
A N O T E O N E N T I R E F U N C T I O N S 

S . K . S I N G H A N D V . SREF.NIVASULU 

A p r o p e r t y of a n e n t i r e f u n c t i o n , s t a t e d i n t h e f o l l o w i n g t h e o r e m , i s p r o v e d . 

W i t h the usual notations for an entire function / (z), wc prove the fol lowing theorem : 

CO 

Theorem 1. For an entire function j\z) = ^ an z" 

l im Mb (r,f) / M (r,f) = 0, 

if 

Rn — | an^x I an | 

is a strictly increasing function of n, and 

¿ ( 7 ) — l i m s u p | « „ * / « « - ! i i B + 1 f = l , 
where 

Mb (r,f) = (~ f | f{reto) |& d&J' , (0 < A < ~). 

0 

Proof. Since Rn is a strictly increasing function of n, f(z) = p (z) A y/1 (z), where 
A is a constant, /> (z) is a poiynominal , and 

CO 

V i ( z ) = £ z " etOnfRtR, i ? „ . 

So, 
M(r,f) ~ Af 0-, 

and 

<1.1) M 5 ( r , / ) ~ M ( r , < ? 1 ) -

7 1 
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Let 
CO 

V W = X z»IRLR,.,.Rn. 
n=l 

For 

and 

Also, 

Hence, 

R n ^ , < Rn + L , n — v (r,<p), 

P-(r, v ) = rnIRt R, Rn. 

M2 (/-, 9O = ( 2 r ' n / ( ^ * , . . . * „ ) ' ) ' 
71=1 

M2 (r, g0 / M (r, ? ) = U + i 0 , a / 4 ) + (4-t / ' ' '> } 

U+(rfRa+l) + {Rn-Jr) + i(r*IRn+l * „ + „) + ( * „ - , ^ s / r ) ) 4 

for 
^> < R n + i . 

From the hypothesis we have Rri •—Rn+i-

Hence, 

(1.2) l i m M , (/•, y ) / M (r, <p) = 0 . 

Let 

/j^=l 

Then we have 

and 

Hence, 

[ M 2 (r,Vt) r ^ M 2 ( r s , / i ) , 

(1.3) M 2 (,-, y i ) / M (r, ^,) ^ [ M , (,•»,/,) / M ( r ' , /,) ]*/«. 

F r o m (1.2), and (1.3) we have 

(1.4) l im W 2 ( r , ^ , ) / M ^ 0 . 
I ' - K X > 



A NOTE O N E N T I B E FUNCTIONS 

Let 

7 1 = 0 

and 
CO 

G2 (z) = 2 Cn z" 
7 1 = 0 

be two entire functions, and let G (z) = Gx (z) G a (z). • 

Then 

CO 

<?<*) = 2 4,*" 

where 

4 , - *o C„ T ^ Q - i + A.. C „ _ s - I- + A„ C„ . 

So 

M (r, (?) ^ I i>o t i Cn I r " + | b, \ r | C „ „ , | r " - H \- \ b„ j r" | Q 

< M.2 (r, G J . M , (>', G 2 ) . 

1/2 

(1.5) * 0-, G) < Ms (r, G,) Mg (/-, G,) 

Case 1. Suppose i ^ 2 is an even integer. 

Let 
V ( z ) = [ y , (z ) ]5/ B 

So 

(1.6) M 2 (r, v ) = ( f 1 V i (r e f*) | 5 rf* = [ M 6 (r, ]»/". 
0 

Now, using (1.5) and (1.6) 

i » (r, y)lM(r, y) = p(r, y ) / [ M ( r , V l ) 

= M 2 ( r , <?i) E M 6 _ 2 0-, ¥ l ) U 6 / 4 )" 1 / [M(r, 9*1) ]&/a 
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SO 

t*(r, V ) / M(r, v ) < Af, (r, tpJIM(r, 

since 

A/a 0% 9»L) ^ -WO'- Vi) 
for (5 satisfying 

0 < (5 < co. 

Hence f rom (1.4) we have, 

l im n (r, ip) I M (r, y ) = 0 
(1.7) r + o o 

Let L (i/i) > 1. Then f rom a known result o f S. M . S H A H [' ] , we have 

l im sup (i (r, if) / M(r, ip) > 0. 
J—fCO 

This contradicts (1.7). So L (v) = I . 

Hence, applying (1.4) to ip(z), and using (1.6) we have 

(1.8) l im Mh (r, / M ( r , 9 l ) = 0. 
r-*-co 

From (1.1), and (1.8) we then have 

(1.9) l i m A f a ( r ) / ) / M ( r , / ) = 0. 

Case 2. Suppose 5 < 2. 

The result follows easily f rom (1.9), since M§(r,f) is an increasing function of ft. 

Case 3. Suppose S > 2 is not an even integer. 

We select an even integer <St > d , so that (1.9) gives 

l im M 6 (r,f) I hi Q; f) ^ l im Mhi (,-,/) / A/ (,-, /) = 0. 

Hence the theorem is proved completely. 
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A NOTE O N ENTıRE l 'UNCTıONS 

Ö Z E T 

n = 0 

l a m f o n k s i y o n u i y i n , 5 s a y ı s ı 0 < 5 < 0 0 ş a r t ı n ı s a ğ l a m a k 

2 * 

Ü 
v a z e d i l i y o r . 

- K n = I * „ - ı /<!„ I 

ÎI n i n k e s i n o l a r a k a r t a n b i r f o n k s i y o n u v e 

= Hm sup | a.1 / o „ _ 1 a n + 1 | = 1 
/ I - M J O 

l im M&(,r,f) I M(r.f) — 0 

o l d u ğ u i s p a t e d i l m e k t e d i r . 


