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A . C . S H A M I H O K E ( * ) 

A b s t r a c t . W E A T H E R H U R N [ ' l h a d o b t a i n e d F R E N E T ' S f o r m u l a e i n a n " - d i m e n ­

s i o n a l R I R M A N N s p a c e w h i c h , w e r e l a t e r e x t e n d e d t o g e n e r a l i s e d R I E M A N N 

s p a c e I"1 l i y SAXEr.-A a n d R A M B L H A R I . I n t h i s p a p e r a n o t h e r f o r m o f 

F R E N E T ' S f o r m u l a e f o r a g e n e r a l i s e d R I K M A N N s p a c e h a s b e e n o b t a i n e d . T h e 

e q u i v a l e n c e o f t h e t w o f o r m s h a s a l s o b e e n e s t a b l i s h e d . L E V Y I " 1 ] h a d 

e x p r e s s e d t h e d e r i v a t i v e o f t h e a n g l e b e t w e e n t w o c o n s e c u t i v e b i n o m i a l s 

o f a c u r v e l y i n g i n a R I R M A N N s p a c e w i t h r e s p e c t t o t h e a r c l e n g t h i n 

t e r m s o f t h e c u r v a t u r e s . T h i s r e s u l t h a s a l s o b e e n e x t e n d e d t o g e n e r a ­

l i s e d R I R M A N N s p a c e s . 

1. F R E N E T ' S formulae 

L e t Fn denote an /i-dimeusional generalised R I E M A N N space endowed w i th a 

local coordinate system ,r' (¿ = 1, n). To each point P (*') of F„ is associated a. 

non-symmetric tensor gij{x) called the metr ic tensor. E I S E N H A R T [a] has obtained 

an aff ine connection / l 1 ' ^ g iven by 

gll being the conjugate tensor of the symmetr ic part of the metric tensor g tj. In 

what fol lows bar and hook wi l l be used to denote the symmetr ic aud skew-sym­

metric parts of a quan t i ty : thus 

and 

gij = \(gij— gjd-

Mostly, the notations of E I S E N H A R T [j] wi l l be followed. 

T h e A u t h o r w i s h e s t o t h a n k P r o f e s s o r R A M ' B E H A K I f o r c o n f i r m a t i o n o f t h e r e s u l t s 

o f t h i s p a p e r a n d D r . P . B . B I I A T T A C H A R Y A f o r e n c o u r a g e m e n t a n d i n s p i r a t i o n d u r i n g t h i s 

w o r k . 
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We now consider a curve C : x' — x'{s) referred to its arc length s as the 

parameter, l y i ng in a generalised R I E M A N N space F„ , so that its unit tangent vec­

tor is given b y 

(1.2) 
. dx> 

We define a system of n vectors V{») a ^ fol lows : 

(1.3) 

DjDs denoting the intr ins ic der ivat ive ("] in the direction of C. To ortogonalize 

these vectors we define a set of n vectors as follows : 

(1 ,1 ) U , / > - l ) 

(2 ,1 ) ( 2 ) P - 1 ) \%) 

(1.4) 

where 

(1.5) D0 - 1, £> = 

( 1 , 1 ) » . (1,P> 

(p, 1) . . . ( P , p) 

We sha l l now Bhow that the set of n vectors defined b y (1.4) satisfies the 

relation 

(1.6) *)(p) • 1\(q) ==gi/ VHP) n'(q) — &(M) 

where '5(Pg) is the usual K R O N E C K E R teusor. 

I t is easy to see that • n ( / , )= 1 0 for q< p and since r\(q) is expressible 

as a l inear combination of £(,), it follows tha t 

1<<rt * — 0 f o 1 - P 

so that the set of vectors (1.4) satisfies (1.6) for q^p. A lso 

1 

in view: of (1.5). 

(1 ,1 ) ( 1 . P - 1 ) 

(p~\,p~l) 

( 1 , 1 ) . . . ( l , p ) 

(p, 1) . . . (p, p) 

= 1. 
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Hence equation (1.6) is satisfied and any vector of the space must be expres­

sible as a l inear combination of the n vectors (1.4). Therefore we put 

(1.7) ° | ^ = E C < « > « < > 

•7=1 

where C(Pq) is to be determined. F rom (1.4) and (1.7), we obtain 

(1.8) C { ^ ) = 0 for ? > p + 1 . 

Also differentiat ing (1.6) in t r ins ica l ly , we obtain 

Now making use of (1.7), we obtain 

(1.9) C(pq) + C(qp) = 0. 

F rom (1.8) and (1.9), we have 

(1.8a) C(pq)=0 for q<p — \. 

Put t ing p — q in (1.9), 

(1.10) C(pp)—0. 

In v iew of (1.8), (1.8a), (1.9) and (1.10), (1.7) simplif ies to 

(1.11) D ^ P ) - Cfr-ltP) V H P - I ) + C(p,P+ ,) VHP + 0 • 

We define the p th curvature of the curve C by 

(1.12) Kp ~ C ( p l P + 1 ) w i t h K0 = Kn = 0. 

F rom (1.11) and (1.12), we obtain 

(1.13) = - Kp-, nl{P-{i + Kp ¥iP+ i)* 

We cal l (1.18) F R E N E T ' S formulae. We sha l l now show that 

„ _ V ^ p - i Op+ ! 
K P ~ . "Dp 

From (1.6) and (1.13), we have 
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(1 .14) 
? BU Ds 

Now, differentiat ing (1.4) in t r ins ica l ly , we obtain 

Ds - ^ ° P - ^ D > 

D 

'pDa\)/DP-\Dp 

(2 ,1 ) . . . . ( l , p - l ) |''(,) 

( 3 , 1 ) . . . . ( 2 - p - l ) ? '{ 2 ) 

(1 ,1 ) 

( 2 , 1 ) 

_ ( p + l , D 

( 2 , p - l ) ^ ' (0 

(3, p - 1 ) vv . ) 

(1 ,1 ) . . . . ( i , p - 2 ) ( l , p ) I'U) 

( 2 , 1 ) . . . . <2,p-2^ (2 ,p) %%) 

(p, 1) . . . . ( p + l , p - l ) £i(p) 

(1 ,1 ) . . . . 

( 2 , 1 ) . . . . (2, p - 1 ) VU) 

(p, 1) . . . . (p, p—2) (/>, p) |i( P) 

( l , p - l ) 

we obtain 

(p, 1) . . . . (p, p—1) ^ ' ( P + I ) -

Mult iplying both sides by gfj >i'(p+i) a n | i mak ing use of the fact that 

§(?> * *1<P + I ) = 0 for 9 — 1, . . . , p , 

(1, 1) . . . . ( l , p - l ) 

(p -1 , 1 ) .... ( p - 1 , p - 1 ) 

U , i > . . . . ( 1 , P ) ( l . P T - D 

(1.15) 
_ 1

 D p _ _ . 1 

£>„ \/DP_LDp + i 

( p f l , l ) . . . . ( p f l , p ) ( p + l , p + l > 
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S A X E N A and B E H A R I [-] obtained F R E N E T ' S formulae in the form 

(1.16) ^ D ! T = N I ( » - J + ^(p+o + AyV\P) tJ' 

where 

0.17> ï ^ i ^ i W 

AjAs denoting the in t r ins ic der ivat ive w i t h respect to the C I I R I S T O F F E L s y m ­

bols formed by means of gjj . 

We sha l l now establ ish the equivalence between (1.13) and (1.16). F rom (1.12) 

and (1-17), we obtain 

(1.18) Kp = Kp + AhkJ ' A P > t
k V'o> + 0, 

Ahkj denoting the skew - symmetr ic part of A^j. I n view of (1.18) the condi­

tion for the equivalence of (1,13) and (1.16) is given by 

(1.19) Akkj nh(P) tk \gH - VUP+ ,) VJ(P+ 0 — VHP~I) V ( P - 0 1 - 0, 

gLl being the conjugate tensor of g^, we obtain [ l ] 

(1.20) glÂ=^vHi) 

1 

(1.16) may also be wri t ten as 

so that 

(1.21) g . A 1?'<J,)- nHi) — 0 except for q — p — 1 and q — p + 1 • 
H As 

Also from (1.13), we have 

(1.21a) a . . ^ - ^ > V ( ? ) = = o i o r Î ^ P - 1 » Ç ^ P + l-

Subtract ing (1.21) from (1.21a), we obtain 

(1.22) Ahkj n

h(p) i f e ^ 0 for q^p- 1, q=^P + 1. 

F rom (1.20) and (1.22), we obtain 

''toy »AP ) = ^ A f c ; ' / ( P ) f * [ f ' ip-l) »ï '0>-l> + l ) ̂ ( P + I ) 1 
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which shows that equation (1.19) is sat isf ied. Hence the two forms of F R E N E T ' S 

formulae, viz. (1.13) and (1.16) are equivalent . 

2. Cu r v a t u r e s 

Consider a curve C: x' = x' (s) referred to its arc length as a parameter. We 

sha l l denote by ii'(P) and ij*x(P) respect ively the components of the n orthogonal!-

sed vectors at two neighbouring points P and P' of C . Le t i]'(p) be the compo­

nents of the vector at P* obtained from the corresponding vector v'{p) a^ P D V 

para l le l displacement, g.j, g*.j w i l l be used to denote the components of the sym­

metric part of the metr ic tensor at P and P* respect ively . The angle <5 $p between 

•>f\p) and ii'(p) is given by 

(2.1) coad&p — gtjj >f\p) nJ(q) 

B y T A Y L O R ' S expansion, we have 

<*.« ^ ) = ,,w + ( ^ ) / 3 s ) + i ( ^ ) o ( S s r + .... 
From F R E N E T ' S formulae (1.13), we have 

(2.5) - ^ = - K'p-L >/•%_,) + K«p V*i(p+l) - A**h V*hiP) 

where p-1/,^ P'il

ltk tk and * is used to indicate the value of the quant i ty at P% 

The unstarred quantit ies w i l l represent the va lues of the same quant i ty at P. 

Since '//'(p) is obtained from i/ £( p) by paral lel transport , we have 

(2.6) ^ = - / J ' V > < P > . 

Also (D gjj !Ds) = Q [n] gives us 

(2-7) i8Jl = g*th4**J + g*hJp**i. 

ds — 

Different iat ing (2.5) , (2.6) and (2.7) w i th respect to s and making use of the 

same equations, we obtain 
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(2.8) 

(2.9) 

(2.10) 

where 

(2.11) 

~ ^ < i * V ) + A - i *?*'(?->) + K > / fV+i **'</.+,) 
as 

- ( ^ V , + ^ > ) ^ ' " f P ) 

d2 i]'(p) d A*lh~, . ...j .„.ft — , 
- - ^ P = ^ ^0» ) + A*\ A" k Vk(P) 

' 7 . d j * ' ' / 

F rom (2.1), (2.2), (2.3) and (2.4) we obtain 

cos 8 &p — X -j-

(2.12) 

(<3S) 
CP)\ fillip)], I „ (d-'lt\p) fvHp)\ j 

+ 

S i J ds I \ ds j ^ T S i i [ ds 
' ( P ) 

is /o 

Subst i tut ing the values of the var ious quant i t ies from equations (2.5) to 

(2.10) in (2.12) and mak ing use of the orthogonal i ty relat ions (1.6), we obtain 

cos «5 ^ = 1 - -|- (tf V i + K%) (3*>a + •' ' 

wh i ch may be written as 

1 - c o s ^ ^ p { < 1 1 P Y _ + ^ « j _j_ t e r m s c o a t a i n i n g powers of (5S). 

(2.13) 

Tak ing l imits as 5S 0, we obtain 

ds 

If Qp denotes the p th radius of curvature , then 

so that (2.13) assumes the form 
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( 2 . 1 4 ) 

The same resul t was established by L E V Y [ 4] for a R I E M A N N space. Our defi­

nit ion of ep coincides wi th that of L E V Y when g . j — Q so that the corresponding 

result for a R I E M A N N space follows from ( 2 . 1 4 ) as a part icular case. 
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D E P A R T M E N T OF M A T H E M A T I C S (Manuscript received Jane 17, 1961) 

K J R O R I M A L C O L L E G E 

U N I V E R S I T Y OF D E L H I 

D E L H I — I N D I A 

Ö Z E T 

n - b o y u t l u R I E M A N N u z a y l a r ı i ç i n W E A I - H B R B U R N [ ' ] t a r a f ı n d a n e l d e e d i l e n 

F R E N E T f o r m ü l l e r i n i n t e ş m i l e d i l m i ş ş e k l i u m u m i l e ş t i r i l m i ş R I E M A N N u z a y l a ­

r ı n a S A K E N A v e R A M B E H A R I ( " ) t a r a f ı n d a n t e ş m i l e d i l m i ş b u l u n m a k l a d ı r . 

B u a r a ş t ı r m a d a i s e u m u m î l e ş t i r H m i ş b i r R I E M A N N u a a y ı i ç i n F R E N E T f o r m ü l ­

l e r i n i n d i ğ e r b i r ş e k l i e l d e e d i l m i ş , v e b u n u n y u k a r d a z i k r e d i l e n ş e k i l l e 

i n t i b a l ı e t t i ğ i n i d e g ö s t e r i l m i ş t i r . M ü t e a k i p i l c i b i n o r m a l a r a s ı n d a k i a ç ı n ı n 

t ü r e v i n i n , a i t o l d u k l a r ı e ğ r i n i n y a y u z u n l u ğ u v e e ğ r i l i k l e r i c i n s i n d e n 

R I E M A N N u z a y l a r ı n d a m u t e b e r o l a n v e L E V Y l 1 ] t a r a f ı n d a n v e r i l e n b i r i f a d e ­

l e r i d e u m u m i l e ş t i r i i n ı i ş R I E M A N N u z a y l a r ı n a t e ş m i l e d i l m i ş b u l u n m a k t a d ı r . 


