LIE-DERIVATIVES OF VARIOUS GEOMETRIC
ENTITIES IN FINSLER SPACE

B. B. Misra anp R. 8. MisHrA

The Lie-derivative +as introduced by Davies [']1') in tic thoory of infini-
tesimal deformations of a Fiwster space. The vector along which Ehe defor-
mation is considercd is taken to be independent of directions. In the presant
paper the infinitesimal transformation is studied in the general form where
the above mentioned wveotor is taken to he dependent both on position

and direction.

i. Inmtreduction. Let F, be an n-dimensional FiNster space equipped with the sym-
metric tensor

(1.1a) g1 (6, %) def § 0 @, F? (x, x),
where

3. = d
(1.2a) d; = "5;

Since the metric function F(x, ;:) is assumed to be positively homogeneous of degree one in
the xi’s, the metric tensor is a homogeneous function of degree zero in the x'’s. The con-
travariant components of the metric tensor are given by

.7 ; 1 if A=
il g, — 5! — ?
{1.1b) g g =29 { 0 if Ak

CARTAN’s covariant derivative of a tensor T; {x, x) with respect to x% is given by [?]

(1.3) i) g (0 Xy =8 Th— (1 T Gy + Th oyl — 7 I3 s

' The numberg in the square brackets refer to the references given at tho end of

the paper.
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where
' 2
(1.2b) =55
and
(1.4) Gl (x, x) def e Gl=T"1 (%, %) x™.

The functions G™ (x, ) are homogeneous of degree two in the xi's {*] and P:ik (x, ).C) are

CarTaN’s connection coefficients, The following identities result from (1.3}

(1.5) Fig =0, £y2=0.
The completely symmetric and skew-symmetric parts of a gecometric object ) ; are
given by

(1.6a) -Q(:'j) ‘f‘i_f 3 (Qij"i“ Qﬁ)
and

(1.6b) 0l 1 il____ef 3 (.Q,-j — Qj,-)
respectively.

2. Infinitesimal transformation. We consider the infinitesimal transformation
2.1 7= xi vl (x, %) dt

in the space F,. The entitics vi (x, %) are the contravariant components of a vector-field
and 4+ is an infinitesimal constant. The corresponding variations in the variables xi are
represented by

2.2 o=t () ¥ @) x 1 d.
Differentiating (2.1) with respect to x{ we obtain
(2.3) ajff=a§+(afvi) dr.

The Lis-differential A (x, x) of a geometric object (=, x) Is the difference of its
value at the point ! and its component obtained from the coordinate transformation (2.1)
in the ¥f-system, ie.

(2.4) AQ (0 =0(%8 — 0 (% %),

where 72 (x, 5c") is the component of the geometric object obtained from its value at ai when
(2.1) is regarded as a coordinate transformation.

DErFINITION :  The LiE-derivatlve of a geometvic obfect s the limit of the Lie-differential
divided by dr when dx tends to zero, ie.
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(2.5 DO = lim _ALxx
L dr—0 dz

where D Q (x, x) denotes the Lig-derivative of the geometric object O (x, x).
L

3. Lig-derivatives of various entities. Let X7i(x, %) be a vector whose value at the
point %t is given by

Xi(E, %) = Xi(x,xh 4 (v 0, X7 4 @, X0 (xk 0y v/ ¥k dy v} d.
The value of Xt (x, x} at #i, considered as having undergone the transformation (2.1), is
X (e ®) = X0 8, w = (0h @ ) dr) X = X0 (x, 0 X () vi)dr,
Therefore the Lie-decrivative of x# (x, )E) is
(3.1) Jro Xi=yh @, X0 XD vl (3 X0 (xR 3 v Xk Gy )

Using (1.3) and (1.4) the equation (3.1} may be reduced to the form
(32) DXi== X\ v — X 4 GF e D 4 @ X (V] xh - @r ) (B 268
L

Froaald

The derivation formula (3.2) can be extended to an arbitrary tensor T.l P {x, x)
FPY
g

in the following manner :

DTl.l r.” (x, x) = vk T P o(x ¥
L Jieeeidy FIERRN P
P . . [- .
e dg— fatif ; .. ,
72 'I}l a—1 ati r.,u (V|I(11+6r13r p'q)
o v e i anean Jq
(3.3) - ¢
q ] .
Fiv v vy H .
+p, T Pk 6T, WD
- El FueedBoy lipao . gy o BT BT
+( T ) (v, 37+ @ HGY H 26M).

] Lere s dy

The Lie-derivative of a scalar function S (x, fc) may be simiarly calculated : it has
the form

(3.42) D S(x, ) =8, vk (e S { Vi x (G vy (3P 267 ).
L AV : ‘

In case the scalar S (x, %) is replaced by the metric function in (3.4a), in consequence of (1.5}
we have
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(3.4b) gF(x, Xy =@ F) { vE X1 4 (O vk (5 26 ).
The Lie-derivative of the element of support x? follows from (3.1) ;

(3.5) D yi = xk dp vi.
L

[n our applications of the Lie-derivatives we shall require, in particular, the Lie-deri-

vatives of the metric tensor and of the connection coefficients of the space. The former is
easily evaluated from (3.3). By virtue of (1.5) we have

(6 Dgy; =2gmil Vil A G v - (g O X (0, v T 26D

In order to find the Lie-derivatives of the connection coefficients F:,i (x, ¥) we can not

apply (3.3) directly, because the I‘;,{‘. do not form the components of a tensor, so that we have

to revert to the definition given by {2.5), Firstly, we note that
Pl 80 =13 0+ ("o, PJ.;, @ T ) (5™ o v ™ 3 o4 } e
Application of (1.3) and (1.4} reduces the above identity to the form
(3.7 I 8 = Ty (6, 0+ 1@ Tl — G 8 T v
(@ T o) 1 5 ¥ @ v G 26™) )]

Secondly, we remark that the law of transformation for the I‘;}; may be written as

N =i a7 x7 +r Ox®  dxt
3.9) th (¥, %) = (0, =%} {_—af"' Py + .t %7 GE S
Using (2.3) in (3.8) and simplifying we get
(3.9) T (8.8 = L (6,%) — {8, 8, vi— Ty 8,97 L2171 0,y v} dv.

Therefore, the Lie-derivative of Fj-i {x,x) is given by

D T =@ — G am Iy P
(3.10) _ 8y B v Iy 3 v 2 I gy

- @r TpH VR X @Bty (- 26™) )

Considering the expansion

B A A OO
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7 . s ® . LT
Ve =0 8 rt— T 0 v 2T By 7

+ @ Tjly — G Om T 2 Tl T o
— (3 05 v - Ty} On v7) G — (G B v) 1 4

and the expression of the curvature tensor given by [*]

i . L 5 * f # *
(3.11) Kipn = 2{0, Ty ; —@m I) Goy = T Ty

the equation (3.10) reduces to
#} i R g
jrD ij"’|jk+v Kjkh

(3.12) + (3, p;;) (vh L ™ @ VM (x4 26™))

P U —

|+ @ LT a vy O (G v

Particularly, if the points x? are chosen to be on the geodesies of F, and the element
of support is taken along the unit tangent to the geodesies,

426 (x5, x) =0

being the equation of the geodesies, the Lie-derivatives of various geometric objects discussed
above reduce to their simpler forms,
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OZET

Lig-ttirevi kavrami, bir Fiyscrr uzayilil solnsuz klicilk gekil degigimleri
teorisine ilk defa Davies tarafindan sokulmugtur. Ancak, bu yazarn
verdigi tanimda, gekil degigimlerinin belirtilmesine yarayan vektiriin
dogrultulara bafh olmadifs kabul edilmigtir, Bu araghirmsda ise, sonsuz
kileitkk dénilsilmler en genel ifadeleri ile ele alinmg ve yukarda séz konusu

edilen vcktoriin bem noktanin, bem de noktaya baglh dogrultu elemaminin

bir fouksiyonu oldugu kabul edilmigtir.




