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C U R L q t ~X2 q.2, C U R L q a ~ A i q i 

J . N . K A P U R A N D B . L . B H A T I A 

I n the present paper we have discussed i n v i s c i d a x i a l l y symmetr ic super­
posable flows of the type c u r l q L ;= i,2 q 2 , c u r l q 2 = j , , q „ h a v i n g both 
poloidal a n d toroidal components of v e l o c i t y f ie ld , w h e n j , t , j , 2 are func­
tions of r and i a n d z and t r e s p e c t i v e l y . We h a v e also discussed steady 
v iscous flows of the same type w h e n j , , and % 2

 a r e functions of r and z 
r e s p e c t i v e l y . Some s p e c i a l i n v i s c i d flows of the g i v e n type have also 

been discussed . 

1 . I n t r o d u c t i o n . A x i a l l y s y m m e t r i c s u p e r p o s a b l o f l o w s have been s t u d i e d 
b y P R E M P R A K A S H [ ' ] , R A M B A L L A B H B H A T N A G A R a n d V A R M A j 3 J a n d K A P U R [->'"], 

w h i l e f l o w s o f t h e Lype c u r l q t = J l B q S i c u r l q 2 = l i q l w h i c h a r e i n u t u a l l y . s u -
p e r p o s a h l e h a v e b e e n s t u d i e d b y R A M B A L L A B H [ B ] , G H I L D Y A L [ 7 ] a n d D E V I S I N G H [ 3 J . 

I n t h e p r e s e n t p a p e r , w e s t u d y a x i a l l y s y m m e t r i c s u p e r p o s a b l o f l o w s o f t h e 
a b o v e t y p e w h e n t h e f l o w s h a v e b o t h p o l o i d a l a n d t o r o i d a l c o m p o n e n t s . 

I n s e c t i o n 2 w e f i r s t e s t a b l i s h a t h e o r e m g i v i n g t h e c o n d i t i o n f o r b o t h 
t h e f l o w s t o be s e l f - s u p e r p o s a b l e w h e n b o t h Xlf X2 a r c f u n c t i o n s o f one space-
v a r i a b l e a n d t i m e . I n s e c t i o n 3 w e h a v e s h o w n t h a t f o r i n v i s c i d f l o w s o f t h e 
g i v e n t y p e Xi a n d X2 c a n n o t be f u n c t i o n s o f b o t h r a n d f . I n s e c t i o n 4= w e 
h a v e o b t a i n e d t h e m o s t g e n e r a l f l o w s o f t h e g i v e n t y p e w h e n Xt, X2 a r e f u n c ­
t i o n s o f z a n d t a l o n e . S e c t i o n s 5 a n d 6 a r e d e v o t e d t o a s t u d y o f s t e a d y 
" f l o w s o f t h e g i v e n t y p e w h e n 'llt X2 a r e - r e s p e c t i v e l y f u n c t i o n s o f r a n d % 
a l o n e . F i n a l l y i n s e c t i o n 7, w e c o n s i d e r s ome s p e c i a l i n v i s c i d f l o w s o f t h e 
g i v e n t y p e . 

2. A t h e o r e m on s u p e r p o s a b l e f lows of the t y p e c u r l q ! — X3qit c u r l 
q a — Xt 

T h e o r e m . Let &i} « j , ' « s represent a curvilinear orthogonal system of coror* 

dinates. For superposable flows of the type carl q i ™ ^ a q 2 , carl q 3 ~ ^ i q i of 

incompressible viscous fluids, let XLi A 2 both be functions of one of the three co-

http://whichareinutually.su-
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ordinates « f , a 2 , a g and t alone ; then each of the two motions whose velocity vec~ 

tors are given by q t and q 2 is self super posable if 

(1) ( q s - v ) q i = ( q i - V ) q a • 

P r o o f : 

C u r l [ q L X c u r l q J = c u r l [ q t X K q>] = c u r l ik <li X q , l 

= g r a d A2 X ( q . X q , ) + K c u r l ( q t X q.) 

= ( g r a d A , ' q a ) q i — ( g r a d i 1 . q 1 ) q , 

+ ¿2 [ q i q B — q 2 d i v . q t + ( q 2 - V ) q i ~ ( q i " V ) q s ] . 

(2) 

S i n c e t h e f l u i d s a r e i n c o m p r e s s i b l e , w e get f r o m t h e e q u a t i o n o f c o n t i ­
n u i t y 

(3) d i v . q f = 0 . d i v . q 2 — 0 . 

A l s o 

(£) 0 — d i v . ( c u r l q i ) = d i v . (A2 q 2 ) — X2 d i v . q 2 + q 2 - g r a d X2 . 

U s i n g (3) w e g e l 

(5) q . - g r a d Xt = 0 , 

a n d 

(6) q i - g r a d i , = 0 . 

U s i n g (3) a n d (5) w e g e t f r o m (2) 

(7) c u r l [q , X c u r l q,] = — ( g r a d A , ' q t ) q s + * t [ ( q * - V ) q i — ( q r v ) q , J . 

S i m i l a r l y 

(8) c u r l [ q 2 X c u r l q,] = — ( g r a d A .q , ) q t - f A, [ ( q t - v ) q 2 — ( q a - V ) q j -

N o w l e t Aj, A 2 be f u n c t i o n s o f » l a n d t a l o n e a n d i n t h e c u r v i l i n e a r o r t h o ­
g o n a l s y s t e m l e t 

(9) ds* — h\ d x\-\-h% d 3.\ ~\-h\ d u.% 

w h e r e A 1 ( A 2 a n d a r e f u n c t i o n s o f alf « 2 , a a ; t h e n 

(10) g , a d * , = ( - [ - § £ . 0, 0 ) , g ^ l l . = ( * ! £ , 0, 0 ) . 

F r o m (5 ) , (6 ) , t h e c o m p o n e n t s o f q l t q 2 i n t h e c u r v i l i n e a r o r t h o g o n a l 
s y s t e m w o u l d be o f t h e t y p e 
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•(11) <Ii — (0 , « n W i ) , q a — ( 0 ) " a ) oia)-

F r o m (1) , (10) , (11) , w e h a v e 

•(12) ( q a . v ) q t — ( q i - V ) q , = 0, g r a d A ^ q , — 0, g r a d X3q, = 0, 

« o t h a t f r o m (7) a n d (8) 

<13) c u r l [ q t X cu r l q J — 0, 

(14) c u r l [ q 2 X c u r l qs] — 0. 

T h u s t h e t w o i n d i v i d u a l m o t i o n s a r e s e l f - s u p e r p o s a b l e . T h e s a m e r e s u l t 
o b v i o u s l y h o l d s w h e n Xx, X2 a r e f u n c t i o n s o f « a , t a l o n e o r o f a 8 , t a l o n e . 

3. A x i a l l y - s y m m e t r i c f l o w s of t h e g i v e n t y p e w h e n Xu A 2 a r e funct ions of 

r, t a l o n e . 

L e t 

<«, q i _ ± i ^ + ^ + l ^ ( ; = 1 , 2 ) 

w h e r e i r , i$ it d e n o t e t h e u n i t v e c t o r s i n t h e c y l i n d r i c a l s y s t e m o f c o - o r d i ­
n a t e s . F r o m (15) 

(16) c u r l q ( = - 1 ^ i r ~ 1 / ) - V i i t + 1 i „ ( i - 1 , 2) 

w h e r e 

^ ' ar2 r 3r ^ Bz 2 

F r o m (5) a n d (6) 

r d2 

S i n c e ^ - = 1 = 0 , t h i s i m p l i e s 
or 

oz dz 

so t h a t b o t h t h e m o t i o n s do n o t e h a v e r a d i a l c o m p o n e n t s o f v e l o c i t y . F r o m 
t h e r e l a t i o n s 

(19) c u r l q j A a q 2 , c u r l . q 3 = A 1 q 1 
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we g e t , o n u s i n g (15), (16) , (17) a n d (18), 

(20) ^ = 0 , ^ = 0 , 
oz Oz 

/ o i l n , , ( 1 _'^V>1 1 i * V i _ j n 3 i i , _ 3 y , 
( 2 1 ) D V i — 3 ^ ™ 7 " 3 r - ~ A a f i " " a 7 - ^ " a T " ' 

(22) Z ) " I V - ^ " 3 7 * 

A g a i n i n t h i s case, o n u s i n g (15), (18) , (20) a n d a x i a l s y m m e t r y , we g e t 

( q B ' V ) q , — ( q r V ) q 2 

} 
1 dif2 d . Q9 d . 1 3 y 2 3 1 

iff -
1 3 V i . 

r 
iff -

r T r '* 

1 
^ + », 1 3y« . 

3/- I e r ^ + r r 
3y« . 
3/- I e 

( 2 3 ) . 

1 O-i/'i 3 . Qi 9 . 1 9'/'i 9 

so t h a t t h e c o n d i t i o n o f t h e a l i o v c t h e o r e m a n d e q u a t i o n s (13) a n d (14) a r e 

s a t i s f i e d . 

N o w t h e c o n d i t i o n s o f i n t e g r a b i l i t y f o r t h e t w o m o t i o n s a r e 

(24) i L ( C v i r l q . ) + c u r l ( c u r l q f X q{) = * V * ( c u r l q £ ) . 
of 

F o r i n v i s c i d l i q u i d s on u s i n g (13) a n d (14), t h e s e r e d u c e t o 

(25) i - ( c u r l q i ) - 0 , 
a t 

3 / . QA _ 
o r 

w î ï ( i ' 7 i ; = o -
a n d 

(27) £ f i £ ? v A o. 

F r o m (21) , (22) a n d (27) 

9 i \ r 'dr 

(28) ^ ( ± ^ M = 0 . 
3 i r or 

I n t e g r a t i n g (28), w e get 

(29) ¿3, = = 2) 

w h e r e / ; . a r e a r b i t r a r y d i f f e r c a t i a h l e f u n c t i o n s o f /• a n d t r e s p e c t i v e l y . 

F r o m (26), (29) 
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(30) i.= Pi-kl / ; — i 2) 

w h e r e pt i s a g a i n a n a r b i t r a r y d i f f e r e n t i a b l e f u n c t i o n o f r. T h i s e q u a t i o n 

g i v e s t h e m o s t g e n e r a l f o r m w h i c h A,, l2 c a n h a v e . F r o m (21) , (22) , (29) a n d (BO) 

/ a - n dVi_J<(r)-\- vAt) f A . . 5 V B _ / > ( * - ) + P u f f ) , v 

so t h a t t h e g e n e r a l f o r m s o f v e l o c i t y v e c t o r s a r e 

(32) * = - f (A(r) + * ! ( * ) ) i * + y - ^ y 5 ( / , ( r ) + ! * 

( 3 3 > q , - f ( / , ( r ) ^ + T ~ ¥ m ( / , ( r ) + ?,(*)) i . • 

E q u a t i o n s (30) , (32) a n d (33) g i v e t h e g e n e r a l s o l u t i o n o f o u r p r o b l e m . 
T h e f u n c t i o n s / f , <pi a n d Pt a r e h o w e v e r t o be so c h o s e n t h a t y>i, Q{ s a t i s f y 
t h e f i r s t o f t h e e q u a t i o n s (21) a n d (22) . F r o m t h e f i r s t o f these we get 

(34) PL - rP, // + rPS / / = 0, 

(35) rPj P, - ftfa' P, + rP1 (fj2" + / , ' / • / ) - r / V ( / , / / ) - 0. 

These, e q u a t i o n s g i v e 

a n d 
Pi ^ U ~ r 

so t h a t 

(36) £ = ^ . £ = _ ^ . 

S i m i l a r l y f r o m (22) 

(37) LL = g/-, = _ J - , 
/ % . P , JSr 

w h e r e A a n d B a r e a r b i t r a r y c o n s t a n t s . 

E q u a t i o n s (36) a n d (37) a r e n o t c o n s i s t e n t a n d t h e r e f o r e s h o w t h a t no 
a x i a l l y s y m m e t r i c s u p e r p o s a b l e m o t i o n s o f t h e g i v e n t y p e a r e p o s s i b l e w h e n 
Xlf X2 a r e f u n c t i o n s o f r a n d i o n l y - H o w e v e r s t e a d y m o t i o n s o f t h e g i v e n 
t y p e e x i s t w h e n A,, A 2 a r e f u n c t i o n s o f /• o n l y f o r t h e n i n s t e a d o f f o u r e q u a ­
t i o n s o f t h e t y p e (34) t o (87) , w e s h a l l h a v e t w o e q u a t i o n s to be s a t i s f i e d b y 
/ u / a ! ^ i a n a P-f W e s t u d y t h e s e m o t i o n s i n t h e n e x t s e c t i o n f o r t h e m o r e 
g e n e r a l case o f v i s c o u s f l u i d s . F o r i n v i s c i d f l o w s (21) , (22) g i v e f o u r e q u a t i -
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o n s t o s o l v e f o r a n y f o u r o f t h e f u n c t i o n s Xt, X2, y>lt ytit & n Qs w h e n a n y 
t w o o f t h e s e a r e g i v e n . Some p a r t i c u l a r s o l u t i o n s f o r t h e i n v i s c i d case w i l l 
he s t u d i e d i n t h e l a s t s e c t i o n . 

4. A x i a l l y - s y m m e t r i c f lows of t h e g i v e n t y p e w h e n Xit X2 a r e funct ions of 

z» t a l o n e . 

F r o m (5 ) , (6) a n d (15) 

(38) * * i ( 1 * ^ = 0 . 
dz \ r dr J 

S i n c e ~ + 0, i t m e a n s t h a t 
dz 

(39) a ^ = 0 i ^ = 0 , 
or or 

so t h a t h o t h t h e m o t i o n s d o n o t h a v e a x i a l c o m p o n e n t s o f v e l o c i t y . F r o m 
t h e r e l a t i o n s (19) , o n u s i n g (15) , 16) , (17) a n d (39) , w e get 

(40) ^ 1 = 0 , ^ = 0, 
or or 

( * 1 ) -jj -~-X2 Q2 , X2 -3z- - - — , 

dz2 - *' dz ~ dz 

A g a i n o n u s i n g (15) , (39) , (40) a n d a x i a l s y m m e t r y 

(q»* V ) q . — ( q i - V ) q 2 

(43) { = 1 
1 dipv 9 
r dz dr 

Q2 d 
r r 2 9 # ^ 

1 
r 

dy>2 

/dr è i t -
1 
r 9z l r i 

1 I # + 
r 

1 9 v . . 
r 9 r J s } 

- [ 
1 3 V L 9 | 
r dz dr 

QL 9 
r 2 9# ' 

1 
r 

3'/'i 
dr m -

1 
r 

- l i t + 
1 dy>, . 
r dr l g 

] = 0 

so t h a t t h e c o n d i t i o n o f t h e t h e o r e m d i s c u s s e d i n s e c t i o n 2 i s s a t i s f i e d a n d 
(13) a n d (14) a r e a l s o s a t i s f i e d . 

N o w t h e c o n d i t i o n s o f i n t e g r a b i l i t y f o r t h e t w o m o t i o n s g i v e n b y (24) r e ­
d u c e t o 

(44) ~ ( c u r l q l ) z = 0 

o r 

a n d 
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F r o i n (41) , (42) a n d (45) 

(47) * ( A ^ l W 
S i \ r dz J 

I n t e g r a t i n g (47) , w e g e t 

(48) £ > ( - ^ i ( z ) + ' M 0 (¡ = 1 . 2) 

w h e r e Fi(z) a n d &{ (t) a r e a r b i t r a r y d i f f e r e n t i a h l e f u n c t i o n s o f z a n d t respec­
t i v e l y . F r o m (46) , (48) 

(49) x . = - p ' ' ( z > . ( i = l , 2 ) 

w h e r e jD,-(z) i s a g a i n a n a r b i t r a r y d i f f e r e n t i a h l e f u n c t i o n o f z. T h i s e q u a t i o n 

g i v e s t h e m o s t g e n e r a l f o r m , w h i c h Xi}[ X2 c a n h a v e . 

F r o m (41) , (42) (48) a n d (49) 

dz pz (z) Sz p , ( z ) 

so t h a t t h e g e n e r a l f o r m s o f v e l o c i t y v e c t o r s a r e 

(51) „ , = - . ! . r * M + * . W l F / w i r + f . M + * . M to, 

<«) q , = _ 1. r fkWd^wi f / M + f . M + *, w te, 
r L p2 (z) J r 

E q u a t i o n s (48) , (51) a n d (52) g i v e t h e g e n e r a l s o l u t i o n o f o u r p r o b l e m . 
T h e f u n c t i o n s F;, a n d p f a r e h o w e v e r t o be so c h o s e n t h a t yjt, Qt s a t i s f y 
t h e f i r s t o f t h e e q u a t i o n s (41) a n d (42) . F r o m t h e f i r s t o f t h e s e w e get 

(53) FS F%' + F, Ft> - F, F2 ^ + p 2 P l = 0, 
PL 

(54) # 7 - ^ " 
Ft PL 

O n e l i m i n a t i n g — f r o m t h e s e e q u a t i o n s 
Pi 

(55) F / i 1 / + />,/>. = <>. 

I n t e g r a t i n g (54) , w e get 

F ' 
(56) ^- — C. 

Pi 
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S i m i l a r l y f r o m (42) 

(57) F/F/^PlP2 = 0, 

~- — D, 
Pi 

w h e n ; C a n d D a r e a r b i t r a r y c o n s t a n t s . 

F r o m (55) , (56) a n d (57) 

(58) El = D = l . 
P* C 

I t is o b v i o u s t h a L t h e s e r e s u l t s a r e c o n s i s t e n t . T h e r e f o r e e q u a t i o n s (51) 
a n d (52) r e d u c e to 

< 5 9> q> = - [Ft (z) + «Pt(0] K + y I > i (*) + 0 ! (0 ] i»» 

(60) q a = - J _ [ > f ( z ) + ^ ( , ) ] i r + 1 [ > , ( 2 ) + ^ i # , 

so a x i a l l y s y m m e t r i c , i n v i s c i d superposab3e f l o w s o f t h e g i v e n t y p e a r e pos ­
s i b l e a n d a r e g i v e n b y e q u a t i o n s (59) a n d (60) w h e n Xi a n d X2 a r e f u n c t i ­
ons o f z a n d t a l o n e . 

5. S t e a d y a x i a l l y s y m m e t r i c v i s c o u s f lows of t h e t y p e c u r l q , = A 2 q a , 
c u r l q 2 — XtqL w h e n A,, X3 a r e f u n c t i o n s of r on ly . 

T h e c o n d i t i o n s o f i n t e g r a b i l i t y f r o m e q u a t i o n s (18) a n d (14) o f (5) a r e 

(62) — — Z ) 2 i/j = ^ — — i - — ' - i — —- ~ - •] . D\. 
r o f S ( z , r ) r J dz r 

A s t h e f l o w s are g i v e n to be s t e a d y a n d a l s o s e l f - s u p e r p o s a b l e , s i n c e 
t h e c o n d i t i o n s o f t h e o r e m i n s e c t i o n 2 a re s a t i s f i e d , t h e c o n d i t i o n s o f i n t e g ­
r a b i l i t y r e d u c e t o 

(63) D2Q = 0, 

(64) D4y=0. 

I n t h e p r e s e n t case , f r o m e q u a t i o n s (18) a n d (20) Q1} Qit dyjdr a n d dyjdr 

a r e f u n c t i o n s o f r o n l y . T h e c o n d i t i o n s o f i n t e g r a b i l i t y g i v e 

(65) D , Q t = ^ ^ ± ^ Q t = o ( ¿ = ( 1 , 2) , 
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rA Vrrrr — 2 r 8 y>T'„ + %r2 W„ — 8r y>T — 0. 

T h e s o l u t i o n s o f t h e s e e q u a t i o n s a r e 

<67) Q1=Air* + B1, Q2 = A3r2-\-B2, 

•(68) V i = Cxr2 + Z>4 + Es* + F1rt l o g r , y2 = C a r B + D2 + £ 2 r 4 + T V * l o g r . 

F r o m (21), (22) w e g e t 

<69) X — — — t ± = ô r • 
Î3 S <tya 

or 

S u b s t i t u t i n g f r o m (67) a n d (68) f o r y>t, y>2, Qt a n d w e get 

(70) (4£±r* + Ft) [<2C , + F , ) + 4£ ,r» + 2 F 2 l o g r ] + A, (A,r2 + Z i 2 ) = 0, 

m (±E2r2 + F a ) [ ( 2 C t + F x ) H - 4 £ t r ' + 2 ^ l o g r ] + A2 (Ay + 5 , ) = 0. 

F o r (70) a n d (71) t o h o l d i d e n t i c a l l y f o r a l l v a l u e s o f r, w e r e q u i r e 

8 ^ C 2 + AiA% = 0 , 8 £ , d - f X n 4 a = 0, 

•(72) 2 ^ + ^ = 0 , 

•of w h i c h t h e s o l u t i o n s a r e 

<78) 

(0 £i = 0, Fi = 0, Ai = 0, F 2 = 0, 2F a C\ + A2Bt = 0 

( « ) F i = 0, Fi = 0, A, = 0, c t = 0, 5 t = 0, 

(»0 F i = 0, Fi = 0, At ^ 0 , Cl = 0, A2 = 0, 

M = 0, Fi - 0 , A2 = 0, Ci = 0, z*s = o, 

(v) F i = 0, Fi = 0, A, - 0 , F 2 
= 0, F 2 = 0, A, =z0 

< « ) Ei -=o, Ft = 0, A2 = 0, E, = 0, F2 = 0, B, ^ 0 

(vii) E2 
- 0 , F 2 = 0, A2 = 0, c2 = 0, At = 0, 

(via) Et = 0, F 2 = 0, Bi = 0, = 0, AL^0, 

( « ) F 2 = 0, F a = 0, Bi = 0, A, = 0. c 2 = o, B* = 0 
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F o r f i n d i n g Xlf X2, w e use 

(74) 8E,r2 + 2 F 2 2Azr 
Ay + B, 2Cs + ±Ey + 2F,r l o g / - + i > ' 

(75) X2 = 

t o get 

("•) 

( " 0 

M 

(76) -j (*) 

( « ) 

(i>n) 

8 £ > a + 2 F , 2 X t r 
,4,/-* + 5 , 2 C 2 r + 4 £ > B + 2F2r l o g r + F a r 

Xt = 

Xl = 

Xi — 

¿1 d 

X2 = 0 

SEy + 2 F B 

SEy + 2 F 2 

Jl x = 0, A 2 — 0, 

* i = 0 f A, = ^ 

2,4, 
2 C 2 + 4 £ 2 r 2 - j - 2 F , l o g r + F / 

= 
8 £ > 2 -4- 2 F t 

B, 

(viii) 
2^1 S 

2 C 1 + 4 £ l r 2 + 2 F 1 l o g r + F l 

A ± — 0, A 2 === oo . 

T h u s w e f i n d t h a t e i t h e r ( i ) one o f t h e X's i s z e ro a n d o t h e r i s c o n s t a n t 
o r a f u n c t i o n o f r a l o n e i.e. one m o t i o n i s i r r o t a t i o n a l a n d t h e o t h e r i s o f 
t h e t y p e c a r l q — A q w i t h X a c o n s t a n t o r f u n c t i o n o f r a l o n e o r (H) h o t h X' s 
a r e z e ro i.e. h o t h m o t i o n s a r e i r r o t a t i o n a l o r ( m ) h o t h X' s a r e f u n c t i o n o f 
r a l o n e i . e . h o t h m o t i o n s a r e r o t a t i o n a l o r (iv) one o f t h e Xr s i s zero a n d 
t h e o t h e r i s i n f i n i t e i.e. t h e r e i s o n l y one m o t i o n w h i c h m a y he r o t a t i o n a l o r 
i r r o t a t i o n a l a n d t h e o t h e r m o t i o n v a n i s h e s . T h i s m a y he r e g a r d e d as a d e g e ­
n e r a t e case . 

T h e r e s p e c t i v e v a l u e s o f s t r e a m f u n c t i o n s y>1 a n d ip2 a n d c o r r e s p o n d i n g 
v a l u e s o f Qt a n d Q2 a r e as f o l l o w s : 
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(0 Vt^Cy+D» Qt=Blt y^Cy+D^Fyiogr, Q2=Ay+B2, 

( i i ) V i = Z J i , 0y>2=Cy+D2+E2r*-j-F2r2 l o g r , Qj=A,r*-\-Bt, 

( i n ) ^ = 5 , , y ^ d r M ^ + ^ M - r V * l o g r , i 2 2 = B 2 , 

v Q ^ A y + B u y^Cy+D^Ey+Fy l o g r , i 2 , = 0 , 

<77) { („) ^ = 0 * + ^ . fli=Si, V 2 = < V 2 + D 2 , £ ¡ „ = 5 , , 

V ^ C ^ - f ^ i . Û i ^ j r ' + S i , y ^ C ^ + D , , ^ 0 , 

( « / f ) y^Cy+D^Ey+Fir* l o g r , fl^Z^, V i = û > » Û , = S a , 

( „ i i f ) V i ^ C i i - ' + D i + F i r M - ^ r ' l o g r , ^ = 0 , V < = £ > . , Ô a = X , r M - . B t , 

(ix) V ^ d r ' + A + F i r M - ^ r ' l o g r , i ^ ^ r 2 , V . = i > , i £ 2 = 0 -

6. S t e a d y a x i a l l y s y m m e t r i c v i s c o u s f l o w s of t h e t y p e c u r l q l = A 2 q 3 , 
c u r l q a — Ai q j w h e n XL> X2 a r e funct ions of z on ly . 

I n t h i s case f r o m (39) a n d (40) ytt> yj2, Q1 a n d Q2 a r e f u n c t i o n s o f z a l o n e . 
A s t h e f l o w s a r e g i v e n t o he s t e a d y a n d a l s o s e l f s u p e r p o s a b l e , s i n c e t h e 
c o n d i t i o n s o f t h e t h e o r e m p r o v e d i n s e c t i o n 2 a r e s a t i s f i e d , t h e c o n d i t i o n s o f 
i n t e g r a b i i i t y (61) a n d (62) r e d u c e t o 

<78) 

<79) 

( i = l , 2 ) . 

(i — 1 , 2 ) . 

S i n c e t h e ^ l e f t h a n d s i d e o f a b o v e e q u a t i o n i s a f u n c t i o n o f z a l o n e , 
t h e r e f o r e f r o m (80) w o h a v e 

(80) 

(81) 

O n i n t e g r a t i n g (80) a n d (81), w e g e t 

(82) V l zzz C,zB + Dtz' + ELz + Ft, 

a n d 

(83) ( ^ y + f l » = c o n s t . , 

O n i n t e g r a t i n g (78) , w e get 

(84) 

F r o m (83) a n d (84) 

Qt—A,z-\- Bt, 

a, P = 0 . 

y2 = C2z3-\-D2z2±E,z-t~F2 

(j~y+Ql ^ c o n s t . 

Qo = A„z + B9. 
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(85) 

F r o m (41) a n d (42) 
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3 C , + A\ = 0, D± + A1Bl = 0, 

3 C , + ^ | = 0 , 

(86) 

S i 3 2 9 > t 

dy>t 

dai 

dz 

S u b s t i t u t i n g f r o m (82) a n d (84) f o r y>,, y „ fii a n d we g e t 

A2 6C2z + 2 D a 

(87) 
¿1 

- 4 i * + fii 

6C.Z + 2Z)! 
3 C s z 2 + 2Z) 2 z + £ s A2z + B î 

F o r (87) t o h o l d i d e n t i c a l l y f o r a l l v a l u e s o f z, w e r e q u i r e 

C 1 C , = 0 1 C 1 Z ) , = 0, C D t — 0 , 

4 0 , / ) , + = - 6 C X £ 2 = — , 

X j i i i + 2 Z ? ^ i = 0, ^ S , + IDtE* = 0. 

T h e s o l u t i o n s o f e q u a t i o n s (85) a n d (88) a r e 

( i ) / l , = 0, ^ T = 0, C, = 0, C 2 = 0, 

( i t ) Ai = Q* J3t=0, C ( = 0 , D t = 0, £ , = 0 , 

T h e c o r r e s p o n d i n g v a l u e s o f Ai a n d As a r e 

t (i) ^ = 0 Aa = 0, 

( ( « ) A, — eo, A 2 = 0. 

(89) 
3 C , B\ 

— 0 , 

(901 

T h u s w e f i n d t h a i e i t h e r (z) b o t h A' s a r e zero i . e . b o t h m o t i o n s a r e i r r o t a -
t i o n a l o r (ii) one o f t h e I's i s z e ro a n d t h e o t h e r i s i n f i n i t e i.e. t h e r e i s 
o n l y one m o t i o n w h i c h m a y he r o t a t i o n a l o r i r r o t a t i o n a l a n d t h e o t h e r m o ­
t i o n v a n i s h e s . T h i s m a y be r e g a r d e d as a d e g e n e r a t e case. 

T h e r e s p e c t i v e v a l u e s o f t h e s t r e a m f u n c t i o n s yL a n d t h e y>2 a n d c o r r e s ­
p o n d i n g v a l u e s o f i } A a n d Q2 a r e 
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(i) y>i — ElZ + 'y>, — E2z + f „ i 3 i — Blt Q% — B%, 

(91) 
(if) Vt — Ft, y>2 

Dl 
%B: 

za-\-D2z2-\-EtZ-\-Fj, Q^O, Qt=Aaz+Ba • 

7. S o m e s p e c i a l i n v i s c i d a x i a l l y s y m m e t r i c f lows of t h e t y p e c u r l q ( = X2 q 2 

c u r l q » = A 1 q 1 . 

E l i m i n a t i n g y>lt y>2 f r o m (21) a n d (22) , we get 

(92) 

(93) 

(94) 

d'Qt ( 1 M t , l \ 8 f l , 

L e t 

(95) 

so t h a t 

(96) 

(97) 

T h e r e f o r e 

(98) 

(99) 

9 r 3 \XLdr ^ -rj 

1 1 — K i. 
K ar" + r 

i. 

1 M i , 1 

XT a V + r r i. 

l 2 ^ A t r K ~ l , 

l ^ A 2 r ~ K - \ , 

^ - K r ^ + A t A ^ O , 

r* ^ + KT ^ + AtA2Q, = 0. 
d r 

K+i 

Qt=r Ct e -\- Dt e 

s ' + A , e 

y-t a n d ip9 a r e e a s i l y f o u n d f r o m (21) a n d (22) . 

A s a s e c o n d case , l e t 

(100) 

(101) 

7f—t 

i . e . Xt = A2i K ' - l 

N o w t h e e q u a t i o n s (92) a n d (93) r e d u c e t o 

(102) d 2 f 2 , K dQt , , . K+K'—Z- (, 
AiA2r Ui~ 0, 
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(103) é^k _ £ . êgi + A L A 2 flf = o. 
dr a r dr 

N o w y = x
n f { Jn(Bx'{) s a t i s f i e s t h e e q u a t i o n 

(104) g - 2Z2Z± | ? + ( 5 > y» ff == 0. 

T h e r e f o r e t h e s o l u t i o n s o f e q u a t i o n s (102) a n d (103) a r e 

K+K' 
K+K' 

K' + l I . K+K' 

I f ^4i / la i s n e g a t i v e , t h e s o l u t i o n s c a n he e x p r e s s e d i n t e r m s o f m o d i f i e d 
B E S S E L . f u n c t i o n s . A c c o r d i n g l y y>t a n d y>9 a r e e a s i l y f o u n d f r o m (21) a n d (22) . 

E l i m i n a t i n g y>1} y^ f r o m (41) a n d (42), w e get 

(107) ^ _ ^ i ^ + 1 A f l l = o , 

(108) ^ l _ ^ ^ « l + i A f l l = 0 . 

L e t 

(109) X^BtZ*1, X2 = B2zK\ 

T h e n f r o m (108) a n d (109) 

(110) ^ - ^ ^ B ^ z ^ + x * i 3 i = 0 , 
dz z dz 

(111) d^^K^dp B ^ z K l + K 2 _ 0 

dz z dz 

T h e s o l u t i o n s o f t h e s e e q u a t i o n s a r e 

£ • [ + 1 / „ , , Kl+K2 + ^ 
2 (us) „, = , » y ^ y ^ 2 « 

I f ^ + ^ = - 2 
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Ü T Î + 1 

(114) Qi = z Eı e ~T Ft e 

(115) Q. = z 

T h e r e s p e c t i v e v a l u e s o f t h e s t r e a m f u n c t i o n s %pt a n d y>a c a n be o b t a i n e d 
f r o m (41) a n d (42) a c c o r d i n g l y . 
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ÖZET 

fa , r ve i n i n , fa de z ve / n i n fonksiyonları o lmak üzere 

rot q[ = i.2 q a ; rot q 2 = Xı qı 

şeklinde, hız alanları hem kutupsal h e m toroidal bileşenleri haiz , bir 
eksene n a z a r a n Bİmetrİk, l n z u c i y e t s i z ve üst üste tatbik edi lebi len akışlar 
incelenmiştir. 

%ı i n sadece r n i n ve fa n i n de sadece z n i n fonksiyonları olmaları hal inde 
luzııciyetii ve zamana tâbi o lmayan a y n i t ipten akışlar da tetkik edilmiştir. 

Ayrıca l u z u c i y e t s i z bazı özel akışlar da gözden geçirilmiştir. 


