A CONFIGURATION OF 600 LINES IN [4]

Sanis Ram Manpam

Apstract®. The 600 generating lines or g-lines of the configuration lie
by twos in 900 g-planes and by nines in 200 h-planes; by sixes on 1300
2-guadries; by 18s in 100 #k-solids determined by 100 pairs of A-planes
meeting in 100 k-lines; by 72s in 26 f-solids; by 24s on 100 3-guadrics,
the 24 iines on each quadrle lying also on the quartie primals of a net
determined by any two of them and therefore on the octie surfaces of
its intersection with them too.

Every g-fine meets 27 others, 3 i# 8 g-, 6 In 6 h- and G in 6 h'-points
and the other 12 congurring by threes im 4 G-polnts on tt. The 900 g-,
1800 A~ and 1800 h'-points lie by sixes on 6600 eonics which lie by 1B6s
on the 100 3-quadrles such that the 6 planes determined by the 6 pairs
of g-lines through the 6 points determining one such eonic soneur in a
point and form 2 triads of gencrating planes of the 2 opposite systems
of a guadrle point-cone. There are 3200 such hypercones, .

The 24 g-lines of a 3-quadric form 18 skew gquadrilaterals with verlices
at the 36 g- and 36 A- or h'-points of their iatersection whioch distribute
thus uniquely into 18 tetrads, 3 g-polnts coupling with 3 k-or h’-points
on cach g-line as mates in an involution.

The 9 g-lined in an h-plane form 2 triads of mutually perspective triang-
les, each trind having the same ecentre of perspectivity at an §- or 5
point, and thus form a Eamiliar figure (203, 16,) with the 6 axes of
perspestivity [*l. The non-corresponding sides of each pair of perspective
triangles meet in 6 G-points forming a Pascar hexagram inseribed in a
G-conic,

The 000 G-points lie by 24s on 226 2-quadries, reducing to 25 only under
specialised eircumstances, when they become the 120 Gauss points [ re-
farred to a pair of simplexes. The 2 triads of mutually perspestive triangles
in an fi-planc then form the dual of mutuwally «[joinf peronesian systems [2},
and the S§-, S’-points become a pair of Srniver points['zl for the hexagram
of the 8 Causs points therein,

There arise a good number of Interesting subeonfigurations from the

various clements of the configuration and their mutual relations.

Published in the Proseedings of the 48th Bession of the indian Beienge Congress

Assoelation held at Roorsee in January 1961,
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1. INTRODUCTION

1.1. Preliminaries. Let », g, z, u, v be the coordinates of a point with
reference to a simplex 5 in a 4-dimensional projective space [4] and »’, »°, 2°, a’, @’
referred to another, say S°.

The 600 lines common to the 600 triads of solids given by the equations
p=i,¢q=j,r—k and lying by sixes in the 100 solids given by
ptetr=itjitk
denoted as the silm-solids (p, g, r, s, i=x, 5, 2z, u, v; pFgFrFspt;
L, ky(lym=x",g' 2z ,a’,0"; ighjgek=hizgsm) for the convenience of enumera-
tion, generate the configuration considered here.

1.2, Definitions. The generating lines of the configuration are referred to
ag g-lines; silm-golids as g-solids ; the fundamental golids p =i as f-solids; the
plane common to a pair of f-solids p=i, g=j; as h-plane. A pair of h-planes
p=i, g=j; p=j, gq=i determine an h-line p —=i=g=j common to them and
an h-solid p-+g=i-+ ;i which meets an fsolid r=% in a g-plane, a c-plane

r=k=sin an e-line and a ¢"-plane i=p=7; in an e’-line.

The g-lines intergect in the following 4 types of points: A g-point I8 an
intersection of an h-line p=i=¢=; with an f-solid » =%; an A-point is that of
an h-plane p>=i, g=; with a ¢-plane r =k =ys which meets an f-golid p—i in
an f-lire, and an A" point with a ¢"-plane k=r — [ which meets p=={ in an f-line;
a G-point is one common to 4 feolids p=i, ¢=j, r=k, s=1. Obviously 24
G-points lie it a tm-solid p+qg+»r+s=i-+4 j-+ k-1, called a G-solid, and 8 in
a G-plane common to an f-solid p=1,

The e- (¢”-) lines concur by threes in £-{£”-) points of intersection of h-solids
ptag=i+j with e-(¢'-) lines g== ri s=k{r=j7j=k=1); h-lines in H-(H"-)
points p=i=qg—j=r{i=p=j=—qg=£k; by 2 e-(¢'-) lines and 1 J-line in
D-(D-) points as intersections of h-solids p+ g =i+ j with I-lines

j=r=k=s(g=k=r=1I.

The ¢- {¢’-} planes lie by fives in p- (p’-) solids p= ¢ (i = j) which meet f-solids
r=kin p-{p’-) planes and the h-planes »r =%, s=1! in p-(p’-) lines which again
lie by threes in h-planes concurrent at S-(S'-) points of their intersection with
S-(S"-) planes p=g=t{i=j= m).

A 2.quadric will be referred as a guairic and 3-quadric as qunadratic.

1.3. Incidences. We may now enumerate the various elements of the con-
figuration, observe and record their incidences in a table given below. The figures
below the diagonal show the number of subspaces in each space, those above, the
number of gpaces through each subspace.
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2. QUADRICS
2.1. g-Solids. The 6 g-lines in an stlm-solid form the following 2 triada:
W p=i, q=j, r=k;p=j, 9=k r=i; p=k g=i r=j
) p=i, q=sk, r==j; p=j, g =i, r==k; p=k, 9= j, r=i.

Every line of one triad meefs that of the other and no two lines of one meet
each other. Hence they generate a quadric denoted as stlm-quadric. Thus we have
the following

Theorem 1. The 6 g-lines of a g-solid form 2 triads of generators of the 2
opposite sgstems of a gqualric and meet in 9 g-points. There are thus 100 such qaad-

rics, one in each g-solid.

2.2; Quadratics, Every 2 of the 4 stim-quadrics for 3 given values of
£, 1, m or s, ¢, m meet in a conic, in the plane common to their solids, determined
by the 6 h- or A’-points of intersection of the 6 g-lines of one with the corres-
ponding ones of the other. Hence they lie on a quadratic denoted as #m-~ or
stm-quadratic accordingly, Each such quadratic then contains 24 g-lines meeting in
36 g- and 36 h- or h'-points.

2.3. f-Solids. An fusolid p=i meets a {fm-quadratic in a quadric denoted
as piftim-quadric. It contains the following 6 g-lines:

)] i=p, j=g¢, k=r (w) i=p, j=r k=7¢q
(m) i=p, j=r, k=s ¥v) i=p, j=s k=r
() i=p, j=s k=g4q (V1) i=p, j=q, k=s.

The first 3 lines belong to one system of its generators and the last 3 to the other
intersecting the former in 8 g- and 6 h-points.

Similarly behave the 6 g-lines of a pifstm-quadrie intersecting in 3 g- and 6
h’-points. '

But the f-solid p =i meets the 24 g-lines of a pij- or pgi-quadratie in 24
G-points, those of a pjk(gri)-quadratic in 24 hA-(h"-) poinis, and those of a
gij (pgj)-quadratic in 6 G- and 1§ A’- (k) points.

2.4. p-Solids. Further we observe thaf the p-(p’-) solid s = ¢ {/ = m) meets
the 24 g-lines of a p¢tm (pmi)- and those of the psm (pli)-quadratic in the same 24
h-(h’-) points which therefore lie on their common quadric section by this solid
and by sixes on 4 conics in its 4 ¢- (¢"-'pianes other than s=m=¢{{=p=m).
It is also seen to meet the 18 g-lines of a #m (sfl)- and those of the sim (stm)-
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quadratic other than their common 6 g-lines on their common st!m-quadric in the
same 18 h- (h"-) points which therefore lie on their common quadric section by this
solid and by sixes on 38 conies in its 3 - (¢’-) planes

3:i:f,3=jmf,3:k:f(l:p:m, =q=m,l=r:m).

It ig also observed to meet the 24 g-lines of a pgf (pij}-quadratic, in pairs, in 12
g-points (see § 3.1) which therefore lie on its quadric section and by sixes on 4
conics in its 4 e¢-(e’-) planes other than s =i=¢{{=p=m), and of a pij (pgi)-
quadratic in 6 g- and 6 h-(h’-) points which therefore lie on its quadrie section
and by 4 g- and 2 h-(A"-) points on 3 conies in its 3 e- (¢"-) planes other than

s=i=f s=j=t(l=p=m, [=g=m).

2.5. (G-Solids. A #m-solid (§ 1.2) meets the 24 g-lines of every one of the
tmi-, tmj-, tmk-, tml-, ptm-, gfm-, rtm- and stm-quadratics in the same 24 G-points
which therefore lie on their common gquadric section, by this solid, denoted ag a

tm-gaadric.

2.6. Definitions. An stlm-, a pifilm- and pi/stm-quadric are called respec-
tively g-, h- and h’-guadric and flm- and sfm-quadraties as h- and A'-guadratics, A
quadric through 24 G- or h-{Ah"-) points ig referred to as G- or h-(h’-) guadric
accordingly, one through 6 G- and 18 h- (h’-) points as 7T (7'"-) quadric, that through
18 h- (h’-) points only as P-(P’-) guadric, one through 12 g-points as C-quadric
and that through 6 g- and 6 h- (h’-} points ag D-{D’-) gquadric. A conic through 6
G-, g-, h- or Ah’-points is called G-, g-, h-, h"-eonic accordingly, one through 4 g-
and 2 h- (h’-) points as d-(d’-)eonic and that through 2 G- and 4 h- (h’-) points as
T-(T"-) conic. We thus have the following theorems:

Theorem 2. The 100 g-quadries lie by fours on 50 h- and 50 h’-guadratics,
each confaining 24 g-lines meeting in 36 g- and 36 h- or h'-points. The 4 g-quadrics
on each h-{h’-) guadratic meet by twos in 6 h-(R’-) contes giving rise fo 300 such

conies of either type which then lie by sixes on each g-guadric.

Theorem 3. The 72 g-lines tn an f-solid lie by sixes on 24 h- and 24 h’-gaad-
rics, the 6 g-lines on each h-(h’'-) gaadric form 2 triads of its generators of opposite
systems infersecting in 8 g- and 6 h-(h"-) points.

Theorem 4. There are: (1) 150 H-{H’'-) gaadrics, 6 in each f-solid and 3 on
each h- (W'-) quadratic, and 150 others, 15 in each p-{p’-) solid and 6 on each h- (h"-)
quadratic; (1) 400 T-(T’-} gquadrics, 16 in each f-solid and 8 on each h"-(h-) quad-
ratic; (1) 100 P- (P'-) quadrics, 10 in each p-(p’-) solid and 4 on each h- (k'-) gu-
adratic such that every 2 h-(h'"-) gquadratics through a g-quadric meet again in a
P-(P") gaadrie; (1v) 600 h-(h'-) conies, 4 on each H-{H’~) guadric in a p-(p’-)
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solid and 12 in each ¢- (¢’-) plane, and 800 others, B on each P-(P’-) gaadric and 6

in each c-(c’-) plane.

Theorem 5. There are: (1) 300 C-guadrics, 15 in each p- and p’-solid and 3
on each h- and h'-qaadratic, as sections of h-(h’-) guadratics by p’- (p-) solids;
(u} 800 D-(D’-) guadrics, 80 in each p-(p’-) solid and 6 on each h- (h'-) quadratic.

Theorem 6, The 600 G-points lie hy 24s on 26 G-quadrics, one in each G-solid
and each common to 4 h- and 4 I -guadratics sach that an h- and an h'-quadratic
meet again in ¢ g-quadric and two h-(h"-) quadratics in an H'-(H-) qaadric in a
p’-(p-) solid. There are 200 other G-quadrics, 8 in each f-solid and 2 on each h- or
h'-quadratic.

3. CONICS

3.1, g-Conies. A ¢'-plane i =p=j is observed to meet a #m-quadratic in
a g-conie defermined by the the 6 g-poiate of intersection of its 6 g-lines in the

F-solid i = p with these in p=j as follows:
W i=p, j=q, k=r,  i=gq, j=p k=7
(11) i=p, j=r, k=3, i=r, j=p, k=3
u) i=p, j=s, k=g, i=s, j—p k—q
(w) i=p, j=4q, k=g i=gq, j=p, k=35
(v) i=p, j=r k=q, i=r, j=p, k=q
{(vi) i=p, j=s, k=7, i—=s, j=p, k=r.

The 6 g-planes determined by the 6 pairg of g-lines are as follows:

W ptreg=i+tj, r=k (v) ptog=itj s=k
(11) p—i—rf'—f*i’-j,s‘:k (V) p+f:i+j, g—k
() pts—=it+j, 9=k (vi) pts=i+tj, r=k.

They obviously concur at the Z-point of intersection of an h-solid
itj=ptqglptrorpts)

with the e-line k=—=g¢=r =5 (§ 1.2).

Similarly the 6 g-planes determined by the 6 pairs of g-lines through the 6
g-points of the g-conic sertion of an stm-quadratic by a ¢-plane p—i=g concur
at the E’-point given by r=j=k=1, p+g=i+ ji+ %k or i +1). Thus follows
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Theorem 7. The 900 g-points lie by sixes on 1200 g-conics, 12 in each c-(c’-)
plane as 12 sections of 12 R’- (h-} quadratics, 2 on each h- and each R’-quadric through
its 12 g-points other than the 3 g-poinis of infersection of its 3 poirs of g-lines, 12
on each h- and A’-quadratic, 96 in each f- and 60 in each p-(p’-) solid, 4 on each
C-quadric and 8 through each g-point (sce Table 1 and § 2.4). The 6 g-planes defer-
mined by the 6 pairs of g-lines through the 6 g-points of a g-conic concur af an E-

or E'-point according as it lies on an h- or RK’-quadratic.

3.2. d-(d’-) Conics. Repeating the argument of the preceding proposition,
we may further observe that a c-(c’~} plane p =i= ¢ (t==p ==/} culs a #m (stm)-
quadratic in a d-(d"-)} conic (§ 2. 6) through the 4 g~ and 2 h-{(A"-) points of
intersection of its 6 g-lines in the f-solid p =i with those in ¢ ==1i(p=j), and have

Theorem 8. The 36 g- and 36 h-(Rh'-)} points in a c-(c"=) plane lie by 4 g- and
2 h-(k"~} points on 18 d-(d’-) conies as 18 sections of 18 k- (h'=} quadratics. The 4
g- and 2 h-planes determined by the 6 pairs of g-lines through the 4 g« and 2 h-(R'-)
points of a d- (d’-) conic concur at a D-(D’-) point (§ 1.2). There are thus 300 such
conics of either type, 12 in each f-solid, 0 in each p-(p’-) solid, 3 on each h-(h'-)
quadric, 18 on each h-(h'-) quadratic and 4 through each g- and one through each
h-(R'-) point and 3 on each D-(I¥-) quadric (see Table 1 and § 2.4).

3.3. h-(h"-) Conies. a. Besides the 1200 A-(A"-} conies enumerated above
(Ths. 2, 4), we have 600 more of either type. For example, the f-solid p—{ meets
the 6 g-lines of a pqjk- (grij-) solid (§ 2,1) in 6 A~ (h"-) points of an h-(A"-) conic
section of the g-quadric in this g-solid (§§ 1.2, 2.6) by their common plane. It
therefore lies on the h-(h’-) quadric section of the ¢;jk(grj)-quadratic, on the
T-(T"-) quadric section of the pgj{g/j)- or pgk (rij)-quadratic as well as on the
H- (H’-)} quadric section of the pjk(gri)-quadratic by p =1 (§ 2.8).

b. The A-(h’-) conie (Th. 2} of a ps#li-quadric common with a psli- (ptmi-)
guadric ig seen to lie in the p-(p’-} solid s=¢ {{ =m) on the P-(P’-} quadric
(§ 2.4) common to the #i{ptl)- and sli (ptm)-quadratics.

¢. The A-{h’-) conic (Th. 4) in the c-(c¢’-}) plane s=i=¢ {{=¢ —=m) and
on the H-(H’-) quadric (§2.4), common to pitm (pmi'- and psm (pli) quadratics
obviougly lies on the A’-(h-} guadric section of the pfm (pmi} quadratic by the
f-solid s==i (I =¢) and on that of the psm (pli} quadratic by i=+¢ (g=m) or on
the T-(7'"<) quadric section of the later (former) quadratic by the former (later)
solid (§ 2.3).

d. The (h- (A"~} conic (Th. 4) in the ¢-(¢’-) plane s=i=¢ ({ =¢g=m) aund
on the P-(P’-) quadric (§ 2.4), common to the #m (stl)- and slm (stn)-quadratics,
obviously lies on the A- (R'-) quadric section of the #/m (st{}-quadratic by the f-solid
s=i{g=m) and on that of the s/m (stm)-quadratic by i=+¢ (I=g¢q) or on the
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H-(H’-y quadric section of the former (later) quadratic by the later (former) solid
(§ 2.3).

e. Following the argument of § 3.1, we can now prove that the 6 h-planes
determined by the 6 pairs of g-lines through the 6 h- (h"~) peints of an A-(A"-) eco-
nic also eoneur at an H- or A -point (§ 1.2). Here we notice that 6 such coneur-
rent planes meet 9 h- and 9 A’-conies, each meeting each A-planein an k- or A"-point
through which pass a pair of g-lines determining the A-plane. For example, consi-
der those which concur at an f{-point p—=i=¢ = j —r. They are as follows:

0 p=i g=j () ¢g=4¢, r=j () r=i, p=j
vy p=j, g=i V) g=j, r=i V) r=j p=i

The 9 h- and h'-conics meeting them are given by the following matrix scheme of
8 g~ and 6 h-quadrics such that the 3 quadries in a row (column) meet one another

stlm stink sfkl-
skltlm slftmk smltkl

\ tkislm  tlfsmk tmskl ;

in 8 A’- (h-) conies.

f. But there are 2 more varieties of h~ as well A'-conies foo which are quite
disgtinet from the four just discussed. For example, the section of a pkl (rsi)-quad-
ratic by an h-plane p —i, g=j is one such A~ (h'-) conic (§ 2.3), and by a p’- (p~)
plane g =j, m =k (s =1¢) is another such h’-(h-) conic. The 6 A-planes through
the 6 pairs of g-lines through the 6 A« or Ah'-points of ome such conic reduce to 3
only in the f-solid ¢ — j such that 2 pairs of g-lines lie in each plane. In the for-
mer case, they are the 3 h-planes of ¢ — j common with the 3 f-zclids

m—r,s t{¢=1Fk, I, m)

and meet p=+{ in 3 g-lines, each containing 2 of the 6 h- (R"-) points. That is,
the 2 pairs of g-lines in each h-plane have a g-iine in common or reduce to 3 g-lines
only. In the later case, they are the 8 A-planes of ¢ = j common with

i=r s t{(p==4F 1, m

and meet the p’~{p-) solid m=k(s=1¢#) in 3 p'-(p~) lines, each containing 2 of
the 8 A’-(h-) points. Thus we obtain the following

Theorem 9. There are: (1) 600 h-(h’-) conics, one on each h-(h"-) quadric,
24 in each f-solid, 6 on each g-quadric, 3 on each T-(T"-) gaadrie, 4+ on H-(H'-}
gaadric in an f-solid and 24 on each h- and k' -guadratic; (n) 300 others (Th. 2), 3
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on each P~ (P’-) quadric and 30 in each p-(p’-) solid; (1) 600 more (Th. 4), 2 on
each h’- (h-) and B on each T-(T'-) gaadric, 48 in each f-solid, 60 in each p-(p’-)
solid and 24 on each k'~ (h-) gquadratic; (1v) on 300 others (Th, 4), 4 on each H- (H'-)
quadric in an f-solid, one on each h- (h’-) gaadric, 24 in each f-solid, B0 in each
p-{p"=) solid and 12 on each h-(h'-) quadratic; (v) 1200 more, each cutting 8 g-lines
in B pairs of h~(h'-) points, 6 in each h-plane through its 86 h-(h’-) points other than
the 9 of intersection of its O g-lines, 8 on each H-(F'-) quadric in an f-solid, 2 on
each h- (h'-) quadric, 96 in each f- and 12 in each h-solid and 24 on each h-(K'-) qu-
adratic; (vi) 1200 others, each cutting 8 p-~(p’-) lines in B pairs of h- (h'-) points, 8
in each p-(p’-) plane, 120 in each p-(p’-) solid, 8 on each H-(H'-) quadric in a
p~(p’-) solid, 4 on each h'~(h-) gquadric, 48 in each f-solid and 48 on each R~ (h-)
quadratic. The 6 h-planes determined by the 6 pairs of g-lines through the 6 h-(h'-)
points of an h-(R'-) conic, not in an h- or p~(p’-) plane, concur at an H- or H’-point
and are the same for 9 h- and 9 h'-conics. The 6 h-planes determined similarly for
one such conic in an h- or p-(p’-) plane reduce to 8 only lging in an f-solid such
that each plane contains 2 pairs of g-lines which reduce to 8 g-lines only for the conic

in an h-plane.

3.4. G-Confcs. The G-solid (§ 1.2) of a ¢tm-quadric (§ 2.5), an f-solid p =i
and the pfmi-solid obviously meet in a G-plane (§ 1.2). Hence a ¢m-, a ptmi- the
piftmi~ and pi/ptm-quadries (§ 2.8) have a G-conic common through the 6 G-points
in the G-plane common to p=/{ and pfmi-solid. Or, a tmi- and a pfm-guadratic
meet in the #m- and pimi-quadrics which then meet in a G-conie. Obviously this
G-plane cuts the pti-, gtm-, rém-, stm-~, pmi-, tmj-, tmk- and tml-quadratics too in
the same G-conie.

Again an h-plane p=i, ¢=j is observed to meet the pri- or grj- psi- or
gsj~, pti= or gtj-, pki- or gqjk-, pli- or ¢lj- and pmi- or gmj-quadratics in 6 G-conies.
Thus we find the following

Theorem 10. There are: (1) 400 G-confes, one on each T~ and each R -quad-
rie, 2 on each h~ and R’-quadric, 4 on each G-guadric in an f-solid, 4 on each g-qu-
adric, 16 in each f-solid, 16 on each G-gaadric in a G-solid and 40 on each h- and
each h’~-quadratic such that an h- and an h'-guadratic through a g-qaadric meet again
in a G-quadric which meets the g-quadric in a G-conic; (1) 1200 others, 6 in each
h-plane, 12 in each h- and 96 in each f-solid, 2 on each A~ and each h’-guadrie, 12
on each G-quadric in an f-solid and 24 on each h- and K -quadratic.

3.5. T-(T’-) Conies. The section of an rik (prk)-quadratic by an h-plane
p=i, g==j is seen to be a T-(T’-) conic through 2G- and 4 A"-(h-) points
(85 1.2, 2.8, 2.6). Now follows

Theorem 11. There are 8600 T-(T’-) conies, 18 in each h-plane, 288 in each
f~ and 86 in each h-solid, 6 on each h'-(h~) and 9 en each T-(T'-) quadric and 72 on
each h'- (h-) quadratic.
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4. HYPERCONES

4.1, Definitions. The 6 g-planes concurrent at an K- (E’.) point are obser-
ved to form 2 triads of generating planes of the 2 opposite systems of a quadric
point-cone '], called an E-(E’.) cone. For example, the first 3 g-planes of § 3.1
form one triad and the last 3 the other such that every plane of one meets that
of the other in a line, both lying in a g-, an f-, an f- or h-solid which forms a
tangent solid of the hypcrcone with their common line as its linc of contact, and
every two of one triad meet only in the wertexr of this F-cone at the E-point.

Similarly, we may define H-{(H"-) and D-{([-) cone generated respectively
by the 6 h-planes through an H-{H'-) point and the 4 g- and 2 h-planes through
a D-(LY-) point. The Ffi-cone with vertex at an ff-point p=i=¢=j=r and the
iT’-cone with vertex at the H’-point k—=s =1!=t=m are said to form a comple-
mentary pair of cones. We thus have the following theorems:

Theorem 12. There are 600 E-(E’-) cones, each corresponding te a g-conic
(Th. 7). Fach such cone contains: 6 g-planes lying in pairs in 8 f-, 8 g- and 8 h-solids;
12 g-lincs, 2 in each gencrating g-plane’ 48 G-, 24 g~ 60 h-(A’-) and 72 h’- (h-)
points; a pair of h-(h'~) quadrics as its intersections with an h-(k"-) quadratic, say
Q, or as its sections by the pair of f-solids determining the ¢'-{c-) plane of its cor-
responding g-conic common to them (§ 8.1); a pair of other g- and a pair of h~(h"-)
conics lying respectively on a third h- (h’-) and a g-quadric of Q {Th. 7, § 3.3a); 4
pairs of G-conics as ifs intersections with 4 G-quadrics of Q, 2 in 2/ and 2 in 2
G-solids (Th. 10); 8 pairs of h- {(h’-) conics commen with BH- (H'~) gquadrics of Q
in 8 f-solids and one pair with a P- (P’-) quadric of Q sach that the conics of this
pair, lying in 2 c- (¢'~) planes of its p- (p’-) solid, are not new, bat belong to 2 of
the 3 pairs, onc fo each, while the other & conics lie in 4 h-planes (8§ 2.8, 2.4); 6
pairs of k'~ (h-) conics common with 6/~ (H-) quadrics of Q in 6p’~ {p-) selids, and
2 pairs with 277- (T'-) guadrics of Q sach that the conies of either pair, lying in 2¢'-
{c-) planes of an f-solid, are not new, but belong to 2 of the 8 pairs, one to each,
while the other 8 conics lie in 8 p'- (p-) planes (§§ 2.8, 2.4); B pairs of T'- ({T-)
conics commen with 6 T'+ (T'-) quadrics of Q (Th. 11); 8 pairs of d- (d’-) conics
common with 8 D- (D’-) quadrics of Q (Th. 8).

Theorem 13. There are 100 H- (H’-) cones, ecach corresponding to 9 h- and 9
h'-conics (Th. 9). Each such cone confains: 6 h-planes lying in pair in 6 f- and 8
h-solids; 54 g-lines, 9 in each generating h-plane; 108 G-, 117 g-, 284 h~ {(5’-) and 270 A’-
(h-) points; B3 g~gquadrics as well as 3 pairs of h- (R’-) quadries as its farther inter-
sections with 8 pairs of h- (W-) quadratics through the 3 p-quadrics such that these 9
quadrics meet one another in 18 G-conics besides its corresponding 9 h- and 9 h'-conics
(§ 8.8e); the other 3868 G-, 36 k- and 36 h'-cenics lying by sives and 108 T- and 108
T -conics lying by 188 in the 6 generating h-planes (Ths. 9, 10, 11); the other 30 k-
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and 30 h'-conics lying by fens on the g-quadrics (Th. 9% 12g-, 18d- ("), 12 h- (A"}
in 12 h-planes, 24 h"- (h-) in 24 p”- (p-) planes and 86 T’- (T'-) conics lying respectively
by 2g-, 83d-{d’-), 2h- (K'-), 4 h"- (h-) and 8 T'- (T-} conies on the 8 A- (h'-) quairics
(Ths. 7, 8, 9, 11).

Corellary. Twelve of the 18 Geconics common to the 9 quadrics of an H- (H’-)
cone lie in 12 G-planes, by fours on the 3 g-qaadrics and in pairs on the 6 h- (h'-)
quadrics and on 6 G-quadrics in 8 G-solids (Th. 8); the other six lie in 6 h-planes
and in pairs on the 6 h- (h’-) guadrics (Th. 10) Hence: The 6 h-plancs deicrmined by
the 6 outside pairs of g-lines through the 6 G-points of a G-conic in an h-plane and
common fo a pair of h- (h"-) quadrics also concur at an H- (H'-) point, form 2 triads
of gencrat’ng planes of the 2 oppoesite sgsiems of an H- (H'-) cone and are the same

for 6 G-conics in 8 h-planes generating similarly its complementary H'~ (H.) cone.

Theorem 14, There are 900 - {(I'-) cones, each corresponding to a d- (4=}
conic (Th. 8). Each such cone contains: 4 g- and 2 h-planes lying, in pairs, in 4 f-,
2 g- and 2 h-solids ; 26 g-lincs, 2 in each generating g- and 9 in each generating h-
plane (see Table1); 68 G-, 61g~, 126 h- (h'-) and 188 h"- (h-} poirts; a pair of h- (h'-)
quadrics as its infersection with an h« (h’-) quatratic, say W, or as its sections by
the pair of f-solids detcrmining the ¢~ (¢’-) plane of its corresponding conic common
to them (§ 8.2}; 12 G-, 12 h- and 12 h’-conics lying by sixes and 36T~ and 36 T’-¢co-
nics lying by 18 s in each generating h-plane (Ths. 9, 10, 11); 2 pairs of other d-
(d"-} conics common with 2 other h- (h'-) quadrics of W (Th. 8), 2 pairs of g-conics
with 2 C-quadrics (Th. 7), a pair of h~ (k'-) conics with a g-quadric (Th. 9), 2 pairs
of h’- (h-) conics in 2 pairs of ¢’- (¢-) planes and 4 pairs in 4 pairs of p'- (p-} planes
with 8 H'« (H-) quafrics in 8 p'~ (p-)solids (§ 2.4), a pair of h- (h'-) conics in a
pair of c- (¢’-} planes and 2 pairs in 2 pairs of h-planes with 3H- (H’-) quadries in
3 f-solids (§ 2.8), 2. pairs of G-conics with 2 G-quadrics in 2 G-solids and 2. pairs with
those in 2f-solids (Th. 10), 4 pairs of T’- (T-) conics with 4 T'- (T'-) quadries and 4

more T'- (T'-) conics, 2 on each h- (k'-) quadric of the hypercone under consideralion

(§ 2.3, Th. 11).

4.2. Summary. To summarise the incidences of the points on the g-l.ines,
conica, guadrics, guadratics and hypercones of various types through them in a
tabular form (see Table 2} like the Table 1, we may introduce some new notations.
The same are explained in its blank sgnares at the appropriate places.

But before we proceed with the planned table, we may note the distribution
of the G-, g-, h- and h'-points on different conies in diffcrent planes and solids as

follows :

(1) Besides the 96 ¢- and 36 g-points, the 72 g-lines in an f-solid p =i meet
in 144 k- and 144 A’-points which lie on 96 k-, 96 2", 144 T'- and 144 T'-conics such
that 48 h-conics lie in its 6 p-planes, 48 h'-conica in its 6 p"-planes and the reatin its
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16 h-planes, the other 144 g-, 144 h- and 144 A"-points of this solid lie ou 96 g-, 144 A-,
144 A'-, 144 T'-, 144 T’-, 72 d- and 72 d’-conics such that 48 g~ 72 h- and 72 d-
conies lie in its 4 c-planes, 48 g-, 72 k'~ and 72 d4’-conics in its 4 c-planes, 24 h-co-
nics ag its 24 sections of the 24 pgjk-quadrics in its 24 planes common with their
24 pgjk-solids, 24 h’-conica ag its 24 gectious of the 24 grij-quadries io its 24 pla-
nes common with their 24 grij-solids, and the rest in its 16 A-planes; the 96 G-points
lie on 16 G-conics in its 16 G-planes and on 96 others in its 16 h-planes besides
their 144 7- and 144 7-conics (see Table 1; §§ 2.83—8.6; Ths. 7—11).

(1) The 36 h- and 36 h"-points other than the § h~ and 9 h'-poiots of intersec-
tion of the 9 g-lines in an A-plane and the 18 G-points therein lic on 6 h~, 6 £’-, 6 G-,
18 7- and 18 T"-couicy (Ths. 9—11) and thus the situation in an A-solid is obvious.

(111) The 24 G-, 36 h- and 36 A'-points ina golid lie on 4 G-, 12 h~ and 12 A"-
conies (Tha. 9 (1) and (u), 10).

(1v) The 9g- and 180 A~ (A"-) points of a p- (p’-) solid p==g (i=j) lie on
60 g~ and 90 d- (d’~} conies in its B e~ (¢'-) planes and 240 k- (h’-) conies, 50 in ite
6 c- (e’-) planes, 120 in its 15 p- (p’-) planes and 30 common fo the 30 pairs of
prij- and grij~ (pgik- and pgjk-) quadrics (Ths. 8—9).

5. QUARTIC PRIMALS

The 24 g-lines of a #m-Quadratic obviously lie on a quartic primal given by
the equation

ali—p)i— @G~ i—3s) b(j—pG—G—r(—ys)
+etk—pilk-q)k—r)(k—s)==0

for any arbitrary values of a, 6, c. Thus follows the following

Theorem 15. The 24 g-lines of an h- or h'~quadratic lie on the quartic primals
of a net determined by any two of them and therefore on the octic surfaces of its
intersection with them, There are thus 100 such nefs, each corresponding to an h- or

h'-quadratic.

6. QUADRILATERALS

6.1. Definitions.” An h-solid p+ ¢ =i j meets a c-plane g=—=k—=r in a
d'-line; a c’-plane j—=r=1k in a d-line; an h-plane g=I, »==k in an a’-line and
j=s, r==Fk in an a-line; a p-plane »=k, g—=s ina b-line; a p’-plane r=k, j=I
in a b'-line (cf." § 1.2).

The 2 pairs of g-lines through the pair of A- (h’-) points of an e- (¢’-) line
are seen to form a skew quadrilateral, called an e- (e'-) quadrilateral. An a- (a'-)
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or a b- (") line too passes through a pair of h- (h"~) poiuts and also similarly
determine an a- (a’=) or a b~ (b'-) guadrilateral accordingly. A 4- or d’-line passes
through a pair of g-points such that the 2 pair of g-lines through them form a
skew quadrilateral, called g-guadrilateral.

6.2, e~ (&'-) Quadrilaterals. Consider a #/m-quadratic and its section by an
h-golid p+ ¢ =i+ j which has the 4 g-lines

(0 p=ig=j r=k )y p=j, g=i, r=k
() p=i, g=j, s =k (1v) p=j g=i s=k

common with it. They form an e-quadrilateral with one diagonal along the e-line
through the pair of h-points of intersection of the 2 pairs of g-lines (1), (u) and
(), (1v) and second along the h-line of the h-solid through the pair of g-points
of intersection of (1), () and (1), (1v). There are 18 such solid sections of the
h-quadratic under consideration such that every g-line on it meets 6 others on it,
8 in 3g- and 3 in Bh-points, and through every hA-point passes one and only one
e-line (see Table 1), ‘

Similar is the case of an A’-quadratie. Thus follows the following

Theorem 16, The 36 g- and 36 h- (A'-) points of intersection of the 24 g-lines
of an h- (h'-) quadratic distribute uniquely into 18 tetrads as the vertices of 18 e~ (&'-)
quadrilaterals, lying in 18 h-solids, such that every g~ or h- (h'~) point belongs to one
and only one such quadrilateral and every g-line to 8 sach quadrilaterals, and to
every g-point of a g-line on it correspond an h- (h'-) point on the same line ani
another on the second g-line through this g-point. Hence: There are 900 e- and 900 ¢'-
quairilaterals arising respectively from the 50 h~ and 50 h’-quadratics.

6.3. a- (2’-) and b~ (b"-) Quadrilaterals. It is easy to see that the second
diagonal of an - or a 4’-quadrilateral is an f-line (§ 1.2), the tirst being an a- or
a &’-line, and that of an «’~ or a b-quadrilateral is an §'-line, the firet being an
a’- or a b-line. The 6 g-lines of an A- (A’-) quadric are seen to form 6a- (a’-) and
3 b~ (b'~) quadrilaterals with vertices at their 8 g- and 6 k- (A’-) points of intersection.
We may also observe that each a- (2-) line passes through a D- (D’-) point and

each b~ (b"-) line through an E£- (£7-) point. Thus follows the following

Theorem 17. There are 3600 a- (a’-) and 1800 b~ (b’-) gquadrilaterals, 6 a- (a’-)
and B b~ (b'-y quadrilaterals on each h- (k') quadric, such that each f- (f'-) line forms
a diagonal of 6 a- (a’-) and 3 &'~ (b-) quadrilaterals, their second diagonals being 6 a-
(a’<) and 3 b~ (h-) lines. There pass 4 a- (a’~) lines through each D- (D’-) point and
B b- (8°-) lines through each E- (E’-) point. There lie 4 a-, 4a’~, 4 b- and 4 b'-lines in
each g-plane, one through each of its & D=, & D'~, & E- and & E’-points respectively.
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6.4. g-Quadrilaterala, The 6 g-lines of a g-quadric are seen fo form 9 g-quad-
rilaterala with verices at their 9¢-points of intersection and diagonals along 9d-
and 9 d’-lines. Bach d-line is ohserved to contain 2 D~ and 2 E’-points and each
d’-ling 2 D'~ and 2 E-pointa, Thua follows

Theorem 18, There are 900 g-gaadrilaterals, 9 on each g-gquadric, with 600 d-
and 900 d’-lines as their diagonals. Each D~ (D’-) point lies on 2 d- (d’-) lines and
each E~ (E'-) point on 3 d'- (d-) lines. Fach g-plane contains 2 d- and 2 d’-lines mee-
ting its 2 e~ and 2 e’-lines in its 4 D-, 4 D"+, 4 E~ and 4 E’«points (see Table 1).

6.5. Quadrilaterala on hypercones.” As an immediate consequence of the 3

preceding propositions follow the following

Theorem 19. The 12 g-lines of an E- (E’-) cone form 3 e~ (¢'+), 8 g~ and 3 b-
(6°~) gquadrilaterals such that their 3 e~ (¢’-), 8 d’~ (d-) and 3 b~ (6'-)line diagonals
concur at its vertex as the 9 contact lines of 3 h~, B g- and 8 f-solids tangent to if,
and their 8 h, 3 d- (d’~) and 3 f'- (f—) line diagonals lie in the plane of its corres-
ponding g-conic (Th. 12).

Theorem 20. The 6 pairs of g-lines through the 4 g- and 2k~ (h"-) points of a
d- (d’-) conic form 8 e-(e’s), 2 g~ and 4 a-(a’~) quadrilaterals such that their 8 h-, 2d’-
{d-) and 4 f- (f -)line diagonals lie in its plane and their 8 e- (¢’-), 2d- (d’-) and 4 a-
(a’-Yine diagonals concur at the vertex of its corresponding D- (D’-)cone as the 9

contact lines of 3 h~, 2 g+ and 4 f-solids tangent to it.

Theorem 21. The 6 pairs of g-lines through the 6 h- (h'-) points of an h- (h'~)
conic, not inan h- or a p-plane, form 8 e~ (¢’-)gaadrilaterals such that their 3 e- (¢'-)
line diagonals lie in its plane and their 3h-line diagonals concur af the vertex H- or
H' of its corresponding H- or H'-cone as the B contact lines of its B tangent h-solids.
They also form 6 a- (a’-) or &~ (§'-) quadrilaterals, if the conic lies in the plane of a
g-solid common with an f~ or another g-solid, such that their 6a- (a’-) or b (B"-)ine
diagonals lie in this plane and their 6 f- (f'=) or f'- (f-)line diagonals concur at H or
H’ as the 6 contfact lines of its 6 tangent f-solids. They form 6 new skew quadrila-
terals foo, if the conic lies in a o~ (¢"-)plane as a section of an h- (h'-} or h'- (h-)
quadratic, such that their 6 f- {f'-)line diagonalslie in its plane and their 6 f- (f-) or
f~ {f-Mine diagonals concur at the vertex of the corresponding H- (H’-) or H'- (H-)

cone as the 6 confact lines of its 6 tangent f-solids.

Corallary 1. Thus there arise 7200 new skew quadrilaterals formed of the 600
g-lines: 1800 with pairs of f- and 1800 with pairs of f'-lines as pairs of their res-
pective diagonals, T2 of either kind in each f-solid and 18 of the first kind on each
H- and 18 of the second on each H'-cone; 3600 with an f- and an f’-lines as pairs
of their diagonals, 144 in each f-solid and 86 or each H- and each H'-cone.

e e e
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fig. 1
The picture of the trlangle formed by the pair of g-lines with an
e-line and its 8 transversals as 2a-, Z«a'-, 34~ and 2 b -lines in a
g-plane.
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Corollary 2. Everyg g-, d=, d’-, h~ or h'-conic determining a hgpercone (§ 4)
lies on 2 of the 100 g-, 600 A~ and 600 h’-quadrics such that the 9 points of intersec-
tion of the & g-lines of one join those of the other to form the relevent 9 contact lines

of the hypercone concurrent at its vertex.

6.6. p-plane pieture. Let OO’, 00" be the pair of g-lines of a g-plane; 4,
B and C, D bhe the other g-points on them besides their common g-point O; O,
O" be the pair of A-points on an e-line therein meeting the pair of d-lines AD,
BC in the pair of D-points D, D, (Th. 18) and d’-lines BD, AC in the pair of
E-points E,, E,; 4", B’ be the h-points of intersection of the pg-lines of an A-qu-
adratic on OO corresponding to 4, B and C°, D’ on 00" corresponding to C, D
(Th. 16). Now it is not difficult to see that B’ C’, A" [Y are the pair of a-lines
through D, D, and C* A7, B’ [} the pair of A-lines through £,, £, (Th. 17}, Again
it is well known that any transversal meets the 3 pairs of opposite sides of a
quadrangle in 3 pairs of points in an involution. Hence from the quadrangle ABCD
or A”B’C’ D’ and its e-line transversal 0" 0" (Fig. 1) follows the following

Theorem 22. The pairs of h~, D- and E-points on an e-line belong to an invo-

lution. Similarly behave the pairs of h’-, [¥~ and E’-points on an e’-line.

Further from the quadrangle C' DD E, or CD D, E; and its g-line transver-
sal OO’ follows the following

Theorem 23. The 3 g-points on a g-line mafe in an involution with their 3
corresponding h~ or h'-points, on it, of intersection of the gelines of an h~ or h'~gu-
adratic through it. The correspondence varies with the change of the h- or h’-quad-

ratic.

7. OBSERVATIONS

If now we study backthe Tahle 1, we obtain a number of interesting subeon-
figurations. Some of them are described below.

7.1. g-points. The 900 g-points, 600 g-, 600 f- and 600 f’-lines form a (900,
1800,) configuration such that 6 lines pass through each point and 3 points lie on

each Iine.

The 18 g-points of an A-plane other than the 9 on its A-line lie by threes on
its 6 f-lines, 2 through each of its 3 collinear /H-points, and on 6 f’-lines, 2through
its 3 H’-points. It can be now proved that the 6 /~ (f"-)lines in an h-plane form a
pair of DesarcuEs triangles with its A-line as their axis of perspectivity such that
the 3 pairs of their corresponding vertices lie on its 3 p- (p’-)lines concurrent at
its S- (8"-)point which is therefore their centre of perspectivity.

7.2, H- and /¥-points. (1) The 1077~ (A -)points, 10 A-lines and 5 ¢~ (c-)
planes in a p’- (p-)solid form the well known configuration
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10(-, 8, 8) 10(8, -, 2) b5(86, 4, ")

auch that 3 lines and 3 planes pass through each point, each line liea In 2 planes
and containg 3 points, each plane containg 6 points as the vertices of the guad-
rilateral formed of the 4 lines therein.

(11) The 100 - (H’-)points, 100 A-lines and 50 ¢’- (s-)planes form 10 confi-
gurations of the type (1), one in each p”- (p-)solid,

(111) The 10 - (&'-)points in each S- (.§'-)plane lie by fours on ita 5 ¢~ {¢’-)
linea.

{1v) The 10077/~ (H'-)points and 150p- (p"-)planes form a (1004, 150,) configu-
ration such that ¢ planes pass through each point and 4 points lie in each plane,
one on each of ita 4 f- (f'~)lines.

7.3. ¢~ (¢"-)ines and planes. The 50 ¢- or ¢'-lines and 50 ¢- or ¢"-planes form
a 50, configuration auch that 8 planes pass through each line and 3 lines lie in
each plane.

If we take a section of it by a solid, we obtain a B0, configuration of 50
points and 50 lines such that 8 linea pass through each point and 3 points lie on
each line.

7.4. S- (5" planes and p- (p'-) solide. The 10 S- or S'-planes and 10 p- or
p’-golida form a 10, configuration such that 8 solids pass through each plane and
3 planes lie in each golid. In fact, they all cencur at the unit point (1,1, 1, 1, 1)
of the respective simplex S5 or S5 (§ 1.1) of reference, the 10 .5- or S’-planes pas-
ging through its respective 10 edges and p- or p'-golids through its 10 plane faces,

The gection of thia configuration by a solid gives a 10, configuration of 10
lines and 10 planes auch that 3 planes pass through each line and 3 lines lie in
each plane, and that by a plane gives the famous Desarcues 10, figure of 10
points and 10 lines.

7.5. 5. (S’'-)point and p- (p’-)planes. The 200.5. or S’'-points and 150 p- or
p’-planes form a (2004, 1505} configuration such that 6 planes pass through each
point and § pointe lie in each plane, one on each of its 8p- or p’-lines.

7.6, An h-plane picture. The 9 g-lined in an h-plane p=i, g—=j are its 9
intersections by the 9 fusolids r—k, s=k, t —k, r =1, s=1L t =1, r=m, s=m,
t=m. They may bgs respectively named as a,b,c, a',b’,¢", a",8",¢". The 9
h-poiuts A, B,C, A", B, C’, A", B",C" of their intersection form a triad of tri-
angles ABC=uabe, A'B'C'=a’b'c", A"B"'C" =a"b"c" perspective to one another
from the same centre at its S-point (J such that their corresponding verticea lie
on its 8 p-lines concurrent thereat and their corregponding sides meet Iin ifs 9 &'-
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Fig. 2
The picture of 9 g-lines, 3 p-lines and Sp'-lines, g h-points, Qb'-points,
1 S-point, IS’-pDint and 18 G-points in an h-plane,
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points D, D', D", E,E’,E*, F, F’, F* lying by threes on its 8 p’-lines as their 8
axes of perspectivity coneurrent at its S’7-point O (Fig. 2).

The 9 h'-points of their intersection thus also form a triad of triangles
DEF=qa’a", DDE'F"=b}b", D"E"F" = ¢ ¢'¢" perspective to one another from
the same centre at O such that their corresponding vertices lie on its 3 p-lines
and their corresponding sides meet at the vertices of former triad of friangles on
its 8 p-lines as their 3 axes of perspectivity,

The non-corresponding sides of a pair of perspective triangles of either triad
meet in 6 G-points of a G-conic. The 6 hexagrams formed of the 18 G-points
inscribed in its 6 G-conics are 123456, 1'273°4’5°6°, 172"3"4"5"6”, B 3'8"68'6",
2272”5 5°56", 11174 4’4", Thus we have the following

Theorem 24, The 9 g-lines of an h-plane form 2 triads of triangles, triangles
of one triad being perspective to one another from the same centre at its S-point and
those of the other from its S’-point, such that the wvertices of the formmer are its 9
h-points lying by threes on its 8 p-lines which form the 8 axes of perspectivity of the
later and those of the later are its 9 h'-points lging by threes on its 3 p-lines which
form the B axes of perspectivity of the former. Hence the 2 triads are mutually re-
lated such that one can be derined fromn the other giving rise to a (20, 15,) configu-
ration of 20 points and 15 lines, 8 lines through each point and 4 points on each line
(Baxer, 1943, p. 861). The non-corresponding sides of the 6 pairs of verspective tri-
angles meet in 18 G-points which form 6 hexagrams irsecribed respectively in its 6

G-conics having its p- and p'-lines as their 6 Pascal lines,

7.7. E-(E’-) Points, The 8600 E- or E’-points, 900 d’- or d- and 900 e-
e’-lines, 900 g-planes and 100 g- and 100 h-solids form a configuration 600 (-, 6, 6, 6)
1800 (2, -, 2, 3) 900 (4, 4, -, 2) 200 (18, 27, 9, +) such that 6 lines 6 planes and 6 solids
pass through each point, each line contains 2 points and lies in 2 planes and 3
golids, eacﬁ plane contains 4 points and 4 lines and lies in 2 solids, each solid
contains 18 points, 27 lines and 9 planes (Th. 18).

8. GAUSS POINTS

Now we introduce a linear relation between the coordinates of a point re-
ferred to the 2 simplexes .S, S” (§ 1.1) as

xtygtrtuto=x g4 fato
ptgtrtstt=ititititm

or

By introducing this relatlon we find that the polar solid of the unit point of S
w.r. t. 57 ([?], [*]) coincides with that of the unit point of §* w.r.t. 5",

As a result, the 600 G-points reduce to 120 Gauss points [']. For the 5 f-solids
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Fig. 8
The shape Fig. % takes when the h-plane there becomes gpecialised,
the 18 G-points therein reducing to the 8 Gaus: points here.
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p=i, ¢g=7j, r=k,s=1, t=m for given 5 values of p,¢,r,s,¢ as well as of
i, 7, k,{,m concur at @ GAUSS point where therefore coincide the 5 G-points de-
termined by them (§ 1.2). Consequently :

() A Gesolid p-to~++r+s=i+ j+ k-1 coincides with the f-solid ¢ =m,
their 120 G-points reduce to 24 GAuUss points and therefore their 9 G-quadrics
(Th. 6*) coincide info one.

(u} The pair of G-planes of a g-solid p-+g+4r=i+ j-+ %k common with
the pair of f-solids s=1{,+=m or s =m, t =1 coincide with their common h-plane,
their 30 G-points reduce to 6 cAvUss points and therefore their 8 G-conics (Th. 10)
coinecide into one,

(in) The picture of an hA-plane (Th. 24) is modified into the dual of an
adjoint pair of wveronesian systems of triangles [*] such that either system is deter-
mined by any 2 of the 3 triangles perspective to one another from the same
cenire and the non-corresponding sides of every one of the 6 pairs of perspertive
triangles meet in the same 6 Gauss points 1, 2, 8, 4, 5, 6 (Fig. 3} forming 6 hexagrams
123456, 163254, 143652, 1236564, 163452, 143256 inscribed in its unigue G-eonie
with their 6 PAscAn lines along its 3 p"- and 3 p-lines which then concur respec-
tively at a pair of STEINER poin#s[*] or ite .5- and S’-points cohjugate for the
G-conic.

The B joins o' =45, " =61, ¢’ =23 are said to form, following CourT [*],
the weronesian triangle A" B* C" of the 2 iriangles ABC =abe, A" B’ C"'=a"b" ¢’
perspective from O, where 4=c¢ b, 5=b-¢", 6—a-¢, 1=c-a’, 2=b+4a',
83—=a-h" (Fig. 8), The 3 triangles are then said to form a veronesian system such
that every one of them is the veronesian of the other two and they are mutually
. perspective from the same centre O. The 3 triangles DEF = aa" a”, D' E" F ' =bb" b",
DY EY F* = ¢¢” ¢ are also seen to form a veronesian system. The relation between
the 2 systems iz mutual such that one can bz derived from the other by the same
operations. Hence they are said to form a pair of matually adjoint veronesian
systems. Thus follow the following

Theorem 25. The 600 G-points may reduce to 120 GAUSS points without affec-

ting the main configuration except the following modifications:

(1) The 25 G-solids coincide with the 25 f-solids and the 400 G-planes, reducing
to 200 only, with the 200 h-planes.

(11} The 225 G-quadrics reduce to 25 only and the 1600 G-corics to 200 only.

(i) The 2 triads of mutually perspective triangles forming a (20, 15,) confi-

guration in an h-plane become a pair of mutually adjoint veronesian systems such

that its S~ and S'-points form a pair of conjugate STEINER poinis arising from the 6
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hexagrams, formed of the common 6 (GAUSS points of intersection of the non-corres-
ponding sides of the 6 pairs of perspective triangles of the 2 systems, inscribed in its
unique G-conic.

Thanks are due to Prof. B. R, SETH for his generous, kind and constant

encouragement in my pure pursuits.
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OZET

Belkli meydana geliren 600 doZurami (p-gizgileri), ikiger ikiger 900 tane
g-duzlemi ve doluzar dokuzar da 200 tane Ah-dizlemi i¢inde bulunurlar ;
altigar dofru olaralk 1300 tane knadrik ylizey ; onsekizer dofru olaral 100
iaae Ak-uzaylar1 iginde bulunurlar: bu uzaylar 100 h-g¢ingisi boyunca kesi-
gen 100 tane h-dtizlemi ¢ifti tarafindan belirtilmeltedir. g-¢izgtleri ayrica
7% ger talumlar olaralt 25 tane f.uzayl arasinda dagilabilmelktedir ; 24 ldk
takimlar geklinde 100 adet 3 boyutlu kuadrikler tizerinde de bulunurlar:
listelik her bir 24 Mk dogru talkimi ayni zamanda bir huzmeye ait olan
dérdtinell dereceden 3 boyutln varyetelerin hepsine ait oldugundan, bu
hilzmeye ait herhangi fki varyetenin arakesiti olarak meydana gelen se-
kkizinel dereceden ylzey lizerinde de bulunur.

Her g-cizgisi 3 tanesi 3 g-noktasinda 0 tanesi 8 h-nokiasinda, 6 tanesi 6
B -nolttasinda ve 12 tanesini de ticer Wger 4 G-noktasyinda olmak {lzere tam
27 tane bugka g-¢isgisi ile kesigir. Bu surette belirtilen noltalardan 900
g-noktas, 1800 k-noktam ve [BOD h'-noktasi € gar nolta talumlari geklin-
de 6600 tune konik tizerinde bulunurlar: bu konikler ige 156 ger talim-
lar geklinde 100 tane 3 boyutlu kuadrikler izerinde o tarzda dafitilmig
bulunmaktadirlar ki, her bir konigi belirtmefe yariyan 6 nolztadan gecgen
6 g-gizgivi ciftinin belirttikleri 6 diizlem tek bir noltada kesigip, bir ku-
adrilk nokia konisinin 2 ayluri gisteminin 2 @¢lit dofuran ditzlem takimini
tegkil ederler, Bu tarzda belirtilen 3200 tane hiperlzoni mevcuttux.

Bir 3 boyutlu lzuadrik Uzerinde bulunan 24 p-¢izagisi, tepeleri 38 g-nolctam
ve 36 h-noktasi veya 36 R’ -neltas: icinden alinan 18 tane samk dortgen
meydana getirirler : nolitular bu surette 18 tane ddrtltt talkimlara dagitil-
myg bulunurlar ve her g-gisgisi ﬁzerinde % p-nollas1, 3 k-noktam veya 3

k" -noktaa ile bir invollisyouunun egleri olarak tekabuil ettirilir.

Bir h dtizleminde bulunan 9 g-gizgisi, biri digerine perspeltif olan her
Uglt talomimin perspeltivite merkezi bir 5 veya 8'.noktasinda bulunan
iki tigitt Wggen takiminmy meydana getirir: bu surette 6 perspectivite eli-
ekseni olan w@lum (205 1%,) gekli elde edilir, Perspektif Wiggenlerin birbi-
rine tekabiill etmeyen kenarlari bir P'ascar gekli tegkil eden ve bir G-ko-

nifi Wzerinde bulunan 6 lane G-noktasinda kesigirler,

600 G-noktas: 24 er talkimlar olarak 225 adet kuadrikk yfizey uUzerinde bu-
lunurlar : bu ylUzeylerin sayisi ancalk hususi bazm gartlar altinda 25 e iner
ve bu takdirde bu 600 G-noktasi bir sempleks ¢iftine tekabill eden 120 ta-
ne Gaust nokftasi olur., Bir h-dlizleminde bulunan 2 birbirine peraspelctif
teltt tiggen talimlar: bu takdirde bir birbirine ek VERONESE sisfeminim dlla-
11 olmug olur, halbuki S ve S’ -noktalari bunun igindeki 6 Gauss nolttasi-
nin tegkil etiikleri alttgenin Steiner nottalarr ¢iftini teglkil ederler,

Bu gekilden piltarslabiten diger altgekilier ve bunlarin sekille bagintilar:

de oldukea alaka gelkicidir,
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