
CONVEX FUNCTIONS AND THEIR APPLICATIONS 

PAWAN KUMAR JAIN 

The function M (r), convex with respect to a particular function $ (r) and 
such that M («) = 0, and the non decreasing function n (i), defined J>y 

means of the equation 

r 
M (r) = / n 0) (/) rff (« > 0) 

are considered and some new properties concerning tlic growth of these 
functions arc obtained. 

1. Let M(r) be a convex function with respect to the function <l> (r), where : 

(i) tp (;•) is an absolutely continuous function for 0 < r < <x> (r = 0 is an admissible value 
in some cases). 

07) <1> (<•) ->• ^> with r. Obviously <p' (r) exists and is greater than zero. 

Now if Ai(o) = 0, then it is known that (KAMTHAN [aJ ) * 

where «( / ) is a non-decreasing function tending to <» with tt having only enumerable 
discontinuties on the left. Obviously then n (f) exists almost everywhere. 

Now let us introduce a function g (r) which according to KAMTHAN [K] is assumed to 
satisfy the following conditions : 

* As tiiia reference occurs frequently in the context, wo refer to it as [K] in the results 

F 
{A) 

,1 

that follow. 
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(1.1) Q (r) ->- g as /• -»- co ; where 0 < Q < co . 

o' fr) <b ir\ 
(1.2) tf v ' V ' -v 0 uniformly as r -v t» . 

(13) liin i = i . 
r^-co exp. { Q (/•) •£ 00 } 

Making use of (A), KAMTHAN has found a number of results depending on the growth of 
M (r) and n (r) with respect to exp. { Q (r) <p ( / • )} , which as a particular case reduce to 
already existing results on Entire Functions respresented by DIRICHLET and TAYLOR-series. 

Here we wish to find certain other results on the growth of M{r) and n (/•) and prove 
the following theorems : 

2. Theorem 1. Let 

n (/•) exp. { Q p (f) } , /• co 

then the function 

log M QQ 
<£O0 

behaves like the function Q(T) defined as above satisfying the conditions (J.l) and (1.2). 

Proof. Let 

log M{i-) 
e ( r ) = - * « - ' 

then 

M' 00 <b' (r) 

°
, f r )

 = Mwiw - H m - , o s M W -
By using iA), we find that 

g' 00 0 QQ »_00_ _ log M ( r ) . 
1 U * ' ( r ) M ( r ) <M>0 ' 

for almost all values of r. 

But from the hypothesis, 

it (r) ~ exp. { Q cp 00 } for large r, 

we have 

Mir) = J nit) P' it) dt 

t 

j exp. { Q <I> it)} P' it) dt 

= _ 1 [ e x p . {e<pit)}Ya 

— - L [ „ ( r ) _ c « *(«) ] . 
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Hence 

(2.2.) ^ - ~ — as r ->- ™. 
«(') e 

Again 

Il m ;—-r-TTT — — 
exp. { Q $ (f) ) o 

Therefore we have for every arbitrarily small e > 0 and r ^ r „ . 

e 6 exp. { 0 0 (/-) } Q 

i. e. log — B^j • |- Q q, (r) < log M (r) < log + ^ + i> 'P (r). 

Hence 

(2.3) Inn -———— — g. . 

Thus making use of (2.2) and (2.3) in (2.1) we see that the condition (1.2) for the 

function s a ( j s r j e c j a f U j obviously the condition ( 1 . 1 ) for this function follows 
'P(r) 

from (2.3). 

Theorem 2. I f 

r , > rl > 0, then 

Remark. This generalises the results of SRIVASTAVA ( [*] p. 140), KAMTHAN ( [ l ] th. 1). 

Proof. Since 

• 1 

M (/•,) - M(rt) - J n(t) <P' (0 dt, 

therefore 

« (r.) [ * (r,) - <P (r,) ] ^ M ( r a ) - A/ (r,) k ri (r2) [ # ( r t ) - <2> (r s ) ] . 

Hence 
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Corollary. I f 

J ? > r > 0 and R — R(r,k), 

where k is some postive constant such that 

(2 .5 ) # (R) — * (r) -»r * (A) ^ 0 as r-»-«>, 

which is always possible for a proper choice of <Z> (r) and then of R (for the construction 
of such functions see KAMTHAN [ K J. Then we have 

( 2 . 6 ) lim \M{R)—M (r)] = oo . 

Teorem 3. I f 

Mt(r) ( / ' = 1.2) 

be two convex functions with respect to the function # (r) defined as 

r 

(2 .7 ) Ms{r) —j nt(t) & {t) dt , a>0 
a 

where 

n, (0 ^ «i (0 

and also 

(2 .8) lim [ n 2 ( ' ' ) - « i 0 0 I = ^ , 
r-»co 

then 

l i m MAr)-M,(r)^ ^ M , ( r ) - M . ( r ) _ 

Proof. From (2.8), for every arbitrarily choosen small number e > 0 and r ^ t u , 
we have 

"? (r) — n i ( R ) < >4 C -

Also 

r 

M B (r) — M , ( r ) = y ( / ) —71,(01 
a 

r 0 r 

< y [ « , ( / > - t o ] # ' (o dt+y M + E ) (o * 
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and so 

(2.9) 
r^oo <P (r) 

Similarly by considering the inequality 

«a ('') — «i ('') > 5 — s for « > 0 and r ^ / • „ 

it can be proved that 

(2.10) iim * . f r > - " . C - > ^ , 

Thus the result follows from (2.9) and (2.10). 

Corollary. I f A — B, then 

[ M 2 0 0 -M^r)]- A $ (»). 

3. Theorem 4. I f 

and 

^ l 2 ^ W = r 
— <£ 00 C 

M0-) A . 
Iim — 

n(r) B 

then 

where 

Proof. We have 

0 < C ^ O < co . 

* (0 

Firstly we have to show that A ^ — J suppose that this statement is not true : 

then A < — and therefore 

M ( r ) ^ i . 
hm = — ~ < -pr ; 

r_»oo n 0 ) <-
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and so 

M (/) ^ « n 00 for r ^ r„ , 

where 

1 

Bui M ' 00 exists almost everywhere and so 

M' 00 ~ « 00 d { & 0 ) } for almost all r ^ r 0 . 

Thus 

Integrating the inequality (3.1) over O'u. '0 * e obtain 

log M 00 - log M (,;) ^ 0 ( r ) ~ • 

But $ (r) increases with /• and so 

log M(/0 l 
— <P (r) a 

Hence 

lim M ^ M . > c, 
— <P (c) 

which contradicts the hypothesis. Hence 

Similarly assuming that B ^ ~- does not hold, we can arrive at a contradiction and 

therefore the theorem is completly proved. 

Corollary. I f A = B, 

then C = D — . 

A 

The proof is straightforward. 

Remark. For an alternative proof see ([K], Theorem 3). 
Theorem 5. I f M (r) > 0, then the convergence (or divergence) of the first integral, 

given below, implies the convergence (or divergence) of the other and vice-versa, the 
integrals being given by 
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J ^ j e « »00 * { n ) d n 

> a > 0 

CO 

e « «(«) 
r 0 

Proof. We already know that 

A * ( r ) = M ( r 0 ) + ^" n(t) <l>'(t) dt. 
To 

Hence 

/
</>' {«} dn f t 4>r (n) 

e a JM J « < / > # ' ( ' ) * = / [ M ( « ) - M 0 - u ) j ^ ( n ) ^ 
To 

0.2) = r ^ - ^ y r + i . / * . 

Also 

{ 3 . 3 ) f^M-dn / \ ( 0 * ' t f ) d , ^ / ^ * ^ - f ^ . ) ] . 
J e a * ( n ) J J e a * < n ) a 

Combining (3.2) and (3.3), we obtain 

/ M ( " ) ^ ' ^ M ( r 0 ) M ( r ) 1_ / /V(n) <fa 

Proof for convergence ( / ) . During the proof of convergence or divergence of the 
integrals J, and J%, K shall be used to denote an arbitrarily large positive number and e will 
be an arbitrarily small positive number, both being not necesarily the same at each 
occurrence. 

Suppose Jt is convergent. Then 

e M (n) 0' (») Mjr) , j _g-« { •</?> - o W j , 
J d n >

 a c « * * M 

R 
* > 

where R = R (c, /c). k > 0 so that 

(3.5) <Z> (Ji) — * (r) -> <P (/c) ^ 0 as r «> . 
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and so 

M(r) 

(3.6) — 

Hence from (3.4) and (3.6) we have 
(3.7) ^ , + ^ = 7, 

where H is some finite number less than zero. From (3.7) it follows that J2 is convergent, 
since / j is assumed to be convergent. 

07) Let now Jt be convergent and hence from (3.4) we have for large r, 

/M («)#'(«) M(r) 

A being some constant, and as 

I 

M («) ff' (n) d n > ^ g. ( r 0 ) _ - a $ (r) ^ M (r 0 )  
e « $ (n) a 

both the terms on the left hand side of (3.8) are positive and thisv gives the convergence 
of A . i ;. 

Proof for divergence, (in) Suppose now that Jt is divergent. Then for large r 

f MQQ J M(R) r « ( 4 . ( K ) - # W } 
A < / 7—, an < 7-, l K ' ' i l 

and hence for large r 

. 1 • . M 00 
> A: 

and so from (3.4) we fond that J2 is divergent. 

(i"v) Finally, suppose J2 is divergent. Then from (3.4) we have for large r 

e M(rt) <!>'(11) MOO 

<3-9> «j -j^r1- + —^r >K, 

we now say that JL is divergent i f J2 is divergent, for i f J1 is covergent then 
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/ M (n) 
* j ( W ) ^ > 0 0 

To 
and 

Af (r) 

is arbitrarily small (for (3.10) see ( 3 . 6 ) ) , for large r and then (3.9) gives a contradition. 

Hence Jl is divergent. 

Combining (/), ((7), (///') and (/>) the theorem is completely established. 

Remark. This generalises the result of KAMTHAN ( [ ' ] . Th. 1 1 and th 15, p. 139 | 3 J ) . 

4. KAMTHAN [K] has proved the following results : 

(4.1) A ^ — 

e 

(4 .2) B ^ { 1 + l o g ( ^ L ) } 

(4 .3 ) A^-Z- c D / C 

qe 

(4.4) B ^ — 

where 

and 

^ M>)_ ^ A . f - _»00_ = c . 

g (r) — exp. y" e (n) i> (n) . 

Then from (4.4) and the fact that B^A, we have 

(4.5) D ^ QA 

and from (4.5) 

C ^ Aqe e~D!C 

(4.6) ^ i g e . 

Remark. It follows from (4.5) and (4.6) that 
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C^r QA(e+\) 

but it is included in the following, for we find from (4.3) that 

^ J L [ l + £ + o ( . £ ) - ] 

Qe C 

Thus 

(4.7) C + D ^ A yc 

and this completes our assertion. 

Theorem 6. Equality cannot hold simultaneously in (4.4) and (4.7), 

Proof. Let 

D = QA . 

Then from (see [K] theorem 1 . ( 9 ) ) 

we have 

Now let 

Hence 

Further 

Hence 

Q 

A ^ e - e f f l ( f c ) [A~\- C q> (k) 

(p (k) = - y log (1 + Jj), »/ 0. 

D ^ C. 

C = QA 

C -\- D — 2 Q A < c M . 
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Next suppose that C + D — e QA, then D will be less than Q A , for, i f it were equal 
to g A then by above theorem C - j - D will have to be less than e QA. 

Remark. A similar result appears in ( { ' ] , theorem 8 (r?) )• 

Finally, I have the opportunity to express my warm thanks to Dr. P. K . KAMTHAN for sugges
ting the problem and his constant guidance in the preparation of this note. 

I am also grateful to Prof. R. S. Varma for his constant encouragement and research faci
lities provided to me. 
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Ö Z E T 

B a z ı ö z e l l i k l e r i ha iz $ ( r ) f o n k s i y o n u n a naaa ran k o n v e k s o l an v e M (a) = 0 

ş a r t ı n ı s a ğ l a y a n b i t M (r) f o n k s i y o n u i l e b u f o n k s i y o n a b a ğ l ı o l a r a k 

r 
(o > 0) 

a 

b a ğ ı n t ı s ı î l e t a n ı m l a n m ı ş n (t) f o n k s i y o n l a r ı g ö z ö n ü n e a l ı n m a k t a v e bu 

f o n k s i y o n l a r ı n " b ü y t u n e " l e r i i l e i l g i l i y e n i b a z ı s o n u ç l a r elde e d i l m e k t e d i r . 


