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A b s t r a c t * . T h e 600 g e n e r a t i n g l i n e s or g-Hnes of the conf igurat ion tie 
by twos i n 900 g -p lanes a n d by n i n e s i n 200 fc-planes; by sixeg on 1300 
2 -quadries ; by 18s i n 100 A-soIids determined by 100 pairs of A-planes 
m e e t i n g i n 100 A - l i n e s ; by 72s i n 25 / - s o l i d s ; by 24s on 100 3 - q u a d r i c s , 
the 24 i i n e s on each quadrle l y i n g also on the quart ie p r i m a l s of a n e t 
d e t e r m i n e d by a n y two of them a n d therefore on the octie surfaces of 
i t s i n t e r s e c t i o n w i t h them too. 

E v e r y g - I ine meets 27 o t h e r s , 3 l a 3 g-, 6 In 6 A- a n d C i n 6 / / - p o i n t s 
a n d the o ther 12 c o n c u r r i n g by t h r e e s i n 4 G - p o l n t s on I t . T h e 900 g-, 
1800 h- an(i 1800 / / - p o i n t s l i e by s i x e s on 6600 eonics w h i c h He by lB6s 
on the 100 3 -quadrles s u c h that the 6 planes d e t e r m i n e d by the 6 pairs 
of g - l i n e s t h r o u g h the 6 points d e t e r m i n i n g one s u c h eonic c o n c u r i n a 
point and form 2 t r i a d s of g e n e r a t i n g planes of the 2 opposite systems 
of a quadrle p o i n t - c o n e . T h e r e are 3200 s u c h h y p e r e o n e s . . 
T h e 24 g - I ines of a 3-quadrie form 18 s l iew q u a d r i l a t e r a l s w i t h v e r t i c e s 
at the 36 g- a n d 36 h- or / / - p o i n t s of their i a t e r s e c t i o n w h i c h d i s t r i b u t e 
thus u n i q u e l y i n t o 18 tetrads , 3 jr-polnts c o u p l i n g w i t h 3 h-ov k -points 
on each g - l ine as mates i n an i n v o l u t i o n . 

T h e 9 g-Hnes i n an ft-plane form 2 tr iads of m u t u a l l y perspect ive t r i a n g ­
l e s , e a c h t r i a d h a v i n g the same c e n t r e of perspeot iv i ty at a n S- or S -
point , a n d thus form a f a m i l i a r f igure (20 : ! , 16.|) w i t h the 6 axes of 
p e r s p e c t i v i t y ["1. The n o n - c o r r e s p o n d i n g s ides of e a c h p a i r of perspect ive 
t r i a n g l e s meet i n 6 G - p o i n t s forming a PASCAL h e x a g r a m i n s c r i b e d in a 
G - c o n i c . 

T h e 000 G - p o i n t s l ie by 24s on 225 2 - q u a d r i c s , r e d u c i n g to 25 only under 
speeiaUsed c i r c u m s t a n c e s , w h e n they become the 120 GAUSS points t^J r e ­
ferred to a p a i r of s i m p l e x e s . The 2 tr iads of m u t u a l l y perspect ive t r i a n g l e s 
i n an / r -p lanc t h e n form the dual oF m u t u a l l y u I joint veronesian s y s i e / i i s [ a ] , 
a n d the S-, S -points become a p a i r of STEI.-VER points [~1 for the hexagram 
of the 6 GAUSS points t h e r e i n , 

T h e r e a r i s e a good number of i n t e r e s t i n g subconf igurat ions from the 
v a r i o u s e lements of the conf igurat ion and t h e i r m u t u a l r e l a t i o n s . 

P u b l i s h e d i n the P r o c e e d i n g s of the 48th S e s s i o n of the I n d i a n S c i e n c e Congress 
Assoc iat ion held at Roortree i n J a n u a r y 1961, 

17 



18 S . R . MANDAN 

1 . I N T R O D U C T I O N 

1.1 . Preliminaries. Let x, y, z, u, v be the coordinates of a point w i t h 
reference to a simplex S i n a 4-dimeiisional projective space [i] and A - ' , z', a', *>' 
referred to another, say S ' . 

The 600 lines common to the 600 triads of solids given by the equations 
p ~ i , q = j , r = k and l y i n g by sixes in the 100 solids given by 

P + q + = ' + ; + k, 

denoted as the silm - solids (p, q, r, s, t~x, g, z, u, v • pzfcq=fcr=fcs=fi>t; 
i, j , k, /, m = x', z', v'; i^j^k^l^m) for the convenience of enumera­
t i on , generate the configuration considered here. 

1.2. Definitions. The generating lines of the configuration are referred to 
as g-lines ; si/m-solids as g'solids; the fundamental solids p~i as f-solids; the 
plane common to a pair of /-Solids p ~ i, q~j as h-plane. A pair of ft-planes 
p = i, q~j; p = j , q — i determine an h-Une p = i~ q~ j common to them and 
an h-solid p - j - q = i + j which meets an /-solid r — k i n a g-plane, a c-plane 
r ~ & — s in an e-lhie and a c'-plane i—p~j i n an e'-line. 

The ^-lines intersect i n the following 4 types of po ints : A g-point is an 
intersection of an ft-Iine p ~ i — q = j w i t h an /-solid r — k; an h-point is that of 
an A-plane p — i, q^j w i t h a c-plane r = k = s which meets an / -sol id p=i i n 
an /- /me, and an h'-point w i t h a c'-plane k — r = I which meets p ~ i in an / - line ; 
a G-point is one common to 4 / -BOlids p — i, q = j , r — k, s = /. Obviously 24 
G-points lie i n a tm-solid p-\~q-\-rJrs = i^-j-lrk-\-l, called a G-solid, and 6 i n 
a G-plane common to an / -sol id p — i. 

The e- (e'-) lines concur by threes i n E - (£"-) points of intersection of /t-solids 
p + q = i -\- j w i t h c- (c'~) lines q~r — s = k{r~ j = jfe = i) . ; fc-lmes i n H- {H'-) 
points p = i^.q = j ~ r ( i ~ p ~ j = q —k); by 2 e-(e'-) lines and 1 /i-line i n 
£>- (£)'-) points as intersections of /i-eolids p + q ~ / + / w i t h /t-lines 

/ = r = k ~ s {q ~ k — r = /). 

The c- {c'-) planes lie by fives in p - (p'-) solids p—q{i — j ) which meet /-solids 
r = k in p- (p'-) planes and the A-planes r = k, s = / i n p - (//-) //nes which again 
lie by threes in ft-planes concurrent at S - (S'~) points of their intersection w i t h 
S- (S'-) planes p — q ~ t (i — j = m). 

A 2-quadric w i l l be referred as a quairic and 3-quadric as quairatic. 

1.3. Incidences. We may now enumerate the various elements of the con­
f iguration, observe and record their incidences in a table given below. The figures 
below the diagonal show the number of subspaces i n each space, those above, the 
number of spaces through each subspace. 
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2. Q U A D R I C S 

2 . 1 . g-SoIids. The 6 ^-lines in an stlm-BoliA form the following 2 tr iads : 

( I ) p~ i, q = }•, r — k; p — j , q = k, ?• = ('; p — k, 9 — z, r = j 

( I I ) p~i, q — k, r~j',p~j, q = i, r~k\ p — k, q = j , r — i. 

Every l ine of one triad meets that of the other and no two lines of one meet 
each other. Hence they generate a quadric denoted as stlm-quadric. Thus we have 
the following 

Theorem 1 . The 6 g-lines of a g-solid form 2 triads of generators of the 2 
opposite systems of a quadric and meet in 9 g-points. There are thus 100 such qaad-
rics, one in each g-solid. 

2.2 / Quadratics . Every 2 of the 4 stlm-quadrics for 3 given values of 
t, I, m or s, t, m meet in a conic, in the plane common to their solids, determined 
by the 6 h- or Zi'-points of intersection of the 6 ^--lines of one w i t h the corres­
ponding ones of the other. Hence they lie on a quadratic denoted as tlm- or 
stm-quadratic accordingly. Each such quadratic then contains 24 #-lines meeting i n 
36 g- and 36 h- or /( '-points. 

2.3. / -So l ids . An / -sol id p — i meets a iZm-quadratic i n a quadric denoted 
as pi/tlm-quadric. I t contains the fol lowing 6 ^-lines : 

(i) r = p, j = q, k = r (iv) i = p, j = r, k = q 

(11) / — p, — k = s (v) 1 = p, / = s, k = r 

( i l l ) f = p, j — s , k = q (vt) i=p, j — q} k = s. 

The f i rs t 3 lines belong to one system of its generators and the last 3 to the other 
intersecting the former in 3 g- and 6 /i-points. 

Similarly behave the 6 #-lines of a pr/^'n-qi-iadrie intersecting in 3 g- and 6 
Zi'-points. 

But the /-solid p — i meets the 24 ^-lines of a pij- or pqi- quadra tie i n 24 
G-points, those of a pjk (<?i-i)-quadratic in 24 h~(h'-) points, and those of a 
qij (po-/)-quadra tic in 6 6'- and IS h'-(h-) points. 

2 . 4 . p-Solids. Further we observe that the p-(p ' - ) solid s = / (/ — m) meets 
the 24 £--lines of a ptm (pmi)- and those of the psm (pZi)-quadratic i n the same 24 
h-(h'-) points which therefore lie on their common quadric section by this solid 
and by sixes on 4 conies in its 4 c- (c'-^p!anes other than s = m ~ t (I — p = m). 
I t is also seen to meet the 18 #-lines of a tlm(stl)- and those of the slm(stm)-
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quadratic other than their common 6 g'-lines on their common sf/m-quadric i n the 
same 18 h- (h'-) points which therefore lie on their common quadric section by this 
solid and by sixes on 3 conies i n its 3 c- (c'-) planes 

s = i — t, s — j ^ t, s = k = t(l~p — m, l~q — m, l — r~ m). 

I t is also observed to meet the 24 £-lines of a pqi (pi/J-quadratic, i n pairs, in 12 
17-points (see § 3.1) which therefore lie on its quadric section and by sixes on 4 
conies i n its 4 c- (c'-) planes other than s ~ i~ t (I — p = m), and of a pij (pqi)-
quadratic i n 6 g- and 6 h- (h'-) points which therefore lie on its quadric section 
and by 4 g- and 2 h- (h'-) points on 3 conies in its 3 c- (c'-) planes other than 

s = s — j — t (I — p ~ m, I — q — m). 

2.5. G-Solids. A im-solid (§ 1.2) meets the 24 ^-lines of every one of the 
tmi-, tmj-, tmk-, tml-, pirn-, qtm-, rtm- and sim-quadratics in the same 24 G-points 
which therefore l ie on their common quadric section, by this solid, denoted as a 
tm-qaadric. 

2.6. Definitions. An stlm-, a pijllm- and pf/sim-quadric are called respec­
t ive ly g-, h- and. h'-quadric and tlm- and sim-quadraties as h- and h'-quadratics. A 
quadric through 24 G- or h- {h'-) points is referred to as G- or h- (h'-) quadric 
accordingly, one through 6 G- and 18 h- (h'-) points as T- ( T r - ) quadric, that through 
18 h- (h'-) points only as F- (P'~) quadric, one through 12 ^-points as G-quadric 
and that through 6 g- and 6 h- {h'-) points as D- {D'-) quadric. A conic through 6 
G-, g-, h- or A'-points is called G-, g-, h-, h'-conic accordingly, one through 4 g-
and 2 h- (A'-) points as d- (d'-)conic and that through 2 G- and 4 h- (h'-) points as 
7*~ (7"-) conic. We thus have the following theorems: 

Theorem 2. The 100 g-quadrics lie by fours on 50 h- and 50 h'-quadratics, 
each containing 24 g-lines meeting in 36 g- and 36 h- or kr-points. The 4 g-quadrics 
on each h-{h'~) quadratic meet by twos in 6 h- (ft'-) conies giving rise to 300 such 
conies of either type which then lie by sixes on each g-quadric. 

Theorem 3. The 72 g-lines in an f-solid lie by sixes on 24 h- and 24 h'-qaad-
rics, the 6 g-lines on each h- (h'-) qaadric form 2 triads of its generators of opposite 
systems intersecting in 3 g- and 6 h- {h'-) points. 

Theorem 4. There are: (l) 150 H-{H'-) qaadrics, 6 in each f-solid and 3 on 
each h- (h'~) quadratic, and 150 others, 15 in each p-{p'-) solid and 6 on each h- (h'-) 
quadratic; ( l i ) 400 T-(T'-} quadrics, 16 in each f-solid and 8 on each h'-{h-) quad­
ratic; ( i l l ) 100 P- (P'~) quadrics, 10 in each p- (p'-) solid and 4 on each h- (h'-) qu­
adratic such that every 2 h- (hr-) quadratics through a g-quadric meet again in a 
P-(P'-) qaadric; ( iv) 600 h-(hr-) conies, 4 on each H-{H'~) quadric in a p-(p'-) 
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solid and 12 in each c- (c'-) plane, and 300 others, 3 on each P-(P'-) qaadric and 6 

in each c- (</-) plane. 

Theorem 5. There are: (l) 300 C-quadrics, 15 in each p- and p'-solid and 3 
on each h- and h'-qaadratic, as sections of h- (//-) quadratics by p '• (p-) solids; 

(u) 300 D-(D'-) quadrics, 30 in each p-{p'-) solid and 6 on each h-(h'-) quadratic. 

Theorem 6. The 600 G-points lie by 24s on 25 G-quadrics, one in each G-solid 

and each common to 4 h- and 4 h'-quadratics sack that an h- and an h'-quadratic 

meet again in a g-quadric and two h-(h'-) quadratics in an H'-{H-) qaadric in a 

v'-(p-) solid. There are 200 other G-quadrics, 8 in each f-solid and 2 on each h- or 

h'-quadratic. 

3. CONIGS 

3 . 1 . ^ -Conies. A c'-plane i—P = j i s observed to meet a i/m-quadratic i n 
a ^r-conie determined by the the 6 ^r-poiatB of intersection of its 6 ^-lines i n the 
/ - so l id ( = p w i t h those i n p = / as fo l lows: 

W i — P» j=q k = rt i — q, j — P> k = r 

( n ) i — P, j = r, k = s , i = r, j = P , k^S 

( i l l ) i = p, j — s , k = q, ' — / — P i k = q 

(w) i = Pr — k = S, ' —<?» J = p, 

<v) i = P, ; = »', fe — q, i = r* j — p, k^q 

<vi) i — p, j •=*, k^r, i = a, j — p. k = r. 

The 6 g-planes determined by the 6 pairs of #-lines are as fol lows: 

( I ) p -H q = i + /, r ~ k ( I V ) p + q = i-t-j, s = k 

( I I ) p + r — i + / , s = k (v) p -h /• = f + j , q — k 

( i l l ) p + a = r + / , = & (vi) p + s — i + / , r = f t . 

They obviously concur at the £-point of intersection of an A-solid 

f + j ~ p + q (p + r or p - f s ) 

w i t h the e-Iine & ~ <7 = r — s (§ 1.2). 

Similarly the 6 ^--planes determined by the 6 pairs of ^-lines through the 6 
^--points of the ^-conie section of an sfm-quadratic by a c-plane p = i=q concur 
at the f ' - p o i n t given by = p + q — i + (r + k or 1 + 0* Thus follows 
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Theorem 7. The 900 g-points lie by sixes on 1200 g-conics, 12 in each c-{c'~) 

plane as 12 sections of 12 h'- (h-) quadratics, 2 an each h- and each h'-quadric through 

its 12 g-points other than the 3 g-points of intersection of its 3 pairs of g-lines, 12 
on eac/i h- and h'-quadratic, 96 in each f- and 60 in each p-(p'~) solid, 4 on each 

C-quadric and 8 through each g-point (see Table 1 and § 2.4). The 6 g-planes deter­

mined by the 6 pairs of g-lines through the 6 g-points of a g-conic concur at an E-

or E'-point according as it lies on an h- or h'-quadratic. 

3.2. d-(d'-) Conies. Repeating the argument of the preceding proposition, 
we may further observe that a c- (c'~) plane p=i — q (f = ^ = / ) cuts a tlm(stm)-
quadratic i n a d-(d'~) conic (§ 2. 6) through the 4 g- and 2 h-(h'~) points of 
intersection of its 6 #-lines i n the / -sol id p — i w i t h those i n q~i(p — / ) , and have 

Theorem 8. The 36 g- and 36 h- (h'~) points in a c- (c'~) plane lie by 4 g- and 

2 h- (h'~) points on 18 d- (d'~) conies as 18 sectia7is of I S h- ( A ' - ) quadratics. The 4 
g- and 2 h-planes determined by the 6 pairs of g-lines through the 4 g- and 2 h- {h'-) 

points of a d- (ct"-) conic concur at a D-(D'-) point (§ 1.2). There are thus 900 such 

conies of either type, 72 in each f-solid, 90 in each p-(p'-) solid, 3 on each h-(hr-) 

quadric, 18 on each h- (h'-) quadratic and 4 through each g- and one through each 

h-(h'-) point and 3 on each D-{D'-) quadric (see Table 1 and § 2.4). 

3.3. h~(h'-) Conies, a. Besides the 1200 h-{h'-) conies enumerated above 
(Ths. 2, 4), we have 600 more of either type. For example, the /-solid p = f meets 
the 6 ^-lines of a pqjk-{qrij-) solid (§ 2.1) i n 6 h-{h'-) points of an h~(h'-) conic 
section of the ^-quadric in this g'-solid (§§ 1.2, 2.6) by their common plane. I t 
therefore lies on the h-(h'-) quadric section of the qjk (?r/')-quadratic, on the 
T- (7"-) quadric section of the pqj (qij)- or pqk (rij)-quadratic as well as on the 
H- (//'-)• quadric section of the pjk (a:rf')-quadrafcic by p = i (§ 2.3). 

b . The h-(h'-) conic (Th. 2) of a pi/i-quadric common w i t h a psli-(ptmi-) 
quadric is seen to lie in the p - (p'-) solid s = t (I ~ m) on the P- (P'-) quadric 
(§ 2.4) common to the tli(ptl)- and sli (pim)-qttadratics, 

c. The h-(h'-) conic (Th. 4) in the c-{c'-) plane s = i = t (I = q = m) and 
on the H-(Hr-) quadric (§2.4) , common to ptm (pmi)- and psm(pli) quadratics 
obviously lies on the h'-(h-) quadric section o l the ptm (pmi) quadratic by the 
/ -sol id s — i (l = q) and on that of the psm(pli) quadratic by i — t (q ~ m) or on 
the T- (7*'-) quadric section of the later (former) quadratic by the former (later) 
solid (§ 2.3). 

d. The (h-(h'-} conic iTh . 4) in the c-(c'-) plane s = i = t (I = q — m) aud 
on the P-(P'-) quadric (§ 2.4), common to the tlm (stl)- and slm (sf/n)-quadratics, 
obviously lies on the h-(h'-) quadric section of the tlm (sfi)-quadrafcic by the /-solid 
s = i (q = m) and on that of the slm (sfm)-quadratic by i — t (I = q) or on the 
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H- (H'~) quadric section of the former (later) quadratic by the later (former) solid 
(§ 2.3). 

e. Following the argument of § 3.1, we can now prove that the 6 /i-planes 
determined by the 6 pairs of #-lines through the 6 h-(h'-) points of an h-(h'-) co­
nic also concur at an H- or / / ' - p o i n t (g 1.2). Here we notice that 6 such concur­
rent planes meet 9 h- and 9 ft'-conies, each meeting each /i-plane i n an h- or /V-point 
through which pass a pair of ^-lines determining the A-pIane. For example, consi­
der those which concur at an / / - p o i n t p — / — q — j = r . They are as fol lows: 

(l) p = l, q = j ( l l ) q = t , r = j (ill) r = i,p = j 

( iv) p = j , q = i (v) q = j , r — i (vi) r — j , p = i. 

The 9 h- and //-conies meeting them are given by the fol lowing matrix scheme of 
3 g- and 6 /i-quadrics such that the 3 quadrics i n a row (column) meet one another 

sflm 

skltlm 

tkjslm 

iu 3 h'- (A-) conies. 

f . But there are 2 more varieties of h- as well /V-conics too which are quite 
distinct from the four just discussed. For example, the section of a pkl (rsr)-quad-
ratic by an /i-plane p — i, q = j is one such h-(h'-) conic (§ 2.3), and by a p'-(p-) 
plane q — j , m — k (s — t) is another such h'-(h~) conic. The 6 A-planes through 
the 6 pairs of g'-lines through the 6 / i - or /('-points of one such conic reduce to 3 
only iu the / -sol id g = / such that 2 pairs of ^-Hnes lie in each plane. I n the for­
mer case, they are the 3 /i-planes of q — j common w i t h the 3 /-solids 

rn = r, s , t (t — k, /, m) 

and meet p — i in 3 j^-lines, each containing 2 of the 6 h-(h'~) points. That is, 
the 2 pairs of jr-lines in each /i-plane have a ^--iine in common or reduce to 3^-lines 
only , i n the later case, they are the 3 A-planes of q — j common w i t h 

/ — r, s , t (p = / ; , I, m) 

and meet the p'-(p-) solid m = k(s = t) i n 3 p'-(p-) lines, each containing 2 of 
the 6 h'-(h-) points. Thug we obtain the fol lowing 

Theorem 9. There are: (l) 600 h- (/>'-) conies, one on each h-(h'-) quadric, 

.24 in each f-solid, 6 on each g-quadric, 3 on each T-(T'~) qaadric, 4 on H~(H'-) 

qaadric in an f-solid and 24 on each h- and h'-quadratic ; (n) 300 others (Th. 2), 3 

stink stkl 

sljtmk smltkl 

tljsmk tmjskl 
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on each P- (P'-) quadric and 30 in each p- {p'-) solid; ( i l l ) 600 more (Th. 4 ) , 2 on 
each h'-(h-) and 3 on each T-(T'~) qaadric, 48 in each /-solid, 60 in each p-(p'-) 
solid and 24 on each h'- (h-) quadratic; ( iv) on 300 others (Th, 4 ) , 4 on each H- (H'~) 
quadric in an f-solid, one on each h- (h'~) qaadric, 24 in each f-solid, 30 in each 
P~ ip'-) solid and 12 on each h- (h'-) quadratic; (v) 1200 more, each cutting 3 g-lines 
in 3 pairs of h- (h'~) points, 6 in each h-plane through its 86 h- {h'~) points other than 
the 9 of intersection of its 9 g-lines, 8 on each H- (fd'~) quadric in an f-solid, 2 on 
each h- (h'-) quadric, 96 in each f- and 12 in each h-solid and 24 on each h- (h'~) qu­
adratic; (vi) 1200 others, each cutting 3 p- (pr-) tines in 3 pairs of h- (h'-) points, 8 
in each p- (p'~) plane, 120 in each p- (p'-) solid, 8 on each H- (//'-) quadric in a 
p-(p'-) solid, 4 on each h'-{fi-) quadric, 48 in each f-solid and 48 on each h'-(h-) 
quadratic. The 6 h-planes determined by the 6 pairs of g-lines through the 6 h-(h'-) 
points of an h-(h'-) conic, not in an h- or p-(p'-) plane, concur at an H- or H'-point 
and are the same for 9 h- and 9 h'-conics. The 6 h-planes determined similarly for 
one such conic in an h- or p-(p'-) plane reduce to 3 only lying in an f-solid such 
that each plane contains 2 pairs of g-lines which reduce to 3 g-lines only for the conic 
in an h-plane. 

3 . 4 . G-Conics. The G-solid (§ 1.2) of a tm-quadric ( § 2 .5) , an / -solid p = i 
and the pirni-solid obviously meet i n a G-plane (§ 1.2). Hence a tm-, a ptmi- the 
pi/tmi- and pi/pfm-quadrics (§ 2.3) have a G-conic common through the 6 G-points 
in the G-plane common to p — i and pimr'-solid. Or, a tmi- and a pfm-quadratic 
meet i n the tm- and pimi-quadrics which then meet i n a G-conie. Obviously this 
G-plane cuts the pti-, qtm-, rtm-, stm-, pmi-, tmj-, tmk- and f mi-quadratics too i n 
the same G-conic. 

Again an A-plane p — i, q= j is observed to meet the pri- or qrj- psi- or 
qsj-, pti~ or qtf-, pki- or qjk-, pli- or qlf- and pmi- or ?m/-quadratics in 6 G-conics. 
Thus we f ind the fol lowing 

Theorem 10 . There are: (l) 400 G-conics, one on each T- and each R'-quad-
ric, 2 on each h- and h'-quadric, 4 on each G-quadric in an f-solid, 4 on each g-qu-
adric, 16 in each f~solid, 16 on each G-qaairic in a G-solid and 40 on each h- and 
each h'-quadratic such that an h- and an h'-quadratic through a g-qaadric meet again 
in a G-quadric which meets the g-quadric in a G-conic ; ( i l ) 1200 others, 6 in each 
h-plane, 12 in each h- and 96 in each f-solid, 2 on each h- and each h'-quadric, 12 
on each G-quadric in an f-solid and 24 on each h- and h'-quadratic. 

3 . 5 . T-(T'~) Conies. The section of an rik (pj-i)-quadratic by an A-plane 
p — i , q~j is seen to be a T- ( 7 " - ) conic through 2 G- and ih'-(h-) points 
(§§ 1.2, 2 .3 , 2.6) . Now follows 

Theorem 11. There are 3600 T- ( 7 " - ) conies, 18 in each h-plane, 288 in each 
f- and 36 in each h-solid, 6 on each h'- (h-) and 9 on each T- (7*'-) quadric and 72 on 
each h'- (h-) quadratic. 
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4. HYPERCONES 

4.1. Definitions. The 6 g-planes concurrent at an E-(Er-) point are obser­
ved to form 2 triads of generating planes of the 2 opposite systems of a quadric 

point-cone ['], called an E-(E'-) cone. For example, the f irst 3 ^-planes of § 3.1 
form one tr iad and the last 3 the other such that every plane of one meets that 
of the other i n a l ine, both ly ing i n a g-, an / - , an / - or A-solid which forms a 
tangent solid of the hypercone w i t h their common line as its line of contact, and 
every two of one t r iad meet only i n the vertex of this 7?-cone at the £-point. 

Similarly , we may define H- (//'-) and D- (£>'-) cone generated respectively 
by the 6 A-planes through an H- {H'-) point and the 4 g- and 2 A-planes through 
a D- (£>'-) point . The //-cone w i t h vertex at an / / - p o i n t p — i = q = j = r and the 
// '-cone w i t h vertex at the / / ' - p o i n t k~s=l=t— m are said to form a comple­

mentary pair of cones. We thus have the fol lowing theorems: 

Theorem 12. There are 600 E-(E'-) cones, each corresponding to a g-conic 

(Th. 7). Each such cone contains : 6 g-planes lying in pairs in 3 / - , 3 g- and 3 h-solids ; 

12 g-lines, 2 in each generating g-plane; 48 G-, 24 g-, 60 h- («'-) and 72 h'-

points ; a pair of h- (h'-) quadrics as its intersections with an h- (/V-) quadratic, say 

Q, or as its sections by the pair of f-solids determining the c- (c-) plane of its cor­

responding g-conic common to them (§ 3.1) ; a pair of other g- and a pair of h- (h'-) 

conies lying respectively on a third h- (h'-) and a g-quadric of Q {Th . 7, § 3.3a) ; 4 
pairs of G-conics as its intersections with 4 G-quadrics of Q, 2 in 2/- and 2 in 2 
G-solids (Th. 10) ; 3 pairs of h- (h'-) conies common with 3/ /- (// '-) quadrics of Q 

in 3 f-solids and one pair with a P- (/"-) quadric of Q sach that the conies of this 

pair, lying in 2 c- (c'-) planes of its p- (p'~) solid, are not new, bat belong to 2 of 

the 3 pairs, one to each, while the other 4 conies lie in 4 h-planes (§§ 2.3," 2,4); 6 
pairs of h'- (h-) conies common with QH'~ (//-) quadrics of Q in 6p'- (p-) solids, and 

2 pairs with 27*'- (7*-) quadrics of Q sach that the conies of either pair, lying in 2c'-

(c-) planes of an f-solid, are not new, but belong to 2 of the 6 pairs, one to each, 

while the other 8 conies lie in 8 p ' - (p~) planes (§§ 2.3, 2.4); 6 pairs of T'- (T-) 

conies common with 6 7"- (7*-) quadrics of Q (Th, 11); 3 pairs of d- (d'-) conies 

common with 3 D- (D'-) quadrics of Q (Th. 8). 

Theorem 13. There are 100 H- (//'-) cones, each corresponding to 9 h- and 9 
h'-conics (Th. 9). Each such cone contains: 6 h-planes lying in pair in 6 / - and 3 
h-solids; 54 g-lines, 9 in each generating h-plane; 108 G-, 117 234 h- (b'-) and 270 W-

(/i-) points; 3 g-quadrics as well as 3 pairs of h- (h'~) quadrics as its farther inter­

sections with 3 pairs of h- (h'~) quadratics through the 3 g-quadrics such that these 9 
quadrics meet one another in 18 G-conics besides its corresponding 9 h- and 9 h'-conics 

(§ 3,3e) ; the other 36 G-, 36 h- and 36 h'-conics lying by sixes and 108 7*- and 108 
T'-conies lying by 18s in the 6 generating h-planes (Ths, 9, 10, 11) ; the other 30 h-
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and 30 h'-conics lying by tens on the g-quadrics (Th. 9); \2g-, 18 d- {d'-), 12 h- (h'-) 
in \2 h-planest 24 h'- (h-) in 24p' - (p-) planes and 36 7*'- (7*-) conies lying respectively 
by 2g-, Bd-(d'-), 2 h- (h'-), 4 A'- (h-) and 6 7"- (T-) conies on the 6 h- (h'-) quadrics 
(Ths. 7, 8, 9, 11). 

Corollary. Twelve of the 18 G-conics common to the 9 quadrics of an H- [fd'-) 
cone lie in 12 G-planes, by fours on the 3 g-qaadrics and in pairs on the 6 h- (A'-) 
quadrics and on 6 G-quadrics in 6 G-solids (Th. 6) ; the other six lie in 6 h-planes 
and in pairs on the 6 h- (A'~) quadrics (Th. 10) Hence: The 6 h-planes determined by 
the 6 outside pairs of g-lines through ths 6 G-points of a G-conic in an h-plane and 
common to a pair of h- (A'-) quadrics also concur at an H- (fd'-) point, form 2 triads 
of generating planes of the 2 opposite systems of an H- (//'-) cone and are the same 
for 6 G-conics in 6 h-planes generating similarly its complementary H'- (fd-) cone. 

Theorem 14. There are 900 D- (D'-) cones, each corresponding to a d- (d'-) 

conic (Th. 8), Each such cone contains: 4 g- and 2 h-planes lying, in pairs, in 4 / - , 
2 g- and 2 h-solids ; 26 g-lines, 2 in each generating g- and 9 in each generating h-
plane (see Table 1); 68 G-, dig-, 126 h- (A'-) and 138 A'- (A-) points; a pair of h-(h'-) 
quadrics as its intersection with an A- (A'-) quadratic, say W, or as its sections by 
the pair of f-solids determining the c- (c'~) plane of its corresponding conic common 
to them (% 3.2); 12 G-, 12 A- and 12 h'-conics lying by sixes and 36 7*- and 36 7*'-co-
nics lying by 18 s in each generating h-plane (Ths. 9, 10, 11); 2 pairs of other d-
(d'~) conies common with 2 other A- (A'-) quadrics of W (Th. 8), 2 pairs of g-conics 
with 2 C-quadrics (Th. 7), a pair of h- (A'-) conies with a g-quadric (Th. 9), 2 pairs 
of A'- (A-) conies in 2 pairs of c'- (c-) planes and 4 pairs in 4 pairs of p'- (p-) planes 
with 6 H'- (H~) quadrics in 6 p'- (p-) solids (§ 2.4), a pair of A- (A'-) conies in a 
pair of c- (c'-) planes and 2 pairs in 2 pairs of h-planes with 3H- (H'~) quadrics in 

3 f-solids (§ 2.3), 2 pairs of G-conics with 2 G-quadrics in 2 G-solids and 2 pairs with 
those in 2f-solids (Th. 10), 4 pairs of T'- (T-) conies with 4 T'- (T-) quadrics and 4 
more T'- (7*-) conies, 2 on each h- (A'-) quairic of the hypercone under consideration 
(§ 2.3, Th . 11). 

4.2. Summary. To summarise the incidences of the points on the g-lines, 
conies, quadrics, quadratics and hyperconea of various types through them in a 
tabular form (see Table 2) l ike the Table 1, we may introduce some new notations. 
The same are explained in its blank squares at the appropriate places. 

But before we proceed w i t h the planned table, we may note the distr ibution 
of the G-, g-, A- and A'-points on different conies in different planes and solids as 
follows : 

( I ) Besides the 96 C- and Hô^-points, the 72 g-lines in an /-solid p — i meet 
i n 144 A- and 144 A'-points which lie on 96 A~, 96 A'-, 144 T- and 144 T'-conics such 
that 48 A-conics lie in its Gp-planes, 48 A'-eonica in its 6 p'-plan es and the rest in its 
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16/Vplanes, the other 144g-, 144 A- and 144 A'-points of this solid lie on 96g- , 144/i-, 
144 h'~, 144 7*-, 144 7"-, 72 d- and 72 a"-conics such that 48 g-, 72 A- and 72 
conies lie in its 4 c-planes, 48 g-, 7 2 / i ' - and 72 ^'-conies i n its 4c-planes, 24 A-co-
nics as its 24 sections of the 24 pqjk-qa&dvica i n its 24 planes common w i t h their 
24 pqjk-solids, 24 /Y-conics as its 24 sections of the 24 orij-quadrics in its 24 pla­
nes common w i t h their 24 <7ri7-solids, and the rest in its 16/i-planes; the 96 C-points 
lie on 16 G-conics i n its 16 G-planes and on 96 others i n its 16 A-pIanes besides 
their 144 7*- and 144 7"-conics (see Table 1 ; §§ 2.3—3.5; Ths. 7—11). 

(u) The 36 A- and 36 A'-points other than the 9 A- and 9A'-points of intersec­
t ion of the 9g-lines in an A-plane and the 18 G-points therein lie on 6 A-, 6 A ' - , 6 G-, 
18 7*- and 18 7*'-eonics (Ths. 9—11) and thus the situation i n an A-solid is obvious. 

(in) The 24 G-, 36 A- and 36 A'-points i n a ^-solid lie on 4 G-, 12 A- and 12 hr-
conics (Ths. 9 (i) and (u) , 10). 

(iv) The 9g- and 180 A- (A ' - ) points of a p - (p'~) solid p = q (i=J) l ie on 
60 g- and 90 d- (d'-) conies in its 5 c- (c'-) planes and 240 A- (A ' - ) conies, 90 i n its 
5 c- (e'-) planes, 120 i n its 15 p - (p'-) planes and 30 common to the 30 pairs of 
prij- and qrij- {pqik- and pqjk-) quadrics (Ths. 8—9). 

5. Q U A R T I C P R I M A L S 

The 24 ^-lines of a i/m-quadratic obviously lie on a quartic pr imal given by 
the equation 

a i i — p) (i — q) (r — r ) (i — s) b (; — p) (; — q) (j - r) (j — s) 

+ c(k~p) (k-q) (k-r) ( j f c - « ) = 0 

for any arbitrary values of a, b, c. Thus follows the fol lowing 

Theorem 15. 7*Ae 24 g-lines of an A- or K-quadratic lie. on the quartic primals 
of a net determined by any two of them and therefore on the octic surfaces of its 
intersection with them. There are thus 100 such nets, each corresponding to an A- or 
h'-quadratic. 

6. Q U A D R I L A T E R A L S 

6.1. Definitions. A n A-solid p-\-q — i~\- j meets a c-plane q = k — r in a 
d'-line ; a c'-plane j = r — *c in a d-line ; an A-plane q — I, r — k i n an a'-line and 
j — s, r — k i n an a-line; a p-plane r — k, q = s in a b-line; a p'-plane r~k, j = I 
i n a b'-line (cf. § 1.2). 

The 2 pairs of g-lines through the pair of A- (A ' - ) points of an e- (e ' - ) line 
are seen to form a skew quadrilateral, called an e- (e'-) quadrilateral. An a- (a'-) 
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or a b- (6'-) l ine too passes through a pair of A- (ft'-) poiuts and also similarly 
determine an a- (a'-) or a b- (//-) quadrilateral accordingly. A d- or a"~Ime passes 
through a pair of ^-points such that the 2 pair of g'-lines through them form a 
skew quadrilateral, called g-quadrilateral. 

6.2. e- (e'-) Quadrilaterals. Consider a i/m-quadratic and its section by an 
ft-solid p -\- q = i + j which has the 4 g-lines 

(l) p — i , q = j , r = k ( in) p = j , q = i, r = k 

(n) P — i, q = j , s = k ( I V ) p — j t q — iy s = k 

common w i t h i t . They form an ^-quadrilateral w i t h one diagonal along the e-line 
through the pair of ft-points of intersection of the 2 pairs of g-lines ( I ) , (n) and 
(m) , (iv) and second along the ft-line of the A-solid through the pair of g-points 
of intersection of ( i ) , (m) and (n ) , ( i v ) . There are 18 such solid sections of the 
A-quadratic under consideration such that every g-line on i t meets 6 others on i t , 
3 in 3g- and 3 i n 3A-points, and through every A-point passes one and only one 
e-line (see Table 1). 

Similar is the case of an ft'-quadratic. Thus follows the following 

Theorem 16. The 36 g- and 36 h- {h'~) points of intersection of the 24g- l ines 

of an ft- (h'-) quadratic distribute uniquely into 18 tetrads as the vertices of 18 e- (e'~) 
quadrilaterals, lying in 18 h-solids, such that every g- or h- (ft'-) point belongs to one 

and only one such quadrilateral and every g-line to 3 sach quadrilaterals, and to 

every g-point of a g-line on it correspond an ft- (ft '-) point on the same line and 

another on the second g-line through this g-point. Hence: There are 900 e- and 900 e'-
quadrilaterals arising respectively from the 50 A- and 50 h'-quadratics. 

6.3. a- (a'-) and b- (b'~) Quadrilaterals. I t is easy to See that the second 
diagonal of an a- or a o'-quadrilateral is an / - l i n e (§ 1.2), the f irst being an a- or 
a A'-line, and that of an a'- or a 6-quadriIateral is an / ' - l i n e , the f irst being an 
a'- or a 6-line. The 6 g-Imes of an ft- (A'-) quadric are seen to form 6a- (a'~) and 
3 b- (b'~) quadrilaterals w i t h vertices at their 3 g - and 6 A- (A'-) points of intersection. 
We may also observe that each a- (a'-) line passes through a D- (D'-) point and 
each b- (/>'-) line through an E - (E'~) point. Thus follows the fol lowing 

Theorem 17. There are 3600 a- (a'-} and 1800 6- (b'-) quadrilaterals, 6 a- (a'-) 
and 3 f>- (6'-) quadrilaterals on each ft- (A'-) quadric, such that each /- (/'-) line forms 

a diagonal of 6 a- (a'-) and 3 b'- (£>-) quadrilaterals, their second diagonals being 6 a-
(a'-) and 3 h'- (ft-) lines. There pass 4 a- (a'-) lines through each £)- (D'~) point and 

3 b- (£>'-) lines through each E- (E'~) point. There lie 4 a-, 4 a'-, 4 b- and 4 b'-lines in 

each g-plane, one through each of its 4 D~, 4 £) ' - , 4 E- and 4i E'-points respectively. 
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6.4. g -Quadrilaterals . The 6g-lines of a g-quadric are seen to form 9^-quad-
rilaterals w i t h verices at their 9g-points of intersection and diagonals along 9d-

and 9 (/'-lines. Each o*-line is observed to contain 2 D- and 2 ^ ' -points and each 
t / ' - l ine 2 D'~ and 2 f -po in ts . Thus follows 

Theorem 18. There are 900 g-qaadrilaterals, 9 on each g-quadric, with 600 d-

and 900 d'-lines as their diagonals. Each D- (D'~) point lies on 2 d~ (d'~) lines and 

each E- (E'-) point on 3 d'- (d-) lines. Each g-plane contains 2 d- and 2 d'-lines mee­

ting its 2 e- and 2 e'-lines in its 4 D~, 4 D'-, 4 E- and 4 E'-points (see Table 1). 

6.5. Quadrilaterals on hypercones. As an immediate consequence of the 3 
preceding propositions follow the following 

Theorem 19. The 12 g-lines of an E- (E'~) cone form 3 e- (e'~), 3 g- and 3 6-
(6'-) quadrilaterals such that their 3 e- (e'-), 3 d'- (d-) and 3 6- (6'-) line diagonals 

concur at its vertex as the 9 contact lines of 3 ft-, 3 g- and 3 f~solids tangent to it, 

and their 3 ft-, 3 d- (d'~) and 3 / ' - (/-) line diagonals lie in the plane of its corres­

ponding g-conic (Th. 12). 

Theorem 20. The 6 pairs of g-lines through the 4 g- and 2 ft- (ft'-) points of a 

d-(d'-) conic form 3 e- (e'~), 2 g- and 4 a- (a''-) quadrilaterals such that their 3 ft-, 2 d'-

(d~) and 4 / - (fr~)line diagonals lie in its plane and their 3 e- (e'-), 2 d- (d'~) and 4 a-
(a'-)line diagonals concur at the vertex of its corresponding D- (D'-)cone as the 9 
contact lines of 3 ft-, 2 g- and 4 f-solids tangent to it. 

Theorem 21. The 6 pairs of g-lines through the 6 ft- (ft'-) points of an ft- (ft'-) 
conic, not in an ft- or a p-plane, form 3 e- (e'-)qaadrilaterals such that their 3 e- (e'-) 

line diagonals lie in its plane and their 3A-*i'ite diagonals concur at the vertex H- or 

H' of its corresponding H- or H'-cone as the 3 contact lines of its 3 tangent h-solids. 

They also form 6 a- (a'-) or b- (6'-) quadrilaterals, if the conic lies in the plane of a 

g-solid common with an f- or another g-solid, such that their 6 a- (a'-) or 6- (h'-)line 

diagonals lie in this plane and their 6 / - (/'-) or f - (f-)line diagonals concur at H or 

H' as the 6 contact lines of its 6 tangent f-solids. They form 6 new skew quadrila­

terals too, if the conic lies in a c- (c'-)plane as a section of an ft- (ft'-) or ft'- (ft-) 
quadratic, such that their 6 / - (f'-)line diagonals lie in its plane and their 6 / - (/ '-) or 

f - (f-)line diagonals concur at the vertex of the corresponding H- (H'-) or Hr- (H-) 

cone as the 6 contact lines of its 6 tangent fsolids. 

Corallary 1. Thus there arise 7200 new skew quadrilaterals formed of the 600 
g-lines : 1800 with pairs of f- and 1800 with pairs of f'-lines as pairs of their res­

pective diagonals, 72 of either kind in each f-solid and I S of the first kind on each 

H- and 18 of the second on each H'-cone ; 3600 with an f- and an f'-lines as pairs 

of their diagonals, 144 in each f-solid and 36 on each H- and each H'-cone. 
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T h e p i c t u r e of the t r i a n g l e formed by the pair of g - l ines w i t h an 
e - l ine a n d i ts 8 t r a n s v e r s a l s as 2 a - , 2 n ' - , 2 6- and 2 i ' - l l n e s i n a 

g -p lane . 
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Corollary 2. Every g-, d-, d'-, A- or hf-conic determining a hypercone (§ 4) 
lies on 2 of the 100 g-, 600 A- and 600 h'-quadrics such that the 9 points of intersec­

tion of the 6 g-lines of one join those of the other to form the relevant 9 contact lines 

of the hypercone concurrent at its vertex. 

6.6. g-plane picture. Let OO', OO" be the pair oi g-lines of a g-plane; A , 
B and C, D be the other g-points on them besides their common g-point O; O', 
O" be the pair of ft-points on an e-line therein meeting the pair of rf-lines AD, 
BC in the pair of £>-points Dit £>-, (Th. 18) and o"-lines BD, AC in the pair of 
i i -points E K , E 2 ; A ' , B ' be the A-points of intersection of the g-lines of an A-qu-
adratie on OO' corresponding to A , B and C , D' on OO" corresponding to C, D 
( T h . 16). Now i t is not di f f icult to see that B'C, A ' D' are the pair of a-lines 
through Dt, D2 and C A ' , B ' D' the pair of A-lines through E L t E 2 (Th. 17). Again 
i t is wel l known that any transversal meets the 3 pairs of opposite sideB of a 
quadrangle i n 3 pairs of points in an involution. Hence from the quadrangle ABCD 
or A ' B ' C D' and its e-line transversal O' O" (Fig. 1) follows the fol lowing 

Theorem 22. The pairs of A-, D- and E-points on an e-line belong to an invo­

lution. Similarly behave the pairs of h'-, D'- and Er-points on an e'-line. 

Further from the quadrangle C DDtEt or CD' D2Et and i ts g-line transver­
sal OO' follows the fol lowing 

Theorem 23. The 3 g-points on a g-line mate in an involution with their 3 
corresponding h- or h'-points, on it, of intersection of the g-lines of an h- or k'-qu­

adratic through it. The correspondence varies with the change of the h- or h'-quad-

ratic. 

7. OBSERVATIONS 

I f now we study back the T a h l e l , we obtain a number of interesting subeon-
figurations. Some of them are described below. 

7 .1 . g-points. The 900 g-points, 600 g-, 600/ - and 600/ ' - l ines form a (900G, 
18O0s) configuration such that 6 lines pass through each point and 3 points lie on 
each l ine. 

The 18 g-points of an /i-plane other than the 9 on its A-line lie by threes on 
its 6 / - l ines, 2 through each of its 3 collinear / / -points , and on 6 / ' - l iues , 2 through 
its 3 / / ' -po ints . I t can be now proved that the 6 / - (/ '-)lines i n an A-plane form a 
pair of D E S A R G G E S triangles w i t h its / i - l ine as their axis of perspectivity such that 
the 3 pairs of their corresponding vertices lie on its 3 p - (p'-)lines concurrent at 
its S - (.S"-)point which is therefore their centre of perspectivity. 

7.2. H- and / / ' -points , ( I ) The 1 0 / / - ( / / ' - )points, 10 A-lines and 5 c - (c-) 
planes in a p ' - (p-)solid form the wel l known configuration 
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1 0 t - , 3, 3) 10(3, 2) 5(6, 4, •) 

such, that 3 lines and 3 planes pass through each point, each line lies In 2 planes 
and contains 3 points, each plane contains 6 points as the vertices of the quad­
r i lateral formed of the 4 lines therein. 

(n) The 100 / / - ( / / ' - )points, 100 A-lines and 50 c- (c-)planes form 10 confi­
gurations of the type ( l ) , one in each p ' - (p-)solid. 

(m) The 1 0 / / - ( / / ' - )points in each S - (-S"-)plane lie by fours on its 5 c- (c'-) 
lines. 

(IV ) The 100 / / - ( / / ' - )points and 150p- (p'-)planes form a (100r„ 150J configu­
rat ion such that 6 planes pass through each point and 4 points lie i n each plane, 
one on each of its 4 / - ( / ' -)linea. 

7.3. c- (c '-)lmes and planes. The 50c- or c'-lines and 50 c- or c'-planes form 
a 50 a configuration auch that 3 planes pass through each line and 3 lines lie i n 
each plane. 

I f we take a section of i t by a solid, we obtain a 50-, configuration of 50 
points and 50 lines such that 3 lines pass through each point and 3 points lie on 
each l ine. 

7.4. S - (S'~) planes and p- (p'-) solids. The \0 S - or ^'-planes and 10 p- or 
p'-solids form a 10y configuration such that 3 solids pass through each plane and 
3 planes lie in each solid. I n fact, they al l concur at the unit point (1 , 1, 1, 1, 1) 
of the respective simplex S or S ' (§ 1.1) of reference, the 10 S - or ^"-planes pas­
sing through its respective 10 edges and p - or p'-solids through its 10 plane faces. 

The section of this configuration by a solid gives a 10« configuration of 10 
lines and 10 planes such that 3 planes pass through each line and 3 lines lie i n 
each plane, and that by a plane gives the famous DESARGUES 10 s figure of 10 
points and 10 lines. 

7.5. S~ [ S ' - ) point and p- (p '-)planes. The 200,5- or ^ ' -points and 150 p - or 
p'-planes form a (200rt, 150a1 configuration such that 6 planes pass through each 
point and 8 points lie in each plane, one on each of its 8p- or p'-Iines. 

7.6. A n /V-plane p ic ture . The 9 g-lines i n an A-pIane p = i, q~j are its 9 
intersections by the 9 /-solids r^=k,s — k,t — k,r = l, s = ', t = I, r = m, s — m, 
t — m. They m a y b e respectively named as a,b,c, a',b',c', a",b",c". The 9 
/i-poiuts A , B , C, A ' , B ' , C, A " , B " , C" of their intersection form a tr iad of t r i ­
angles ABC = abc, A'B'C — a'b'c', A"B"C" — a"b"c" perspective to one another 
from the same centre at its .S-point O such that their corresponding vertices lie 
on its 3 p-liues concurrent thereat and their corresponding sides meet i n its 9 K-
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Fig. 2 

T h e p i c t u r e of 9 g -Hnes , 3 / . - l i n e s a n d 3 / - l i n e s , 9 ft-points, 9 / / - p o i n t s 
1 S - p o i n t , I S ' - p o i n t a n d 18 G-points i n a n A-plane . 
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points D,D',D", E , E ' , E " , F , F ' , F " ly ing by threes on its 3 p'-lines as their 8 
axes of perspectivity concurrent at its ^S'-point O' ( F i g . 2 ) . 

The 9 n'-points of their intersection thus also form a tr iad of triangles 
D E F = a a'a", D'E'F' = b b'b", D"E"F" — c c'c" perspective to one another from 
the same centre at O' such that their corresponding vertices lie on its 3 p-lines 
and their corresponding sides meet at the vertices of former tr iad of triangles on 
its 3 p-lines as their 3 axes of perspectivity. 

The non-corresponding sides of a pair of perspective triangles of either tr iad 
meet in 6 G-points of a G-conic. The 6 hexagrams formed of the 18 G-points 
inscribed i n its 6 G-conics are 123456, 1 ' 2 ' 3 ' 4 ' 5 ' 6 ' , 1"2"3"4"5"6" , 3 3 '3"6 6 '6" , 
2 2'2"5 5 '5 " , 1 1 ' 1 " 4 4 '4" . Thus we have the following 

Theorem 24. The 9 g-lines of an h-plane form 2 triads of triangles, triangles 

of one triad being perspective to one another from the same centre at its S-point and 

those of the other from its S'-point, such that the vertices of the former are its 9 

h-points lying by threes on its 3 p-lines which form the 3 axes of perspectivity of the 

later and those of the later are its 9 hr-points lying by threes on its 3 p-lines which 

form the 3 axes of perspectivity of the former. Hence the 2 triads are mutually re­

lated such that one can be derived from the other giving rise to a (20a j 15 4 ) configu­

ration of 20 points and 15 lines, 3 lines through each point and 4 points on each line 

( B A K E R , 1943, p. 351). The non-corresponding sides of the 6 pairs of verspective tri­

angles meet in 18 G-points which form 6 hexagrams inscribed respectively in its 6 
G-conics having its p- and p'-lines as their 6 Pascal lines. 

7.7. E - ( E ' - ) Points. The 600 E - or ^ ' -points , 900 d'- or d- and 900 e-
e'-lines, 900 g-planes and 100 g- and 100 /Vsolids form a configuration 600 (•, 6, 6, 6) 
1800 (2 , - , 2 , 3 ) 900 (4 , 4, •, 2) 200 (18, 27, 9, •) such that 6 lines 6 planes and 6 solids 
pass through each point, each line contains 2 points and lies in 2 pianes and 3 
solids, each plane contains 4 points and 4 lines and lies i n 2 solids, each solid 
contains 18 points, 27 lines and 9 planes (Th. 18). 

8. G A U S S P O I N T S 

Now we introduce a linear relation between the coordinates of a point re­
ferred to the 2 simplexes S , S ' (§ 1.1) as 

X + y + 2 + u --\- v = x' + y' + z' -\- u -\- v 
or 

P + ? + r + , + / = i + / - f / V + ' + , 7 i . 

By introducing this relation we find that the polar solid of the un i t point of S 
w. r . t . S ' ([ ' ' ] , ["]) coincides w i t h that of the uni t point of S ' w. r . t . S ' . 

As a result, the 600 G-points reduce to 120 GAUSS points [L], For the 5/ -sol ids 



F iff- 3 

T h e shape F i g . 3 takes w h e n the / i -p lane there becomes s p e c i a l i s e d , 

the 1 8 G - p o i n t s t h e r e i n r e d u c i n g to the 6 G A U S ; points h e r e . 
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p = I , q — j , r = k, s—l, t — m for given 5 values of p, q, r, s, t as wel l as of 
i , j , k, ', m concur at a GAUSS point where therefore coincide the 5 G-points de­
termined by them (§ 1.2). Consequently : 

(I ) A G-solid p + o ~ f - r - i - s = i + y + A + i coincides w i t h the /-solid t = m, 
their 120 G-points reduce to 24 GAUSS points and therefore their 9 G-quadrics 
(Th. 6*) coincide into one. 

(n) The pair of G-planes of a g-solid p + q -f- r = i + / + £ common w i t h 
the pair of /-solids s — l,t = m or s — m, t — I coincide w i t h their common ft-plane, 
their 30 G-points reduce to 6 GAUSS points and therefore their 8 G-conics (Th. 10) 
coincide into one. 

(m) The picture of an /t-plane (Th. 24) is modified into the dual of an 
adjoint pair of veronesian systems of triangles [s] such that either system is deter­
mined by any 2 of the 3 triangles perspective to one another from the same 
centre and the non-corresponding sides of every one of the 6 pairs of perspective 
triangles meet i n the same 6 GAUSS points 1, 2, 3, 4, 5, 6 (Fig. 3) forming 6 hexagrams 
123456, 163254, 143652, 123654, 163452, 143256 inscribed in its unique G-eonic 
w i t h their 6 PASCAL lines along i ts 3 p ' - and 3 p-lines which then concur respec­
t ive ly at a pair of S T E I N E R points [s] or its S - and ^ ' -points conjugate for the 
G-conic. 

The 3 joins a" = 4 5 , b" = 6 1 , c" = 23 are said to form, following C O U R T [«] , 
the veronesian triangle A" B" C" of the 2 triangles ABC = abc, A' B' C' — a b' c 

perspective from O, where 4 = c • b', 5 = b • c , % — a-c, 1 = c • a', 2~b • a', 
3 = a . h' (Fig . 3). The 3 triangles are then said to form a veronesian system such 
that every one of them is the veronesian of the other two and they are mutual ly 
perspective from the same centre O. The 3 triangles D E F = aa' a", Dr E ' F ' — bb' b", 
D" E" F" = cc c" are also seen to form a veronesian system. The relation between 
the 2 systems is mutual such that one can be derived from the other by the same 
operations. Hence they are said to form a pair of mutually adjoint veronesian 
systems. Thus follow the following 

Theorem 25. The 600 G-points may reduce to 120 GAUSS points without affec­

ting the main configuration except the following modifications: 

( I ) The 25 G-solids coincide with the 25 / - s o l i d s and the 400 G-planes, reducing 

to 200 only, with the 200 h-planes. 

( I I ) The 225 G-quadrics reduce to 25 only and the 1600 G-conics to 200 only. 

( i l l ) The 2 triads of mutually perspective triangles forming a (20j, 15 J confi­

guration in an h-plane become a pair of mutually adjoint veronesian systems such 

that its S- and S'-points form a pair of conjugate STEINER points arising from the 6 
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hexagrams, formed of the common 6 GAUSS points of intersection of the non-corres­

ponding sides of the 6 pairs of perspective triangles of the 2 systems, inscribed in its 

unique G-conic. 

Thanks are due to Prof. B . R . S E T H for his generous, kind and constant 
encouragement i n my pure pursuits. 
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ÖZET 

Şekli m e y d a n a g e t i r e n 600 doğuranı (g-çîzgileri), ikişer İkişer 900 tane 
g-düzlemi ve dokuzar dokuzar da 200 tane A-düzlemi İçinde b u l u n u r l a r ; 
altışar doğru o l a r a k 13C0 tane kııadrik yüzey ; onseitizer doğru o larak 100 
i a a e fi-uaayları içinde b u l u n u r l a r : bu u z a y l a r 100 fı-çiz-gisi boyunca k e s i ­
şen 100 tane A-dttssIemİ çifti tarafından b e l i r t i l m e k t e d i r , g-çizgfleri ayrıca 
72 şer takımlar o l a r a k 25 tane / -uzayı arasında dağılabilmektedir ; 24 İlik 
takımlar şeklinde 100 adet 3 b o y u t l u k u a d r i k l e r üzerinde de b u l u n u r l a r : 
üstelik h e r b i r 24 iük doğru takımı a y n i zamanda bîr huzmeye a i t o lan 
dördüncü d e r e c e d e n 3 b o y u t l u v a r y e t e l e r i n hepsine a i t olduğundan, bu 
hüzmeye a i t h e r h a n g i İki v a r y e t e n i n a r a k e s i t i o l a r a k meydana ge len se ­
k i z i n c i dereceden ytlzey üzerinde de b u l u n u r . 

H e r g-çizgisi 3 t a n e s i 3 g-noktasında 0 tane&i 8 A-noktasında, 6 t a n e s i 6 
A -noktasında ve 12 t a n e s i n i de üçer üçer 4 G - n o k t a s m d a olmak üzere tam 
27 tane başka g-çizgisi île kesişir. B u surette b e l i r t i l e n n o k t a l a r d a n 900 
^-noktası, 1800 A-noktası ve J800 A'-noktası 6 şar n o k t a takımları s e k l i n ­
de 6600 tane k o n i k üzerinde b u l u n u r l a r : bu k o n i k l e r İse 156 şer takım­
l a r şeklinde 100 tane 3 b o y u t l u k u a d r i k l e r üzerinde o t a r z d a dağıtılmış 
bulunmaktadırlar k i , her b i r koniği belirtmeğe yarıynn 6 n o k t a d a n geçen 
6 g-çizgini çiftinin b e l i r t t i k l e r i 6 düzlem tek bir n o k t a d a kesişip, bîr k u -
a d r i k n o k t a k o n i s i n i n 2 aykırı s i s t e m i n i n 2 Üçlü doğuran düzlem takımını 
teşkil e d e r l e r . B u tarzda h e l i r t i l c n 3200 tane h i p e r k o n i m e v c u t t u r . 
B i r 3 b o y u t l u k u a d r i k üzerinde b u l u n a n 24 g-çizgisi, tepeleri 36 "-noktası 
ve 36 A-noktası v e y a 36 k -ncktası içinden alınan 18 tane sapık dörtgen 
m e y d a n a g e t i r i r l e r : n o k t a l a r bu surette 18 tane dörtlü takımlara dağıtıl­
mış b u l u n u r l a r ve h e r g-çizgisi üzerinde 3 p-noklası, 3 fi-noktaaı v e y a 3 
A -noktası i le b i r involüayouıınun eşleri o l a r a k tekabül e t t i r i l i r . 
B i r fi düzleminde b u l u n a n 9 g-çizgisi, b i r i diğerine perspekt i f o lan h e r 
üçlü takımının p e r s p e k t i v i t e m e r k e z i b i r S v e y a S -noktasında b u l u n a n 
i k i üçiü üçgen takımını m e y d a n a g e t i r i r : bu surette 6 perspeet iv i te e k -
e k s e n i olan uıSUvm (2Û:, 15j> şekli elde e d i l i r . P e r s p e k t i f üçgenlerin b i r b i - _ 
r i n e tekabül e t m e y e n kenarları bir 1'ASCAL, şekli teşkil eden ve bir G -ko -
niği üzerinde b u l u n a n 6 i a n e G-noktasında kesişirler. 

600 G-ooktası 24 er takımlar o l a r a k 225 adet k u a d r i k yüzey üzerinde bu­
l u n u r l a r : bu yüzeylerin sayısı a n c a k hususî bazı şartlar altında 25 e iner 
ve bu takdirde bu 600 G-noktası bir sempleks çiftine tekabül eden 120 t a ­
ne GAUSS noktası olur . B i r A-düzleroinde b u l u n a n 2 b i r b i r i n e perspekti f 
üçlü üçgen takımları bu takdirde b i r birbirine ek V E R O N E S E sisteminin düa-
lı olmuş o l u r , h a l b u k i S ve S -noktaları bunun içindeki 6 GAUSS noktası­
nın teşkil e t t i k l e r i altıgenin S T E I N E H noktalan çiftini teşkil e d e r l e r . 
B u şekilden çıkarı la b i len diğer altşekiller ve bunların şekille bağıntıları 

de oldukça a l a k a çekicidir. 


