A NOTE ON ENTIRE FUNCTIONS

5. K, SINGH AND V., SREENIVASULU

A property of an entire function, stated in the following theorem, is proved, [

With the usual notations for an entire function f (z), we prove the following theorem :
oo

Theorem 1, For an entire function [(z) = Z a, 2"

a={ 3
lim M5} M, f) =0,
7300
if
Ry=|a, . fa,|

is a strictly increasing function of n, and

L{f) =lim sup Ja," fap_; ape. | =1,

where
2 [
i

. 16 X
o= (5 [ 1w a)” 0<i<.
0

Proof. Since R, is a strictly increasing function of n, f(z) =p{z) + A ¢, (z), where
A is a constant, p(z) is a poiynominal, and

[e0]

¢, (z) = Z 2t etl R Ry ... R,.

n=1

So,

M)~ M@, 90,
and
1.1) Mp (e, f) ~ M, ¢,).
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Let

g (2) :Z [R Ry.,.R,.

n=l

For

R, = r < Ryy,, e=r{r¢)
and

,u-(.", q)) p— I / Rl Rg ..... Rn-
Also,

. 12
M, () ®) :( X (R, R, ...R,,)Z) )
n=1
Hence, .
M, (1 @) | M () == (L1 {0° | Ry) + (B, ¢ [r°))
L Ry Ry A Ry Ry o)) e 117
£ +("/Rn+ 1) + (er"'llr) _]_ { (’-2 /RrH'l Rn+2) + (Rn41 RJP-R Jr ’.2) } '+" o1
for
Ry =r<<Rpi::
From the hypothesis we have R, ~ R,+,.
Hence,
(1.2) lim M, (@} M, ¢) =0.
F—oo
Let
£ =D, 2[Ry Ry R
n==1

Then we have

(M, (r, @) TP == M, (% ),

and
[M (o) 1° 2= MO7F, )
Hence,
(1.3) My (@) [ MAr, @) < [M, 0210 M (7, ) 147,

From (1.2}, and ([.3) we have

(1.4 lim My(r @)/ M, ¢)=0.

=00
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Let

Gy ()= D, by 2",
n=0

and

07‘
G, (z) = E C, z"

=0

be two entire functions, and let G (z2) = G, () G, (z). -

Then
oo
G @)=, dn 2",
n=0 ’
where
dy =056, Co + b Co )+ b, Cay --2240 + 8, C,.
So

pGy < iby | |Gl ™ by [r] Gy | " e by | 2 L Gy

n
= Z [y | 1Y | Cuy] ¥

=0
n ]’12 n

12

(% 1) (D el
y=0 p==0

< M, (r, G}. M, (r, G).

e

(1.5 @ (r, Gy < M, (r, G) M, (r, Gy)

Case 1. Suppose § ™ 2 is an even integer.

Let

v (z) = [, (2 ]3/®
So
2 :
1 . e
(1.6 M, () = ( o= [ 1ncenp ar )" = M5 0, 100,
- 0 . :

Now, using (1.5) and (1.6)

plr, W) M@, w)y=plr, v) [ IM(r, g} 13" )
< M, (r ¢ M, g8 [[M(r, 9,) 137
=My @) [ My, (r, @) KB [[M (s, @) 972
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So

wir, wy [ M, w) < My(r, p ) [ M(r, 9,
since

M6 {r, ‘PL) < M (r, 9,)
for & satisfying
0 < § < oo,

Hence from (1.4) we have,

- lim ) | MG ) =0

Let £ () >> 1. Then from a known result of S. M. SHAH ['], we have

lim sup @ (¢, w) | M(r, w) > 0.
Fe->o0

This contradicts (1.7). So L (yw) =1.
Hence, applying (1.4) to w(z), and using (1.6) we have

(1.8) lim Mg (r, 9} | M(r, ¢) = 0.

r—=0a

From (1.1), and (1.8) we then have

(1.9) lim Mg @, )] M, f)=0.

P00
Case 2, Suppose §< 2,
The result follows easily from (1.9), since M3 (v, f) is an increasing function of 8.

Case 3. Suppose d > 2 is not an even integer,

We select an even integer §, = d, so that (1.9) gives

m Mg ) MG, )= lim Mgy, (/)] M (r, /) =0.
Ir—oo

=00

Hence the theorem is proved completely,
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OZET

[=a]

fz) = Z a,

n=()
tam fonksiyonu i¢in, § sayisi 0 < § < co sartim saglamak Nzere

Zn

1 . 18
My (. f) — (? f | f(reit) |0 d-ﬂ)
0

vaz ediliyor.

Ry =la, fa,]
n’nin kesin olarak artan bir fonksiyonu ve
L(f)=lim sup |af | ap—y aps, | =1
n—+co
ise,

lim Mz(, )/ M(r.f) =20

I —»o0

oldugu ispat cdilmektedir.
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