
A U T O M O R P H I S M G R O U P O F T H E U N I T D I S K | z | < 1 

S . 1 C S I N G H A N D H . S . G O P A L K R I S I I N A 

A simple proof of the well-known theorem that the automorphism group of the unit disk in ihe 
complex plane consists of the linear transformations 

1 " i - Z Z , i 

1. I n this short note we submit a concise and apparently new proof of the fo l lowing well-
k n o w n theorem; 

The automorphism group of ihe unit disk \ z | < 1 in the complex plane C consists o f 
the linear transformations 

1 + zz„ 

where 0 ^ f ^ 2 s and z 0 is any complex number such that j z„ | < I , 

2. Proof; 

I . Let f be any automorphism of the disk | z \ < 1 and f(0) — x. : then | x j < J. 

Consider the funct ion 

a) I S (z) | < 1 whenever \ z | < i . 

Indeed, i f I a I < 1 and I b \ < 1 , then 

I — « 6 < i> 

and since | a | < 1 and \ f{z) | < 1 f o r | z \ < I , the statement a) is proved. 

b) g(z) is analytic in \ z | < 1 . 

Since | a | < 1 , we have | * ( < 1 . Futhermore, i f j z | < 1 , \f(z) \ < i , so | a / ( z ) | < 1 
whenever [ z | < 1 . Consequently, 1 — z f(z) =j= 0 i n | z \ < 1 , and this proves statement b). 

c) g (z) one-one in \ z \ < 1 . 

Suppose 
B U i ) —g(za), where | z, f < 1 , ] z , | < 1 . 

4 1 
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Then 

f(z,) — a _ f(z2) — % 

(1 - I « I 5) [/(zi) - / ( z a ) l - 0 . 

Since | « | < 1 , this implies 

but as / is one-one, 

and thus statement c) is proved. 

¿0 £' ( 2 ) /Mflp-s i / f? I z I < 1 o / i i o the disk \ z | < 1 . 

Consider /9 such that | ¡1 | < 1 . Then we w i l l have g (z) = /? 

i f 

/(z) ~ « 
1 - * / (z ) 

/. e. i f 

However, since | a | < 1 and | /? | < 1 , we have 

1 + « 0 

« + /J 
< 1, so, since / m a p s the 

1 + ci/J 
disk i z I < I onto the disk | z [ < 1 , there exists a z 0 such that 

j z„ | < 1 and /( , , , ) = - ^ - ± 1 - . 

Obviously f o r this z „ , g (zQ) — /?, and this proves statement d). 

The above results show that g(z) is an automorphism o f the disk | z | < 1 , such that 
g (0) = 0. Hence g must be a rotat ion , (see ['] _), so 

g(z) — Xz, for I 2 I < 1 where j I | — 1 , 

1 - 5 /(z) 

f(z) = * 2 + g 

/ U ' 1 + A « z 
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i l . Conversely, i f « and X are any complex numbers such that | x | < I and \ X J — 1 , 
then 

f(z) 
Xz -\- % 
1 A- Xxz 

is an automorphism of the disk | z \ < 1 . 

Obviously, f is one-one and analytic i n \ z | < 1 . Furthermore, i f | z \ < I . then 

I f(z) \ < 1 , because 

Xz J
r « 

1 -f- Xxz 

Final ly / maps the disk | z \ < 1 onto the disk | z | < 1 : to prove this last statement 
consider /? such that | /i \ < J. Then f(z) — /? i f 

Xz - ! - es 

;'. i f 

and, since | a J < 1 , 

Hence, i f 

ß — y. 
X ( i - xß) 

< 1 and }X } ~ 1 , 

/ î - a 
A (1 - â /Î) 1 — x/3 

< 1 . 

/? — a 

then | z 0 | < 1 and /(z„) = ,5, as was to be shown. 

/ is therefore an automorphism of the disk | z \ < 1 . 

I I I . We have thus proved that the automorphism group of the disk | z J < 1 , consists 
of the linear transformations 

if = f(z) = 1 + Ixz 

where a and X are any complex numbers such that [ a j < 1 and \ X \ — 1 . 

Since « is arbitrary, provided i t satisfies the condit ion | « j < 1 , we may rewrite i t as 
a = X z0, where z0 is arbitrary but satisfies the condit ion ] z u | < 1 . Then 

„ = f(z) = 
Äz + a 
1 -\- Xxz \ ~\-X\zz 

where 0 ^ # ^ 2 JT and this completes the proof . 

i z + X z0_ = x z + z„ = ^ 

1 + Z 2 o 1 + z5„ 
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D H A R W A R - 3 ( I N D I A ) 

Ö Z E T 

B u a r a ş t ı r m a d a , kompleks düzlemdeki b i r i m daire içinin otomorfizınalar 

grubunun 

1 + z z 0 

şekl indeki dönüşümler ta raf ından doğur ulduğ una dair ç o k bil inen teoremin 

y e n i bir ispatı v e r i l m e k t e d i r . 


