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Abstract 

I n this paper the growth of an Indef in i te ly I n c r e a s i n g function of a rea l 
v a r i a b l e lias been studied in relation to another function by i n t r o d u c i n g 
the notion of order and typo. A n attempt has beon made here to unify 
" v a r i o u s aspects* of the two theories of entire functions defined by T A Y L O R 
series and DmronLET series r e s p e c t i v e l y , w h i c h h a v e so far been treated 
separately by different w o r k e r s i n the two f ie lds . Some applications given 

in section 5 are intended to emphasize this Fact. 

1. C o n s i d e r t h e f u n c t i o n 
C O 

(1-1) = 2 
1 

w h e r e , 

(1.2) l i m s u p ~ D < °o , 
J1-+00 "II 

Xn+i>h> ¿1 ^ 0 ' l i m A„ = co ; ^ a n } (71 = 1,2 ) i s a sequence o f 
n-vco 

r e a l p o s i t i v e n u m b e r s a n d yi(x) i s a n i n c r e a s i n g p o s i t i v e f u n c t i o n o f a r e a l 
v a r i a b l e x s a t i s f y i n g t h e f o l l o w i n g c o n d i t i o n s : ( 

(1.3) ( i ) y>{x) t e n d s t o i n f i n i t y as x-*-°*>. 

( i i ) yj(x) h a s a n i n v e r s e , t h a t i s , i f y ~ij>{x), t h e n t h e r e e x i s t s a 
f u n c t i o n y~L s u c h t h a t yj—1(g) = x. 

( i i i ) y> (* + & ) " = 0 ( 1 ) . 

A lso , - w e s h a l l s u p p o s e t h r o u g h o u t t h a t <p(x) i s a p o s i t i v e b o u n ­
ded f u n c t i o n o f r e a l v a r i a b l e x . 

*) T h e author wishes to t h a n k D r . R. S . L . SRIVASTAVA for his guidance and help. 
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I n t h i s p a p e r w e s t u d y t h e o r d e r a n d t y p e o f t h e f u n c t i o n d e f i n e d b y 
( 1 . 1 ) . H e r e w e h a v e a t t e m p t e d t o u n i f y v a r i o u s aspects o f t h e t w o t h e o r i e s o f 
e n t i r e f u n c t i o n s d e f i n e d b y T A Y L O R ser ies a n d D I R I C H L E T ' S s e r i e s r e s p e c t i v e l y , 
w h i c h h a v e so f a r b e e n t r e a t e d s e p a r a t e l y b y d i f f e r e n t w o r k e r s i n t h e t w o 
f i e l d s . A p p l i e a t i o n s g i v e n i n s e c t i o n 5 a re . i n t e n d e d t o e m p h a s i z e t h i s f a c t . 

2 . T h e o r e m 1. 

// ft(x, F) and v (x, F) denote the maximum term and the rank of the maxi­
mum term respectively of the series, 

ca 

F(x) 

1 

and *pr (x), the differential coefficient of y> (x), is finite everywhere and integ­

rable then, for every x ^ t ^ x0 , 

x 

<2.1) l o g p(x,F) = l o g ft(x0 ,F) + J K{t,F). v ' ( i ) dt. • 

Proof; 

B y h y p o t h e s i s w e h a v e , 

{ 2 .2 ) (i (x, F) — a v < * . F). F > - V>{x) 

"where av(x,F) a n d %V(X,F) a r e c o n s t a n t s i n i n t e r v a l s , h a v e a n e n u m e r a b l e n u m . 
~her o f d i s c o n t i n u i t i e s a n d c h a n g e v a l u e s a t t h e s e d i s c o n t i n u i t i e s o n l y , t h e r e ­
f o r e av(x,F) a n d lv(x,F) ( a n d hence ft(x, F) a r e d i f f e r e n t i a b l e o u t s i d e a set o f 
m e a s u r e zero a n d t h e d i f f e r e n t i a l c o e f f i c i e n t s o f av(x,F) a n d ¿ v ( . v , F) v a n i s h 
. a l m o s t e v e r y w h e r e . T h u s w e h a v e , 

¡i' (x, F) — av(x, F) . eM*. F) , y,(x) . Xv(x> F) . y ' (*) 

= l*(x,F).iv(x. F).y'{x) 

•almost e v e r y w h e r e . 

O n i n t e g r a t i o n w e h a v e , 

• x 

l o g (i{x, F) ~ l o g M * o , F) — f dt 

= f A Y<Í ,F) . y>'(t)dt. 
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L e m m a 1. 

l o g ii(x,F) is a convex function of tp(x). 

hi v i e w o f t h e f a c t t h a t Xv(x, F) a n d y(x) a re b o t h p o s i t i v e a n d XV(X,F) i s 
n o n d e c r e a s i n g a l s o , t h e l e m m a f o l l o w s f r o m t h e o r e m 1 , 

L e m m a 2 . / / , 

I n n s u p — ~ ~ = 0 

then, 

(2 .3) l o g F(x) ~ l o g ft(x,F) as x ^ <x>. 

I t i s e v i d e n t t h a t 

^ ' l o g p(x>F) 

O n t h e o t h e r h a n d f r o m (1.3 , i i i ) w e h a v e , f o r e > 0 

(2 .5) v» + V (*) = # (*) 

w h e r e i s a p o s i t i v e b o u n d e d f u n c t i o n . 

N o w , f o r 0 < e ' < # ( x ) , w e c a n choose a p o s i t i v e i n t e g e r A/(e) s u c h t h a t 

i 2 1 Z L < e' f o r n > AT(«). 

T h e r e f o r e , i n v i e w o f (2.5) w e h a v e , 

< A / ( e ) . f t u , F ) + ^ c v + ^ F ) y —^) 

<Kft(x'Jrs,F) [#(*)>*'] 

•where AT i s a c o n s t a n t d e p e n d i n g o n F ( x ) a n d o n &' 

T h e r e f o r e , 



18 C. L . R l S H I S H W A R 

(2.6) l o g l o g i * ( * + *>F) + 0 < l ) . 

I f t h e se r i e s c o n v e r g e s f o r x ^ oo , l o g fi (x, F) b e i n g c o n v e x , i n c r e a s e s 
i n d e f i n i t e l y w i t h ip (x) w h i c h t e n d s t o i n f i n i t y as x-y<s> . 

H e n c e i n v i e w o f (2.4) a n d (2.6) w e h a v e , 

, . l o g F(x) 
l u n - — , L = 1 . 

l o g ft {x, F) 

T h u s 

l o g F ( * ) ~ l o g ii{x, F) 

3. L e t 

(3.1) U m S U P J ^ i P ^ W . = f l ( o ^ e < « , ) . 
x-*co m l ^ (A-) A 

W e s h a l l r e f e r t o t h e c o n s t a n t s Q a n d X as d e f i n e d i n (3.1) b y y — o r d e r 
a n d l o w e r y>~order r e s p e c t i v e l y o f t h e f u n c t i o n F ( . t ) as d e f i n e d i n (1.1) 
w h i c h w i l l he s a i d t o be o f « r e g u l a r o r d e r » w h e n T h e j u s t i f i c a t i o n 

f o r t h i s l i e s i n t h e f a c t t h a t Q a n d I d e p e n d o n t h e f a u c t i o n y>(x). 

Remark: 

I n v i e w o f l e m m a 2, p r o v e d a b o v e i n s e c t i o n t w o , w e h a v e , 

(3.2) l i m S U 1 ] l Q f f l o g f*(x, F) = ] i m s u p l o g l o g F(x) _ Q 
X-KX> i n f ij> (x) .v-^j-i i n f V>{x) A 

T e o r e m 2. 

77ie necessary and sufficient condition that 

C O 

1 

should be an integral function of finite y?—order Q, is that 

(3.3) l i m i n f J S ^ E L = J _ 
n-H-co A„ l o g I n £> 

provided that 

(3.4) l i m s u p — 5 - — D < oo. 

Proof : 

L e t u s suppose t h a t F(x) i s of f i n i t e y — o r d e r Q. T h e n , f r o m t h e d e f i ­

n i t i o n o f ip—order (3.1) w e h a v e , 
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F{x) < e x p [ e x p (A. y(x))] , (k>e). 

H e n c e , 

ef„ < e x p [ e x p (k. y(x)) — A„. y(x)]. 

T h e e x p r e s s i o n o n ' t h e r i g h t h a n d s i d e o f t h i s i n e q u a l i t y a t t a i n s i t s 

m a x i m u m v a l u e ^ e^ j " w h e n , 

e x p [ k. (p (x) ] = Xnjk. 

H e n c e , 

T h e r e f o r e . 

T h u s w e o b s e r v e t h a t 

l i m i n f ^ > > 7 ' ^ J - . 
n - »w A n l o g A„ A: 

l i m i n f l o « M " 1 

A n l o g A„ 

i s n o t n e g a t i v e . N o w , l e t us set 

U r n i n f 3 ° g ^ . 
n^co A„ . l o g A„ 

w h e r e ft i s z e r o , p o s i t i v e o r i n f i n i t e . T h e r e f o r e , f o r a n y e < 0, w e h a v e , 

(3 .5 ) o „ < V - < * - a > K (0 < s < /*) 

f o r a l l i n d i c e s n > n 0 . 

T h e r e f o r e , i n v i e w o f (3.4) w e g e t , 

( 0 I / n < ^ n t * + B ' ] (*' > 0 ) ; { > ( £ > + * ' ) } • 

T h u s ( a J V " t e n d s t o z e ro as n t e n d s t o oo p r o v i d e d ft > 0, s i n c e (/*—«) i s p o s i ­
t i v e a n d X„ t e n d s t o i n f i n i t y as n -»-<» , hence* F ( * ) i s a n i n t e g r a l f u n c t i o n . 

N o w , i f (B i s f i n i t e , t h e n 

1 n 0 + l 
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•where A i s a c o n s t a n t . 

Choose a n i n t e g e r M s u c h t h a t 

lu ^ 2 1 / ( i * - 8 ) . exp [ < *-M+l . 

W h e n Ano+i ^ A„ ^ A M w e h a v e , 

B e x p [ v ( * ) . 2 7 ( 1 * - * ) , e x p | ^ M j ] 

w h e r e B is a c o n s t a n t i n d e p e n d e n t o f x, s i n c e t h e s e r i e s ^ A,r~ * n ( f - e ) i n v i e w 

o f (3 .4 ) , i s c o n v e r g e n t i f e x t e n d e d t o . 

•Also 

L X ^ J < L U f + l i » - J < 1 ( 1 / 2 ) * » = c o n s t a n t . 
Jl f+l M + J Jli+1 

T h u s 

F ( x ) < S e x p [ v ( x ) . 2>/0*-«) , e x p I - ^ 3 7 } ] + 0 (1) 

f o r a l l l a r g e v a l u e s o f ip(x). 

T h e r e f o r e 

e = l i m s u p l o $ l o % f » ^ l i m s u p 

(3.6) o r e ^ 1 

ft o ft 1 

y (x) • 

ft —— B 

I f ft = co , t h e a r g u m e n t , w i t h , a n a r b i t r a r y l a r g e n u m b e r i n s t e a d o f ft 

s h o w s t h a t Q = 0. 

A g a i n , t h e r e e x i s t s a n i n f i n i t e n u m b e r o f p o s i t i v e i n t e g e r s s u c h t h a t 



O N T H E M A K S I M U M T E R M , O H D E R A N D T Y P E 21 

o r 

ane \ • * {*') > [ e * <*) . Â a ~ 0*+ a ) ] K • 

H e n c e , i f w e t a k e «*<*> = [ 2 . A„ J i * + 8 , t h e n 

F(x) > aneln'VW > 2 V < f t + s ) 

f o r s u f f i c i e n t l y l a r g e v a l u e s o f y>(x). 

T h e r e f o r e , 

e = U m s u p ! ° g x ° g = l i m s u p 

o r 

(3.7) a ^ 

log ( H - O - l o g ^ + ^ + log' log 2 

I f i t = 0 , t h e n F(x) i s o f f i n i t e o r d e r . 

T h u s , t h e r e s u l t i n (3 .3) f o l l o w s f r o m (3.6) a n d (3.7) m a k i n g s t e n d t o 

z e r o . 

4. A b e t t e r e s t i m a t e o f t h e g r o w t h o f t h e f u n c t i o n F{x) i n r e l a t i o n t o 

t h e f u n c t i o n y>(x) i s o b t a i n e d i f w e c o n s i d e r t h e l i m i t o f - ° J ? • T h u s l e t , 

(4.1) U m s u f - J ^ Z i £ L _ - = T , (0 = i ^ r = c o ) 
v ' .v-+«j m f e x p [ Q . y (*) ] t 

w h e r e Q(0< Q< <») i s t h e y — o r d e r o f t h e f u n c t i o n F(x). W e d e f i n e «7*» t o 
be t h e y — t y p e a n d «t» t h e l o w e r yj—type o f t h e f u n c t i o n F (x) o f y — o r d e r 
Q ( 0 < e < < » ) a n d i n case , t h e l i m i t i n (4.1) e x i s t s i . e . T = t, w e s a y t h a t 
F(x) i s o f p e r f e c t l y y — r e g u l a r g r o w t h . 

T h e o r e m 3. 

The necessary and sufficient condition that the function 

1 

to be of type T of finite y>—order Q > 0, is that 
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(4 .2) lim s u p A _ = T. 

P r o o / : 

L e t u s se t . 

lim sup A _ ( a ) Q / x n _ ^ . 

S u p p o s e t h a t 0 ^ v < co . L e t e > 0 , w e h a v e , 

f o r 71 > Tit , . 

H e n c e , 

1 n 0 + l 

( v - f a ) e e . «« * f(*)-il„/Q 

« 0 + 1 

T h e g e n e r a l t e r m o n t h e r i g h t h a n d s i d e does n o t exceed i t s m a x i m u m 
w h i c h i s c x p [ ( » + * ) . e « ' * ( * > ] a t t a i n e d f o r l n = (v + B) e . e e • ¥(*>. N o w c h o ­
ose a n i n t e g e r M s u c h t h a t 

W h e n ^ A „ ^ A M , w e h a v e , 

af 

£ + ") e Q . e » - • W ] ^ ' " = [ N u m b e r o f t e r m s ] . e x p [ ( v T s ) . e i ^ W ] 

« o + l 

— O [ e x p { ( v + e ) e « " * ( * ) } ] . 

A l s o 

M + l M + l 

T h u s , 

,(4.4) 
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(4-5) 

A g a i n s u p p o s e 0 < v ^ c o , w e h a v e , f o r a n i n f i n i t y o f n 

a » > M r — J ( 0 < e< y). 

I f w e t a k e exp [Q ,yj(x)] — lnl{v — E) Q, f o r t h e s e v a l u e s o f XN w e h a v e , 

F ( . ) > V " • » « > [ J - r i ) £ . - A ^ W ] V - ' 

f o r s u f f i c i e n t l y l a r g e v a l u e s o f y(x). 

T h u s , 

(4.6) r ^ v 

H e n c e t h e r e s u l t i n (4.2) f o l l o w s f r o m (4.4) a n d (4 .6 ) . 

— a, then 

i r m a t i o n s , 

Applications 

5. H e r e w e g i v e s ome a p p l i c a t i o n s o f t h e r e s u l t s d e r i v e d i n t h e p r e v i o u s 
s e c t i o n s t o t h e e n t i r e f u n c t i o n s . 

C O 

Jf ' irst w e c o n s i d e r t h e case o f T A Y L O R S e r i e s . L e t / ( z ) = ^ anzn, z—x~\-iy, 

o 
he a n e n t i r e f u n c t i o n o f o r d e r g a n d l o w e r o r d e r 1; «7*» a n d «t» d e n o t e t h e 
t y p e a n d l o w e r t y p e o f t h e f u n c t i o n / (z) ; M(r) d e n o t e s i t s m a x i m u m m o d u ­
l u s a n d fi(r) i s t h e m a x i m u m t e r m o f t h e r a n k v ( r ) f o r | z \=r 

T h e f a c t [ 1 , pp . 253] t h a t v [ anzn | docs n o t d i f f e r v e r y m u c h f r o m i t s 
g r e a t e s t t e r m a n d t h a t | / (z) | l i e s h e t w e e u t h e t w o , m a k e s i t p o s s i b l e t o 
s t u d y t h e g r o w t h o f t h e f u n c t i o n / ( z ) b y i n v e s t i g a t i n g t h e g r o w t h o f t h e 
f u n c t i o n 

2\an\\z\" i.e. 2\an\r" (\z\ = r) 

o f r e a l v a r i a b l e r. 

I f , F(r) i s a f u n c t i o n as d e f i n e d i n (1.1) w i t h y (#•) : = l o g r a n d l„~ n, 

t h e n t h e se r i e s i n (1.1) b e c o m e s a T A Y L O R S e r i e s v i z , 

F(r) - 2 anrn. 

I t i s k n o w n [ 2 , pp 31] t h a t . 
r 

(5 .1) l o g M r ) = l o g /* ('<>) + / y it) 

î t a i n e d b y 

t y p e « T» 

: h e r w i t h 
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o f t y p e « y » a u 

(O^t^ T^L <»). 

n i n (4.1) t o g c t h 

ÖZET 

B u araştırmada, bir r e e l değişkenin sınırsız o larak artan bir fonksiyonunun, 
diğer bir f o n k s i y o n a nazaran artışı incelenmiştir. B u maksat la mertebe vo 
tip kavramları kullanılmış tır. T a m fonksiyonlar teorisi , tar i f ler i için T A Y L O R 
v e y a D I R I C H L E T s e r i s i kullanıldığına göre, b irbir inden ayrı muhtel i f cephe­
l e r i varmış gibi yürütülmüş v e bu a lnnda araştırmada bulunan k i m s e l e r 
bu ayırmaya r i a y e t otmiştir. B u t r a v a y d a ise teorinin muhtelif veçhelerini 
birleştirmek için bir teşebbüse girişilmiştir : 5 . c i kısım da bu yönde elde 

edi len sonuçları i k t i v a etmektedir . 

o n l y i f 

l t y p e « 7 V i f anc 

as u s u a l 


