ON THE MAKSIMUM TERM, ORDER AND TYPE OF THE FUNCTIGN
DEFINED BY THE SERIES
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Abstract

In this paper the growth of an indefinitely lncéreasing function of a real
variable bas been studied. in relation to another funetion by introdueing
the notion of order and type. An attempt has been made here to unify
«various aspeclts» of the two theories of entire functions defined by Tarror
series and TDrremer series respectivoly, which have so far been Ireated
separately hy different workers in the two fields. Some applications given

in section 5 are intended to emphasize this fact.

1. Consider the function

. oo
(1.1) F(x) = 2 aneta * V)
. ‘ T _
where,
(1.2) lim sup ’,1“_ =D< o ,
n-roa n
dpey Ay, A, =0, lim d,—=c0 {an} {n—12,........ ) is & sequence of

n—co
real positive numbers and w(x) is an increasing positive funection of a real

variable x satisfying the following conditions :

(1.8} (i) w(x) tends to infinity as x> o.
(ii} e(x) has an inverse, .that is, if y =w(x), then there exists a
fanetion pt such that wt{y)—==x.
(iil) w(x k) —~w(x) =@ (x) =0 (1).
Also, we shall suppose throughout that #(x) is & positive houa-
ded function of real variable x .

*) The author wishes to thank Dr. R. 8. L. Srrvastava for his guidance and help.
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In this paper we study the order and type of the function defined by
{1.1). Here we have attecmpted to unify various aspects of the two theorics of
entire functions defined by TaviLor series and IiricHLET’S series respectively,
which have so far been treated separately by different workers in the two
fields. Applieations given in section 5 are intended to emphasize this fact.

2. Theorem 1.

If w(x, F) and v (x, F) denote the maximum term and the rank of the maxi-

mam ferm respectively of the series,.

FG)= Y, apetn ¥
1

B

and v’ (x), the dif ferential coef ficient of v (x), is finite everywhere and integ-
rable then, for every x>=t>x,,

@.1) log u (x, F) = log @ (x0 » F) -|-f T it Fy. 7 () dt.
Xg

Proaf :

By hypothesis we have,
(2.2) . plx, F) = ay(x, F). ez F) . p(x)

where ay{x, Fy and Ay(x, F) are constants in intervals, have an enumerable num-
her of discontinuities and change values at these discontinuities only, there-
fore ay(x, F) and lyx, F) {and hence u(x, F) are differentiable outside a set of
measurce zero and the differential coefficients of ay@, ;) and iy, F) vanish
almost everywhere, Thus we have,

B (% F) = ayix, F) - €™V F) L gp(x) . hye, F) - (%)
= (%, F} - dyix, Fy . 9 (x)
almost everywhere.

On integration we have,

log p(x, F) — log f‘(x"’F)‘xf {((tt,—lf))‘dt

X
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Lemma 1.
log p(x, F) is a convex function of w{x).

In view of the fact that ly(r, 7y and ¥ (x) are both positive and Ay, F) is
nondecreasing also, the lemma follows from theorem 1,

Lemma 2. [f,
. log n
lim sup =0
Fidmde el I
then,
(2.8} 7 log F{x) ~ log w{x,F}) as x> co.
Proof :
it is e;'vident that
log F{x)
(2.4) Tog e 7T &

On the other hand from (1.8, iii) we have, for « > 0

(2.5) iz +5) — v ix) =7 (x)

where & (x} is a positive bounded function.

Now, for 0< ¢ < &{x), we ean choose a positive integer N (¢) such thatl

Iog n

< ¢ for n > N (e).
in

Therefore, in view of (2.5) we have,

N (s} o0
F(x)::zJ apehn Y 4 Z [ apetn - ¥+ o hy " @ (1) ]

1 N (g)+1

‘ o 1
<Nl ) b (e to, B) Z" e
' N ()41 ne’
< Kp(xtoF) [0 () > =]

where K is a constant depending on F{x) and on ¢ .

Therefore,
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(2.6) log F(x) < log s (x - e F) 1 O().

If the series converges for x < o, log u(x, F) heing eonvex, -inereases
indefinitely with  (x) which tends to infinity as x »co .

Hence in view of (2.4) and (2.6) we hﬁ.ve,.

log Fix)
vj:{nlo log g (x, F) —
Thus
log F{x)~1log g{x, F)
3. Let
(3.1) Jim Sup _log log F(x) :f,(t)élég<m).

x—oo iuf (1)

. We shall refer to the constants g and 1 ag defined in (3.1) by wy—order
and lower wyp—order respectively of the funetion F(x) as- defined in (1.1)
which will he said to he of «regular w—order» when p=21. The justification
for this lies in the fact that ¢ and 1 depend on the funetion w (x). '

Remark :
In view of lemma 2, proved above in gection two, we have,

(3.2) lim Sup log log wix, F) _ y;, suploglog F(x) _ e

a0 illf Py (x) R war inf W (x) o A ’

Teorem 2.

The necessary and sufficient condition that

F(x) = Z apehe ¥ )
1

should be an integral function of firite w—order g, is that

. Tog (a)t 1
lim inf 23/ .~
(8.8) poon 0 T, log p
provided that
(8.4) lim sup * =P < co.
=00 n
Proof : '

Let us suppose that F(x) iz of finite w—order p. Then, from the defi-
nition of wp—order (8.1) we have,
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F(x) < exp[exp (k- w(x)}] , (k>e).
Hence, V
an < exp [exp (k. v (x)) — Ap w(x) ]

The expression on' the right hand side of this Inequality attains its

X ek 1hpik
maximum value [ 7 ] when,

I

exp [ k. ¢ (x) ]| = dafk.

‘Hence,
e .k hpltk
. < .
- <[5
Therefore,
lim inf _log (an)™" ey 1 .
o0 i-n IOg j-" - k
Thus we observe that
lim inf 208 (en)
n—=-oa j’n lOg j-n
is not negative. Now, let us set o
lim inf 108 (@)™ .

n—co iy log 4,
where a is gero, positive or infinite. Therefore, for any ¢ < 0, we have,
N
(8.5) @, < Ay (SR, (0<s< )

for all indices n > ng.

Therefore, in view of (8.4) we get,

"—E
(@)™ < Ay [+] (& >0); { (—8) > (D+e") -

Thus (a,)!/" tends to zero as n tends to c provided p >0, since (p—s) is posi-
tive and 4, tends to"infinity as n »e , hence F(x) is an integral function.

Now, if g is finite, then

Ry (e8]

F(x) = 2 aned™#) 4 )\ ageta’ ¥ &)

1 ny+1
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[e0]
eV (%)
< Aetag VO 4 ) [
ny+1 -
where A is a constant.

Choose an integer M such that
1J(p—2) o ¥ (x) .
Ap = 24¢ ).Pxp[” _e]<1M+‘

When Ang4, << An < Ay we have,

M o
Z [le‘;(j{l] = &XPp [ap {x).2YH—%  cxp 'fF( } ] E [in—2e(#=9) |
n

me+1 . . ngt+l1

= B exp [q; (x) . 2Y%) , exp { v () }]

—— g

M

where B is a constant iudependent of x, since the ser_ies Z An—dn (B—%) in view
‘ rpt+1
of (38.4), is convergent if extended to o .

Alsgo

2 [Af:f"(xi] Z [},ﬂ::, (:)— l"< Z (1/2)k, —constant.
M+1 .

M1 M1

Thus

F(x) < B exp [q) (x) 2UB—5) | exp { v (x) }] -+ 0 (1)

for all large values of w{x).

Therefore
(x)
¢ — lim sup _log log Flx) = lim sup [ ]
X—r00 W (x)'_ X300 . y‘) (x) .
(.6) | or ¢ = et

If p—=c0, the argument, with an arbitrary large number instead of p

shows that s=0.

Again, there exists an infinite number of positive integers such that
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ap > A, BB A,

or
Tagehg TV > [V A, (RER A,

Hence, if we take eV =2, 4, |"+%, then
Fx) > apebn* V) > 24, (B+5)

= eXp [pﬂ— + BXp ;f_{:l - log 2:1

for sufficiently large values of v (x).

Pherefore,
i {x)
lo —log 2 log log
g = lim sup M’Q; hm sup B (pie)—log + pe + 08 fo8
X0 ‘l,U{)C) 'l,'f(x)
or
1
3.7 o .
. (3.7) e x

If =0, then F(x) is of finite order.

Thus, the resalt in {3.3) follows from (3.8) and (3.7) making ¢ tend to
zero. :

4. A better estimate of the growth of the function F(x} in relation to

the function y(x) is obiained if we consider the limit of % » Thas let,
e
(4.1) : lim S0P __log Flx) . T‘, (0=ts Tz )

v~oo iBf exple.y(x)]

where p(0< p< o) is the w—order of the function F{x). We define «T%» to
be the p—type and «» Lhe lower sp—Lype of the fanetion F{x) of q)—mder

p (0<pg< o) and in case, the limit in (4. 1) exists i.e. T=¢, we say thal
F{x} iz of perfectly w~regular growth.

Theorem 3.

The necessary and sufficient condition that the function

[e.a)

Flx) = Z ety V)

1

to be of type T of finite w—order ¢ >0, is that
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(4.2) ‘ lim suap A (ap)ethn = T.

o0 eg
Proof:

Let as set,

lim sup hy (2,20, =y
n—co eg

Suppose that 0=y < o . Let >0, we have,

(4.3) ay < [(_”_"%:le_@] Apie

for n>n,.

Hence,
ng o0
F(x)= Z tpedy W% Z Qpehy s W
1 my+1

e v )aa, e
<Aekno.w(z)+2 [(”Jrﬂ)ege ()] .

It
ny+1

The general term on the right hand side does not exceed its maximam
which is exp [(» 4 5).e® ¢ ¥(*}] attained for in={(r+4¢)p.e2* ¥(® . Now cho-
ose an integer M such that

M= (v+28)e.0.e? V™ < iMy,,

When ) . = An = A, we have,
wl AniQ
Z [(L'i“_”)&e ceR: 'I’(x)] " = [Nomber of terms].exp [(y-} &).e@  ¥{9]
n “ :
no+1 )

== O [exp{{r F)et - ¥*}].

Also
- (vy-1-e)eg.e? P¥)7a/e - y -8 h,/Q o
P e 1" < 2 [ =0(1).
M+1 M+1
Thus,
— 1 o L0E F(x)
4 T= e S evm =
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Again suppose 0< » <o, we have, for an infinity of »
(.'V ’——-B) eg Al R )
(4.5) . an > [—ff—] , (0< o).

If we take exp [g,w{x}] =4nf/(» — 5} g, for these values of 1, we have,

0.e? 'P(x)]knf:

Fx) > apet® V() > [i__ ?)e '2

for sufficiently large values of v (x).
Thus,

(4.6)  raa

Hence the resnlt in (4.2) follows from (4.4) and (4.6).

Applications

5. Here we give some applications of the results derived in the previous

gections to the entire functions.
o0

First we consider the case of Tavior Series. Let f{z} — Z a,z®, z—=x4-ig,

0
he an entire function of order ¢ and lower order i; «7» and «» denote the

type and lower type of the function f(z); A (r} denotes its maximum modu-

lus and w(r) is the maximum term of the rank »(r) for |z |=r

The fact [1, pp. 253] that 3 | a,z” | docs not differ very much from its
greatest term and that | f(z)| lies hetween the two, makes it possible to
stndy the growth of the funetion f{z) by investigating the growth of the
funetion

Zla il i.e. Zan|r® {(fzl=r)

of real variable »,

If, F(»} is a function as defined in (1.1} with v (r)=1log r and i, =n,
then the series in (1.1) hecomes a Tavior Series viz,

F(r}) = X apr™

It is known [2, pp 31] that.

(5-1) log #() =log () + [ 2.

25

} =a, then

yrmations,

stained by

typﬂ ((T» .
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OZEY

Bu aragtirmada, bir reel dofigkenin sinirsiz olarak artan bir fonksiyonunun,

diger bir fonksiyona nazaran artizn ineelenmigtir, Bu maksatia mertebe vo

tip kavramlari kullamiimigtir, Tam fonksiyonlar teorisi, fariflert i¢in Tavior

veya Dimricarer Serisi kullamildifina gdre, birbirinden ayr1 muhtelif eephe-

leri varmug gibi

yilrittilmily ve bu alanda aragtirmada bulunan kimseler

bu aylrmaya riayet otmigtir. Bu travayda ise teorinin muhtelif vechelerini

birlegtirmelk igin blr tegebbiise giriglimisgtir: 5. ei kisim da bu yénde elde

edilen sonuglar iktiva etmeltedir.

+in view of aloy
have heen define
(0= h =

v fhe result obt:

of type «TI» an

(0=t = T2 ).

o in (4.1) togeth

only if

L type «T» if anc

2.

as usual



