BAMILTONTAN ALGEBRAS

A, G, Smiru

Algebras of rank 2, with an involution which iz an anti-isomorphism

with respect to multiplication, were considered by Hamwron (refs. 1, 2, B).

In this paper, such algebras are shown to have three different types of

difference algebras with respeet to the radical. An algebra is also obta-
ined for any value of n.

1. A linear associative algebra M, of dimension {(n- 1} over a field F (not
of characteristic 2}, with basis (7y, 1|, 72y «+u, in}y Will b3 called «Hamiltoniau» if:

(a) i,=1, the multiplicative unit of F.

(4} Bach element x of H,,

where x=x,+tx i, txdst o+ xnin,
has a «conjugate»

X==xy X = Xgipg— """ — Xpip.

(c) ;;':};u}: where » and y are any two elements of H,.

T
, W1 .
2. Let irdy == Z at it where af. s F.
=0

Since o =1, fyi; =icfo=1i, and at,, =&, =qal.,

Since ipi, =i i,y a"yy=a"s and a',,=—a'y it j>0.
When r=s
=i =g, and al.,=0 & j>0.
3. Let x" = (x,, x,, %5, ..., x,} and Iet x be the corresponding column vector.

Let A, be the (n ¥ n) symmetric matrix:

a4
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aoll a“lg ------ aolﬂ
0 0
A, = sy Qg9 ttien
[} K !
@y LT ®np
Then

x+x=2x,8F,

and
xx=xx=x"Ax=N{(x)e F,

where

1 0
a=( )
A0 —Au

N(x) =N{x) is called the <norm» of x.

Every element xef, satisfies a uﬁique quadratic equation with coefficients
in F;
22— %x, x + N (x) = 0.

4. Since N(xg)=xgrg—rygr—+ N +=N&N(H) it follows that
N (™) =[N (0P
for any positive ihteger n.

If N(x)==0, x posdessed an inverse

X“l

:W).

5. Let x be a nil-potent element of H,, x"=0.

Then
NE=[N{&xN"=0 and x*—2r,x=0.
Hence : T
.xJ- . (210) = (2x0)r—l =0
and
=N =x+r=0
Let x*=¢ where c¢&F.
Then
e —2x,xr +N(x)=0
. and =
o= iif‘{(x—)sF, it x,5R0.
2x,

If xq=0, x*=—MNx)eF also.

Let &V, be the radical of H,, and let x and y belong to N,. Then
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(xg) = (gx)*=0 and (x}g’=0.

Hence xy = —yx.

Also (xy +2)*=0, hence xyz-} zxy=0,
But zxy == — xzy — xyz .. 2xgz =0,

Hence N, =0.

6. If r is an idempotent element of H,,
x? = x50,
Then N () =[N ()] =N (x).
The quadratic equation satisfied by x is unique and is x* — x = 0. Hence
N(x)=0 and x-+x==1 or x=1.
Then "
x = —;— + Z xp iy
T=1t
is idempotent if N(x) =0.
7. Let H,” e the difference algebra of H, with respect to N,.
H,' = i,

Let Z, be the centre of H,”. Then Z, is the direct sum of fields, by Depe-
KIND’s theorem.

Let e=e,+e,+ -+ | e, be the multiplicative unit of H,” where

e,-ej:rsl-je;.

Now &=—e¢ hence

bt te,=eatet o te,
Let e;+&;=Fk; and e;&—h; where h; and ke F.
tt eg=1 ¥

eg@i:ie;‘zﬁiﬁ:hisﬁl-

But e; does not belong to F, hence ¢; 5 1 &;.

Then there must exist a one-to-one correspondence between the e¢'s and &/s.

Let €; =e; where i3 .
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Since e;+ #;=k;5=0, then
em(ei-te;)=kiem, where m=Bi, m==j.

But epei=0=eye henee p==2.

i1
8, Let p=2, then

e—e t e 81—y 83—,

e e, =10

Then In= 2l e
:Znel_l_Z:'les
=F1+F2

where F, and F, are fields and
H' =H, e=H,e -, e,
Let ye#f, e, then yeH, e,.
g+ 5=2y =2 e =20, 2, &
T=2pe;, Y=2pe
or H, e,—=Fe,, H,)e,=Fe,.
Hence H,,” is the direct sum of two fields, each equal to F.

9. Let p=1e=e,.

##," is then a simple algebra with no two sided ideals, and by a theorem of
WEDDERBURN, igomorphie to an algebra: D, of (g2 q) matrices over a division

ring D.

The centre of M, Z,", is isomorphic to scalar matrices over F

Lk F

P where keF,

Let yeH,, then

q ' : :
yzz_z;,-je,-j where g2 D
f=1

eij & By =k Fy e; 8y =hF, where h and keF,

then

e,),é,-:?ij(chq—-e,J,):keU:th if. 1%&].

/
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Hence k=0, and e;-+ ;=0 when i==j.

Agam e!'f:eijeji:'gjfEl’j:eﬂel‘j:ejj'

Likewise &z =e;;. Hence g¢=2.
10. Let eig+5fi=qu, eiigii:th'
Then ey eg; = ey (k E,—ep)= (k—1)e;, hence k=1 and
et en==FE,
Let g==1. Then H, =2/, a division ring containing F,
Let g =2. Then H, =2 D,, an algebra of 2X2 matrices over a division ring D,

Let 4 be any element of D and y an element of H,” such that

d 0 _ /0 0
—t and = .
0 0 0 d

Then g4 g=d £, and y-J g7 is contained in F, hence d is contained in F,
and so D=F.

Hence we have proved the following
Theorem. The difference algebra H, = H,]N, is isomorphic to one of the

following
a) The direct sam of two fields, each equal to F.

b) A division ring containing F as a sab field.

¢) The algebra of (2X2) matrices over F.

11, Multiplication Tables for H,.

n=2
f2| :aﬂu i2‘1=anﬂ
fifp=a, tawn' i+ a,®is
a," = fa”  ap =—ay dr” = — aa,"

The associativity conditions
(i) ia =11 (ai) iy =14yi,"
give the following relations

[ 1 2 2 n 2 I b —
ap’an +agg a,’ =0 ap” a1 tae'a =0
12 0 1 H 0

(arz Y —an"=0 ' a’ +aR’ =0

{a;’y — a," =0
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putting a,' =1, a,;°=m, the multiplication table bacomes
e

. 2 .
if=m* iy" ==

iiy=——Im+1li+mi,.

Then
1 0 0
=0 -—m? Im
0 lm —I*
which is singular.
Taking [=--m=1, the multiplication table becomes

PPt =1 =14 — i,

12. n=3§
The equations of associativity give the following sets of solutions
' =ap’ anp'=an® ag = as’.
Putting these coefficients equal to u, » and w respectively and
ay' =1, a;,"=m a. —n,
and using the other equations of associativity, the multiplication table becomes:
il=uw'—mn, P =c*—nl, '=w'—Imn
fpip=(la—ow)+1i,+wi,+ vi;
faiy ={mv—wa) fwi, - mi, - ui,
ivis=(nw—uv)twi,tui,‘ni,
Hl=m=n=1 and u=o=w=0, the table becomes that of quaternions.
A second set of solations is given by:

Ay’ = aa” = a” =0

3 T — H 1 1 2 -
as,” + a5y —_023’+‘112.*‘1:11 + @y’ =0,
On putting

f J—— 1. f J—
@ Ty a8, @y —

the multiplication table becomes
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i=r =5 =1t

Iy =rstsiy—riy

=st-tsi—Fi,

~~

)
~.

s

il —=rf—fi,+ris

Putting r=s=1¢=1, the table becomes

ipda =1 i, — i, ]
i =144 —i,
13, n=4

From the conditions of associativity, the following relatives are obtained:

(A) agslza:ul:ag?l:o
2 _. 7 7
ag =ay)  =a’ =0
3 — Y Jp— T —
a; =y =ay =10 :
R Y
oy g =y =0
or =
2 4 1 1 2 E
- dye 3T ag, Qpy Qg :
1 3 21 4 2| -
A Gag”  dpy | = | My Qe dye” | — 1,
1 L 4 2 1 2
gy iy Qg Qg™ g Oy
(A2)
L H 3 2 L
@y Fay @ dyy~ 13 Qg
3 L 2| 1 8 4| — 3
2. @' an | = lan' 4y an'[=0,
2 4 B a
9" yy i Qay”  diy gy £
1w, 11— [ £
(B) dipt =a, =ay,'=10 :
[ J— f J— 2 —
ay = ay” =ay =0
{B1)
. 8 — 3
g =@z =gy =0
&4 j—
i = dyy = ay =10

or
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aay a?iJ a-zf a“n ﬂ'nl ‘1.-141
' aet et = ey’ ay ay'|=0,
an? ant agt a’ eyt ay’
a,* ! a,® arg' alez ay’
@yt algl a’ | = | e aﬂg ags® | =0,
VR L IV as,' oy’ e’

Putting a,3' =1, a;,*=m and a,,° —=n, the table:

. . 2 2 PR
ihV=—mn, iS=—nl, #*=—ml, =0
ff, =iy, =11, =0
iy =1, §Lii=miy, Li,—ni

is obtained. If ] —=m =nr —1, the algebra is the quaternion algebra.

Putting ay'=1, a5, =m and a,,"'—=n the table:

fihy=—i i, =i i, =0
fhfg=1li, fai,=mi, i fa—ni;
ig obtained.

Putting a," =r, a\,' =s, ay" =1, a,,' —n the table:

ilo=rstsi—ri,
PWha—=rttiti,—ri
Lhi,2=rutnoi,—ri
fofy =stt-ti,—siy
ivi,—su-tui,—si,

iy —=fa-tui,—f*fi,
is obtained.

If r=g=s=¢=1, the table becomes

=1, ii,=14i, i, p ¢=1,23,4

(B2)
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14. An Algebra of Arbitrary Dimension n.
The algebra H,, where: z
' =1, :'Pr'q=1+ip-iq, p,g=12,...,n
ig clearly associative, and
Ny =x— (x40 + 2
P =2x, x — N (x).
Henece if x?—=10, x, =0 and N (x)=0 and

xu:_(x1+---+.r"):0

Let R be the set of elements of /, whose squares are zero, and let

x,yeR.
Then
X=x i1+ x,i, where x,+rp4-rr+x,=0
y=giixt - +uyni, where gty +-rty=0.
Hence (x—g)=0, for (x,—zg)+ -+ (x,—y)=0.
Further . xip=x—=—ix, r=1,2,...,n,
_then xe=k x
zx = ke x
where ki=zy+(z.4+ "+ z)eF,

kz:zo'—‘ (zl+ b +Zn) EF}
which proves that R is a two-gided ideal, and
R& N,

Let ws N, then w®==0, hence N, = R.

Hence R=WN,, i.e. the radical of A, consists of all elements whose squares

are zero.

Geometrical Representation.

Any element x # H, con be represented by the point r = {xg, xy, x4y oo, xp) in
{(n+1) dimensional euclidean space. The radical W, is then represented by the
set of points in the (n— 1) dimensional sub-space
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=0, x;+x;+ - Fx,=0.
The «perpendicular distance» to the space of &, from a point

(0, x4y X9y vy %) 18 —IT(.YL—I—x?—f—---—l—x,,):'Lﬂ
n \/ln

and direction cosines are

Vn

Resolving x into components in, and perpendicular to, the radical space

©, 1, 1, ..., 1}

x = xy b2 G i)
+ o — )it = ist o+ (e — )i |

hence x/Nn:x(1+%(il+iﬂ+"'+fa)

Put -, 1 , X L
" h= Gt bee i) then =1

and X In
xINy=xy+ 0, j, 2 y

O X
By a suitable nonsingular transformation, the algebra
=1 Rr=it=eee =g =0
Jobr=dr  Brii=jn (r=2,8,..,0)
jris=8  (s=2,8,...,n) is obtained.

For example in the case n =38, we can take
, 1., ;o
]1:?(11 +11T13)

Jo=i1— i,

Ja =i 48— 20

The wvector (1,1,1) is normal to the plane x,+ x,-+x,—=0 and (1,—1,0)
and (1,1, —2) are two orthogonal vectors in the plane. Similarly, in the general
case, j, is taken along the m-vector (1,1,1,..,,1) which is normal to the (n—1)

dimensional space
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x1+x2+"°+xn:0) and Jes Jas =t Jn
are cihosen along (n—1) mutually orthegonal veetors in the space.
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OZET

Carpima nazaran bir antl-izomorfism olan involfisyonlart haiz tlkinel de-

receden cebirler Hamizton tarafindan tellelk edilmigtir. [, 2.?‘J. Bn maka-

lede bu g¢egit cebirlerin radikaln nazaran t¢ farkl: tipten bdHim cebirleri

oldagn gysterilmeictedir, Ustelilk n’nin herhang! bir degert iciz de ni1
boyutlu bir eebir elde edilmektedir.




