AUTOMORPHISM GROUP OF THE UNIT DISK |z| < 1

S. K. SmicgH AND H. S, GOPALKRISHNA

A simple proof of the well-known theorem that the automorphism group of the unit disk in the
complex plane consists of the |inear transformations

efit 2tz
1 -+ 23,

is given.

1. In this short note we submit a concise and apparently new proof of the following well-
known theorem;

The automorphism group of the unit disk | z | < 1 in the complex plane C consists of
the linear transformations

(1) S Y U i1

1+ zz,
where 0 < 0 << 25 and z, is any complex number such that | z, | << 1,
2. Proof;
1. Let f be any automorphism of the disk |z | << 1 and f(0) =« : then | 2 | < 1.

Consider the function

I ) e
glo) = I — /G for [ z| < 1.
a) | g | < 1 whenever | z| << 1.
Indeed, if |@| << 1 and | 6| < 1, then
a—b
REN

and since | « | << 1 and |f{z)| <1 for | z| < |, the statement @) is proved.
by g(z) is analytic in | z| << 1.

Since |« | < 1, we have | | <'1. Futhermare, if | z| << 1, | f(2) ]| < 1, s0 | & £(z)| <1
whenever | z | < 1. Consequently, [ -—Z f(z) & 0 in | z| <¢ [, and this proves statement &).

c) g(z) is-one-one in |z | << 1.

Suppose
glz) =gz}, where| z, [ << 1, | z, | << 1.
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Then

flz)—a flzd) — =
PT—aflz) — 1—&f(z)

50

(1 —1al? [flz)— flzz)] =0,
Since | « | << 1. 'this implies
f(zl) — f(Z?)

but as f is one-one,

and thus statement r) is proved.
d) #£(2) maps the disk | z | << 1 onto the disk | z | < 1.

Consider § such that | # | << 1. Then we will have g (z) = §

if

f@) s _ g

I — & fiz)
ie if

L e ol
f@ =~ Tag
. o+ 8 .
However, since | o | << 1 and | § | <¢ 1, we have m < 1, so, since f maps the
disk | z| <¢ 1 onto the disk | z [ < 1, there exists a z, such that
o« + 3
f z, , <2, i ﬂnd f(z”) sl *—l _-i_-{-—aﬂ—'

Obviously for this z,, z(z;) == 5, and this proves statement d).

The above results show that g(z) is an automorphism of the disk | z | <€ 1, such that
g(0) = 0. Hence g must be a rotation, (see ['] ), so

glz) =2z for | z| << 1 where |4 | =1,

I. &,
_fD = _,,
—aflz)

ar
1) = Az 4«

1+ daz
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il, Conversely, if @ and 2 are any complex numbers such that | = | <Z T and [ & ] =1,
then

A
o=

is an automorphism of the disk | z | << 1.

Obviously, f is ong-one and analytic in| z | << 1. Futhermore, if | z | << I, then
| F(2) | << 1, because

lz 4«

1 izz <1

If@|:|

Finally f maps the disk | z{ <C 1 onto the disk | z | < 1: to prove this last statement
consider # such that | § | <C 1, Then f(z) ==§ if

hzta
1+X.:Tczw'ﬁ
f.e. if
I
IETG—=p
and, since |« | <1, |fi<1and [i]=1,
f—a | A=
ul—ami‘“‘l—iﬁ < I
Hence, if
A
BT a=—ap

then | z, | << 1 and f(z) = f, as was to be shown,

fis therefore an automorphism of the disk |z ] < 1,

III. We have thus proved that the automorphism group of the disk | z | << 1, consists
of the linear transformations

Ltz a
w=IE =T E,
where &« and A are any complex numbers such that { &« | <1 and |4 | == 1,

Since x is arbitrary, provided it satisfies the condition | « | <C 1, we may rewrite it as
« = A z,, where z, is arbitrary but satisfies the condition | z, | << 1. Then

iz -+« — AZ+A,Z'~"*:}" z 4+ z,
14+ Azz 14-1izz, 14 2z, 14 zz,

w=[f(z) =

where 0 <= ¢ == 2 = and this completes the proof.
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OZET

Bu araghirmada, kempleks diizlemdeki birim daire ig¢inin otomerfizinalar
grubunun :
z -z, -

3 + _—

gl

geklindeki déntigimler tarafindan defurulduguna d&ir ¢ok hilinen teoremin

yeni hir ispati verilmektedir,




