ON AXIALLY SYMMETRIC SUPERPOSABLE FLOWS OF THE TYPE
CURL q, =%;q,, CURL gq,=4,q,

J. N. Karur ane B, ., Baatia

In the present paper we have discussed invigeid axially symmetric super-

pbsable ‘flows of the type curl q;==%sqs, curl qy= 3, q; having both

poloidal and toroidal components of veloeity field, when },, A; are fune-

tions of r and ¢ and z and ¢ respectively. We have also diseussed steady

viscous flows of the same type. whell }, and 3, are functions of r and =z

respectively, Some special inviaeid flows of the given type have also
been discussed.

1. Introduction. Axially symmetrie superposable flows have heen studied
by Prem Praxasm['], Ram Barrazem [?], Buarnacar and Varma [?] and Kapur [V3],
while flows of the type curl g, =4, q,, curl g,-—41,q, which are mutually su-
perposable have been studied by Ram Barraes[®], Guupyar[] and Devi Swen[?).
In the present paper, we study axially symmetric superposable flows of the
ahove type when the flows have hoth poloidal and toroidal components,

In section 2 we first establish a theorem giving the condition for both
the flows to be self-superposable when hoth 1, 4, are functions of one space
variable and time. In scetion 3 we have shown that for inviseid flows of the
given type 2, and 1, cannot he functions of hoth » and s. In section 4 we
have obtained the most general flows of .the given type when 1,, 2, are fune-
tions of z and ¢ alone. Sections b6 and 6 are devoted to a study of steady
“flows of the given typé when ‘A, 4, are rospectively funetions of r and 2
alone. Finally in section 7, we consider some special inviscid flows of the
given type.

2. A theorem on superposable flows of the type curl q,=1;q, curl
4, =1, q;. T

Theorem. Lef &, @y, g represent a curvilinedr orthogonal sgstem of corors
dinates. For superposable flows of the tgpe carl q,=4,qy carl q, =21, 4q; of

incompressible viscous fluids, let L,, ly both be functions of one of the three co-
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ordinates «;, @, %; and t alone; then each of the two motions whose velocity wvec~

‘tors are given by q, and q, is selfsuperposable if

(1) (42 V) g = (g V) qz -
Proof :
Gurl [q, X curl q,] = curl [q, X 4, q.] = curl {i,q, X q.]

=grad 4, X (q. X do) 4z curl{q; X q,)

(2)
= (grad 1,-q;) q.— (grad i;-q:) q,
+ 4y [a, Aiv. gy—q, div. g+ (s V) (9 V) qo] -
Since the fluids are incompressible, we get from the equation of conti-
nuity '
-(8) div, q, =0. div.q,=0.
Also
(4) 0 =div. (curl q,)=div. (1, q,) =41, div. q, - q,-grad i, .
Using (3) we gel
(5) q.-grad 4,=0,
and
(6) q.grad 1, =0,
Using (8) and (5) we get from (2)
(1) curl [g, X curl q,] =— (grad dy7q,) 4, -+ 45 [(qo-v) a, — (ds- V)q.]
Similarly
(8) curl [q, X curl q,| = —(grad d-q;) q, 42, [(q,* 7) 9, — (g2 V) q,].

Now let 4,, 4, be functions of «, and ¢ alone and in the curvilinear ortho-
gonal system let

(® ds® =hid i+ hida}+ h}das

where h,, h, and h, are functions of «,, @,, «,; then

1094 10841
10 T — i g == | s —z .
(10) grad 1, (hl 3a, 0, 0), grad 1, ('hn 5. 0, O)

From (5), (6), the components of q,, q, in the ecurvilinear orthogonal
system would be of the type
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{11) q =0, v, wy) qs = (0, v, o).
From (1), (10}, (11), we have
(12) (9 V) q: —(4,* V) q, =0, gradd,rq;=0, gradi,.q,=0,
50 that from (7) and (8)
{13) curl [q, ) curl q,] =0,
(14) curl [q, X curl q,] =0.

Thus the two individual motions are self-superposable. The same resuli
obyviously holds when 1,, 4, are functions of «,, ¢t alone or of «,, ¢t alone.

3. Axially-symmetric flows of the given type when 4, 1, are functions of
r, t alone.

Let

1 dyy [¢N 1 gy,
15 P i ST N1 ¥ PR Sk i ] —
{18) i ” zlr+r:v+rar1, (i=—1, 2)
where i., iv f, denote the unit vectors in the cylindrical system of c¢o-ordi-

nates. From (15)

1 940; 1 . 1 8¢
16 e e . — it Fp—
(16) ourl q=—— 54 i,—— Diygio +— Tl (=1, 9)
where
an Dt == a? i 9 02

B R

From (5) and (6)

(10w g
or r 9z,

Since %J.,: =+ 0, this implies
r

. o d
{18) _1‘_0_1—0’ &_0,

go that boih the motions do note have radial components of veloeity, From
the relations '

(19) curl q,=12,q,, curl g, =24, q,
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we get, on using (15), {18), (17) and (18),

20 = —_— =

(20) dz 0, dz 0,
HERT 1 dw a0 D 0

21 R t__ — T 9r _ , S¥e

(1) Drw, = ar® rodr dy s ar Ay ar |
a2y 1 dy, ail dyp

22 Py = —— == it N Bt S

(22) Dry,=-g t—— .90, =y

Again in this case, on using (15), (18), (20) and axial symmetry, we get

[ {9:: V) q. — (91" V) q2 ’ ,
— ___u1 a"t')z_am _Q_gi 13% d _la_'ll"l 0y, la_"fﬁ
(23)} "[ Can T rntT o [ e R ar“'z]

_[_l%;£¢ Q0 18y B] Ldp,, | 0,
¥ dz or | et O r dr Uz

. 1 9y, ,
2 e e R

¥ dz

s0 that the condition of the ahove theorem and equations (13) and (14) are
satisfied.

Now the conditions of integrability for the two motions are

(24) % (cutl qf) -+ curl (eurl q; X qf) =» 77 (curl qq).

For inviseid liguids on using (13) and (14), these reduce to

T T T T T L I e 7 © a2 o e i 4 e o

8
(25) = (curl g =0,
or )

a Q2

(26) ?ﬁ( A,-Tf) =0,
and

@ (1 dwey
(27) at(r 8:’)_0
From (21), {22) and (27)

a1 Iy
9 SR T
(28) i ( r ar ) 0

Integrating (28), we get
(29) Qy=filr}+ i (8) (i=1, 2)

where f;. ¢; are arbitrary differentiable functions of r and ¢ respectively.
From (28), (29)
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30 = P {=
(30 A=t e (i=1,2)

where P; is again an arbitrary differentiable funection of ». This equaiion
‘gives the most general forin whieh 1,, 4, can have. From (21}, (22), (28) and (30}

(31) _a‘il_.fl(r)-f_‘f‘t(t)fzf(r) : @ﬂ_fﬁ(r)+§”2£t_)ft;(?.}

a T P o T Pr)

so thai the general forms of velocity vectors are

(32) w=r (( o) i+ = 28 (10) + e 0)

| [y

P
(33) @ = (fulr) . (1)) 3o Il, ';, ) (f2() + 92 00)) 5.

Equations (30}, (82) and (33) give the general solution of our problem.
The funetions f;, ¢; and P; are however to be so chosen thal v,, @

T

the first of the equations (21} and (22}, From the first of these we get

satisly

(34) f Po—rP f PP £ =0,
(39) rPY Py — [ fy Py ePo (" fOfSY e PY (fUfY =0,
These equations give
P L
P, + i Ty
and
PIPQ—'_fl’ 2’1
so that
36 L fo b
(36) 2 Ar, P, i
Similarly from (22}
z r 1
37 f—l — '—f—?— _
(87) 7, Br, P e

where 4 and B are arbitrary constants.

Equations (36) and (37) are not consistent and thercfore show that no
axially symmetrie superposable motions of the given type are possible when
i, 4, are functions of » and ¢ only. However steady motions of the given
type exist when 4,, 1, are functions of r only for then instead of four equa-
tions of the type (84) to (87), we shall have two equations to be satisfied by
fuo far P, and P, We study these motions in the next section for the more
general case of viscous fluids. For inviscid flows (21)-, (22) give four eqguati-
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ons to solve for any four of the functions 2,, 2,, v,, v,, 2,, 8, when any
two of these are given. Some particular solutions for the inviscid case will
he studied in the last section.

4. Axially-symmetric flows of the given type when 1, 1, are functions of
z, t alone.

From (5), (6) and (15)

o4; (1 oy
38 =) =0,
(88) 8z ( r Or )
. 04, .
Bince 5—‘ + 0, it means that
Zz
Oy dy
39 P it
(39) or o, F 0,

g0 that hoth the motions de not have axial components of veloeity. From
the relations (19), on using (15), 16), (17) and (89), we get

ag ag
40 ik g iy
(40) o, T2 =0,
Fyp, - Jy, 00
(41) 3 =—2y s 1, =
a* Wo . a‘Pl a0,
(42) W_'—}'tglv Ay =— dz a6z .

Again on using (15), (389), (40) and axial symmetry

(de* Vg — {9, V) @
~[- 19y, 0, Q8

__}_
r

dyp, l dp, 2y, 1y,
y 9z 3r | 1 09 Tor ] et ]’]

d
(43) 9z r oz

19y 9 &3 1 3y, 1y, £, . 1oy, . 7
[ r 9z or rgav‘ r dr dz]{ r oz ot r l'ﬂ+r dr 1’]_0

so that the condition of the theorem discussed in section 2 is satisfied and
(13) and (14) are also satisfied.

Now the conditions of integrability for thetwo motions given by (24) re-

duce to
(44) 9 lg)=0
E—t(cur ) =
or
a /A dy
(45) 3!‘(1’ az) 0

and
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) i) 0
46 2.2
(46) M(LF)_a
Fromn (41), (42) and (45)

e /1 ag,

47 — = Y =
) 5 (F32)=o.
Integrating (47), we get
(48) 2y = Fi(2) + o (2) (i=1 2

where F;(z) and @;(¢) are arbitrary differentianhle functions of z and ¢ respec-
tively. From (46), (48)

49 i :p,—(z) i—=1, 2

9 I ASEE A0 t=h

where p;(z) is again an arbitrary differentiahle function of z. This equation
gives the most general form which ,; 1, can have.

From (41), (42) (48) and (49)

o W _RETEOp. W REER@ L,

az P2 (2) Bz pi(z)

so that the general forms of velocity vectors are

— 1 rF () &, (2) ’ . .F1(z)+451(”.
(51) = [—pl o 1 Foays, 2050y,
: AR ) pans o Felz) (1),
(52) =] A RO e

Equations (48), (51) and (52) give the general solution of our problem.
The funetions F;, &; and p; are however to be so chosen that w,, 2, satisfy
the first of the equations (41) and (42). From the first of these we get

(53) F1’FE'+F1F2”_F1F2'%1‘+P2PLZO,
F p

(54) 2=,
F, P

’
On eliminating £L from these equations

P
(55) : FOF +papy=0.
Integrating (54), we get

(56)
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Similarly from (42}

(57) FSFY A+ pops =0,
E_p
P2

where € and D are arbitrary constants,

From (55), (56) and (b7)

F’ 1
(58) b= D=
. Pe (8

It is obvious that these results are consistent. Therefore equations (51)
and (52) reduce to

(59) a=— 2 [Fi@+ 8,05+ L [F) +a 0],
(60) tr=— G [Fo )+ 20) i+ L[Fol) + 21 (0] 0.

so axially symmetric inviseld superposahle flows of the given type are pos-
gible and arc given by equations (59) and (60) when 2, and 1, are [uneti-
ons of z and # alone.

5. Bteady axially symmetric viscous flows of the type cwrl q,=1,q;;
curl q, —=41,q, when 2,. 1, are functions of r only.

The conditions of integrability from equations (18) and (14) of (5) are

a0 a
G T = a—if%u e,
13 r*D™p, ). 2080 .
62 Dy M WY 2T 0 T Dy,
(62) ,.ati a(z,r) r“az+r‘DTp

As the flowe are given to he steady and also self-superposable, sinee
the conditions of theorem in section 2 are satisfied; the conditions of integ-
“rability reduce to

(68) D=0,
(G4) Diyp =10,

In the present case, from equations (18) and (20) y, &,, dv,/0r and Oy,/or
are fanetions of » only. ‘The conditions of integrability give

o? 1 0 s
(65) Di"QiE(a—r? H_‘T E) Qi : 0 (l —(1! 2)!
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(66) D=t ) (G —tarw)=0 (=12

apt r or

or

P Yoy — 27 Yy o+ 872wy By, =0,
‘The solutions of these equations are
(87) & =Ar*+ By, 2, =As"+ B,
(68) w,=Cys?+D,+Er+Forrlogr, 9,=Cp*t D, Ep*{| Fullogr.

From (21), (22) we get

20, 2,
Dy, dp Dy, ar

{69 Ay — L m = ——3 = —"Tf= e
(69) 5 O, oy, * Q0 Ay,
ar ‘ ar

Substituting from (67) and (68) for w,, v, 2, aﬁd {1y, We get
(10)  (4Eur® -} F) [(2C, + Fy) + 4Ew® + 2F, log r] + A, (A + B,) =0,
(7)) (Er*+F) [(2C + F) + 4Es* - 2F, log r| -+ A, (Ay* - B)) =0.

For (70) and (71) to hold identically for all values of », we require

8E.C,+ A,4,=0, 8E.C,-+ A A, =0,
(72) 2F,.C,+ AB, =0, 2F,C, 4+ A4.B, =0,
EE, =0, FiF, =0, EF, =0, E,;F, =10,

of which the solutions are

(i E,=0, F,=0, A4,=0, F,=0, 2F,C,~+A4,B,=0,
(i) Fy=0, F,—0, A4,=0, (=0, B, =0,
() E,=0, F,=0, A,=0, C,=0, A4,=0,
(iv)  E,=0, F,=0, 4,=0, C, =0, B,=0,
{78) () F,=0, F,=0, A,=0, E,=0, F,=0, A,=0,
(vi)  E,=0, F,=0, A,=0, E,=0, F,=0, B,=0,
(vi)) E,=0, F,=0, A4,=0, C,=0, A,=0,
(viii) E,=0, F,=0, B, =0, C,=0, A4,=0,
(ix) E,=0, F,=0, B,—0, A,=0, C,—0, B,—0.
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For finding ,, 1,, we use

) b SErtLOR, 2,
: AP+ B, 2C,r+4E* + 2F,rlogr+ Fir’
(75) gy — — DB L 2F 2A.r :
? Ay B,  2C, + 4E° | 2Fyr log r 1 For
to get
, 2F, A
(‘[) Al:_'ﬁf:'af’ 12:0,
(i) A — 0, A, =0
2
8E,rt 4 2F.
(iif) a=—B b =,
(iv) 2, =  BEw? 4 2F, 1= 24,
! Agp*+ B, ’ P20, 4B 4 2F, log r + Fy
(78) (o) A =0, A, =0,
, ' A, .
('UI) ’11:01 R‘zzé 1
2
(o) n=0,  n=—LtErdi
B,
_ 24, _ BEs*H2F
(vitt) TR VRN Ty Crry A A . Ly
(ix) Ay =0, A, = co.

Thus we find that either (i) one of the 1’s is zero and otheris constant
or a function of r alone i.e. one motion is irrotational and the other is of
the type curl g =24 q with 3 a constant or function of » alone or (it) hoth 4" s

are zero i.e. hoth motions are irrotational or (iii) hoth 1’ s are function of
r alone i.e. hoth motions are rotational or (iv) one of thed” s is zero and
the other is infinite i.e. there is only one motion which may he rotational or
irrotational and the other motien vanishes. This may he regarded as a dege-
nerate case.

The respective values of stream functions y, and w, and corresponding
values of £, and @, are as follows:
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@ i =Cyr*+Ds, =B, w,=Cp+D,+Fptiogr, Q=As"+}B,,
(i) p,=D,, @2,=0, v, =Cyp? D, Ep*IFrtlogr, Q,=Ar"+B,,
() =D,y Q=B v, =Cyt-DytE;r +Fpilogr, 2,—8,,
(o)  w=D,, 2=AsB, 9, =Cp'+D,+Er+Fptlogr, 0,—0,
{17) (v) v,=Cy*+D,. £,=B,, w,=Cy*LD, Q;—B,,

(v1)  y,=Cy™+D,, Q=Ar+By,, w,=Cp?+D, 0,=0,

(vil) 9, =Cu'+D,+Er“tFrilogr, ,=B,, w,=D,, 2,=B,,
(vitl) 9, =Cyp*+-DiHEptt-Fatlogr, 92,=0, w,=D, 0=Ay'"B,,

(ix) p,=Cyr* Dy F it -For? 10g L 0,=A %, w,=D,, 02,—0,

6. Steady axially symmetric viscous flows of the type curl q,=A4,q;,
curl q,+=1, q, when 1;, 1, are functions of z only. ’

In this case from (39) and (40) v, v,, 2, and Q, are functions of z alone,
As the flows are given to he steady and also selfsuperposable, since the
conditions of the theorem proved in section 2 are satisfied, the conditions of
integrabiiity (61) and (62) reduce to

820
(78) aj‘i‘:o, (i=1, 2).
. Ty 0%y N _ Lty .
{79) 2 (52— age T % 5;) =t g (=1, 2).

Since the left hand side of above equation is a funection of z alone,
therefore from (80) wo have

.
(80) az-;‘ !
Flopy 3Py 942,
8 I i —
(81) 5, 5, @iz =0

On integrating (80) and (81), we get

(82) v =Ciz*+ Diz* Eiz+ Fy, w,=C,z" + Doz + Bz + F,
and
(88) ( 3%) + 0 = const., ;li”@)ﬁr Q3 = const.

z

On integrating (78), we get

(84) QI:AIZ —}' BU Qe =A-_:Z+B,.

From (83) and (84)
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(85) 8C, 4 41 =0, D+ A.8,—=0,
8C,+ A4 =0, Dy + 4,8,=0.
From (41) and (42)
%, Py
3z 5
A, = —_ — s
' o, 24
dz
(86)
20, oy,
2
2, — dz - 0z
o, o,
az

Substituting from (82) and (84) for w,, v, £, and Q,, we get

L A, . 68Cz+2D,
YTBC et 42Dz S B, Agz+ B,
(87)
L A, __ 8Cz42D,
P UBCe 2D B, Az + B,

For (87) to hold identieally for all values of z, we require

c.C,=0, CD,=0, C,D0, =0,

(88) 4D1D2 + AeAl — 6C1E2 _ GCQEI s
A,B,+2D,E, =0, A,B,+2D.E,=0.

The solutions of equations (85) and (88) are

() A, =0, A,=0, C,=0, Cy=0, Dy=0, Dy,=0,

(89) De
(i) A,=0, B, =0, C, =0, D=0 E =0, 3C,+B—: =0.
2
The corresponding values of 1, and 1, are
C(7) A=0 1,=0,
(80

(i) biy=eo, 1,=0.

Thus we find thal either (i) both 1’ s are zero i.e. both motions are irrota-
tional or (i) one of the 1" s is zero and the other is infinite i.e. there is

only one motion which may he rotational or irrotational and the other mo-
tion vanishes. This may be regarded as a degenerate case.

The respective values of the stream functions v, and the w, and ¢orres-
ponding values of Q, and @, are
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) yw=Ez+F, w,=Ez+F, =58, ,=8,,

D2
(i) py=F, w=— 3 5% 2Dy | B FY, =0, 0Q,~=4.218,.

(91)

7. Some special inviscid axially symmetric flows of the type curl q, =1, g,,
curl g, =2:q;.

Eliminating v,, v, from (21) and (22), we get

a0y (19, s, _
(92) ot 7, ar F+ )574"’1“129‘""0‘
320, (109, 20,
(98) ey (1 5. T ) A0, =0,
Let
5
(94) 7_1— $+%=§ ie. il,= A, rE-1,
2
1 67 1 K .
(95) Ka—;[—l——r—ﬁ—r- i.e. iy :Agr"”'K*_l )
so that
2
(98) el 2, =0,
(97) Oy ke S aa,0,=0.
Therefore
41 VR I—d4,4 - LVEA DT 44,4,
(98) Q,=r * [clez ( 12?{*012 iV ) 1z:|’
—K+1 l\/'__'“_'_f—__"'_ e T
(E—1) 444 A" 44,4
(99) Qy=r ° {cz e M Dy ® 3V ‘*].

vy, and v, are easily found from (21) and (22).

As a second case, let

1 84 i K , —1
(100) Tt ie. hy—= A",

2

1 ok 1 K , r—q
(101) T;gi+7:7 i.€. 1-1: EJ'K .

Now the equations (92) and (98) reduce to

(102) it KdQ‘—}—AA Ko E--2

drt £:==0,
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(103) 40, K7 dg,

K4-E—2
dr® - v dr +A1A2P QE=0‘

Now p==x" [J,(BxY) satisfies the cquation

d*y  2ny—1 dy
104 ey  eny—> 44 2,2 L 2Y—2Y .
(104) e T (B ) y =0,

Therefore the solutions of equations (102) and (103) are

(105) o :rK: : 7 (Mrrﬂ;m) '
= Lo e )

(106) - Q *rK’;l (2"‘*“42 KtK’)
T e\ ket

If 4,4, is negative, the solutions can be expressed in terms of modified
Besser, funetions. Accordingly v, and v, are easily found from (21) and (22).

Eliminating ,, v, from (41) and (42), we get

d*Q, - 1 di, do,

107 40, - 1di, _
(1o & T de de T RE=0
20, 1di de, .
(108) Ut T de & =0
Let
(109) A, = BZ5, A, = B2

Then from (108) and (109)

d* .
(110) e e
£l

The solutions of these equations are

Est1 2 VEB K1+ K,+2
(112) 0=z * (——‘2— z )
1 J;(iz;:_l_z K K, 2
( Hi+1 zvﬁ H\+Hy+2
113) Q,—z ® 1L - 2 .
’ JKLE[.IT-:{Fz K1+ Kg + 2 : )

If Ki}K;=—2
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K2+1 1 P Earrrerere—— 1 v A B o
f2ve 1 VE+1)"=48,B —iVE,+1—4BB
(114) 9 =2z ° E1e=V(a ) 1By Fye T VE+1) B |
K41 L K +1)7 45,8, Y T N
P VE D) 4B, B — L VK T 148, B
(115) O==a T |Ey e TR g TAVECIAREL,

The respective values of the stream functions w, and v, can be ohiained
from (41) and (42) accordingly.
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OZET
his v Ve fnin, j, de z ve fnin fonksiyonlar1 olmak fizere

rot gy = jAp dg; rot 9z = 3y q

geklinde, hiz alanlara hem kutupsal hem toroidal bilegenleri haiz, bir
elksene nazaran simetrik, Inzueciyetsiz ve ust tiste tatbik edilebilen aluglar
incelenmigtir.

A1 in sadece r nin ve }, nin de sadece z nin fonksiyonlar: olmalari halinde
lnzueiyelii ve zamana t4bi olmayan ayni tipfen akiglar da fetkik edilmigtir.

Ayrtea luzueciyelgiz bazi Gzel akiglar da gézden gegirilmigtir.




