im>) Y / m \ ^ r l i m S U p f . — i ^ ( ° ' / ( m > ) Y / m ] -i™ mf t V / ) J / -

w h e r e o - > o o t h r o u g h v a l u e s o u t s i d e a set o f m e a s u r e z e r o . T h e r e s u l t s (4.1) 
a n d (4.2) f o l l o w f r o m (4 .6 ) , (4.7) a n d (4 .8 ) . 

5. T h e o r e m 3. Let 
<x> 

/ < s ) = 2«ne
s*" 
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be an integral function of linear order P (0 < Q < oo) type T and lozver type t, then 

a 

(5.1) l i m i n f •( e _ 0M<i./> f ^ ^ M f / P dtl^Ve T^VQ t 

a 
^ l i m sapfe~axt («> /) / V ( i + X v <(./)> d i l , 

where o oo through values outside a set of measure zero. 

We f i r s t p r o v e t h e f o l l o w i n g t w o L e m m a s : 

L e m m a 3. I f K(o) i s a p o s i t i v e , r e a l f u n c t i o n o f o, c o n t i n u o u s a l m o s t 
e v e r y w h e r e i n (oQ, c o ) a n d 

l i m s u p ( e—$a l o g K(o) ) = a , 

t h e n 
a 

(5.2) l i m mf ' / K(t) e** di^lfe*. 

Proof j L e t 
n 

(5 .3) $(*) = f K(t)e**dt. 

T h e i n e q u a l i t y (5.2) i s o b v i o u s l y t r u e i f « — 0. H e n c e w e c o n s i d e r t h e case 
a > 0. S u p p o s e f i r s t a > 0 a n d f i n i t e a n d s u p p o s e (5.2) does n o t h o l d . 

T h e n , w e h a v e , f o r a ^ d = 5 (x) > o0 

0 (d) >xK(o), w h e r e x > \\ox. 

F r o m (5.3) i t f o l l o w s t h a t &' (a) e x i s t s a n d 

$' (o)=K(o) e«°, 

a l m o s t e v e r y w h e r e . T h e r e f o r e , 

<P (ff) AT 

a l m o s t e v e r y w h e r e . T h u s f o r l a r g e a 

a 

l o g * (a) = l o g 0 (o 0 ) + J ^ j - dt < l o g 0 (<r0) + l / e ,v ( e Q* - e«o ) . 
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H e n c e 

o r , 

l o g x + l o g K(o)<— e e « - I - o (1) 
QX 

' i 

l i m s u p ( e~e« l o g K(o)) ^ I I Q X < at. 

w h i c h c o n t r a d i c t s t h e h y p o t h e s i s . H e n c e t h e L e m m a i s p r o v e d f o r 0 ^ x < cv>. 
I f « — c o , t h e n w e t a k e x t o he a r b i t r a r y s m a l l . 

L e m m a 4. I f K(a) s a t i s f i e s t h e c o n d i t i o n s o f L e m m a 3 a n d 

l i m i n f ( e - e « l o g / : ( « ) ) = /?, 

t h e n 

a 

l i m s n p 1 f K(t)e^dt^llQ<l. 

T h i s c a n e a s i l y he p r o v e d i f w e a d o p t t h e m e t h o d o f p r o o f o f L e m m a 3. 

Proof of T h e o r e m 3. I f w e t a k e K{a) = e%v (°> /> i n t h e a b o v e t w o L e m ­
m a s a n d c o m b i n e t h e I n e q u a l i t i e s t h u s o b t a i n e d , w e g e t t h e r e q u i r e d r e s u l t . 
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ÖZET 

B u araştırmanın g a y e s i blttiln dllaleınde bir D I R I C H L E T s e r i açılımı i le gös­

t e r i l e n bir tam f o n k s i y o n u n m a k s i m u m t e r i m i n i n türevlerinin bazı özellik­

l e r i n i İncelemektir. M a k s i m u m modui v e m a k s i m u m t e r i m i n t ü r e v i n i n bir 

i f a d e s i de a y r ı c a Bİde edilmiş bulunmaktadır. 


