ON H, SUMMABILITY OF LEGENDRE SERIES

Lar. Mant TRIPATHI

FoA (1943) studied the summability problem for the LeGrNDRE series and obtained

a result which corresponds to that of Harpy snd LitLpwoon (F913) in the case of

Fouritr series, The object of thizs paper is to obtain; for the strong summabilify of

the LEGENDRE series, a new result in a different line, which corresponds to that
obtained by Wang (1944) for FoumiEr series.
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1. Eet Z 1, be a given infinite series with the sequence of partial sums {S§,}. The

n==() .
series ¥ w, is said to be strongly summable by CEsAro means, with index 2, or summablc
[C, 2], or summable H,, to a sum &, if

i3

(1.1 Z | Sy —~ S|P =0 ()

1=

Let f(x)} be a function integrable (L) over the range {—1, 1]. The LEGENDRE scrics
associated with this function is

(1.2) [~ Y,y Py la),
n=u
where
+1
{1.3) ay — ( "+ 5) f flx) P, (x) Ax
—1

and P, (x} is the s-th LEGENDRE polynomial,
We use the following notations :

@y = flcos(r— 1)} — f(cosr),

t

¢ () = f | ploy | do
¢
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and
# () = @ (t) sinY?(r — 1),

2. Foa (1943) studied the summability problem for the LEGENDRE series and obtained a
result which corresponds to that of Harpy and LirTLEWoo0D (1913) in the case of FOURIER series.
The object of this paper is to obtain, for the strong summability of the LEGENDRE series, a new
result in a different line, which corresponds to that obtained by Wang (1944) for Fourier series.

We prove the following theorem :

Theorem. If, for some « > %,

!

) o i)
2. af | F{x + 8y — flx) | dr;—O[W] s

as ¢+ 0, then

I

@ —f@F=00 (oL =1 —50>0)

==
where 5, (x) denotes the n-th partial sum of the Legendre series.
3. We require the following lemmas for the proof of our theorem.

Lemma 1. [1959, p. 1791

n

(3‘1) Z (21,+ 1) Pv(x) P-v(}’) —"':(J‘T+1) Pu+:()’) Pn(j}):in(y) Pn+1(x) .

»=0

Lemma 2. [1959, p. 208].
2 P
3.2 3 — s Gy, s
(3.2) P, (cosr) \/:msinr cos [(n—|~é), 4]+0(n 312),

Lemma 3. Under the condition of the theorem, we have

eyt )r =i

¢
f | fFlecos(r — o)} —flcos #) | do =0 [ 1 !
0

where x == cosr, x +- & —=coss” and r— 1" = o.
The proof of the lemma follows on the lines of FoA [1943, section c].

Lemma 4. If

t
[ le@lau=0@, >0,
0

then, for some small but fixed 7,
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7 # :
|_q7;'(!71 -t f Jiii)l— du = 0 (),
lin 1/n
and
t
f l ?‘—(1) ! dt f e (Piﬂ diu = O (m).
1/m 1/

Proof. Since

K/

fl L@, [ 2@ +f 2@,

I
1/n lin 1/n

7
=0+ fO (1/u) du
tin

=0()+ O(og m

= O (log ).
Therefore
n 7

f lo@l di f—!—q-)-l(rﬂ-!—duzo_{(lognj"’}zom).

t
| @] | () |
f — ar f — du

1/n 1/n
T p() )
- o lr (i i
_f BT { f du }
1/n n ln
i
— f_lq'rgtil {rp(r) +O(1)+O(10511I)}
1in
\ ‘
{[ A logntdt}
3 7 2
co{[ %] s [ 20
Yn 1n n

ny my

=O(H)+O(n1f i—f)+o(nif “’fj’udw)

=0 (n).
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4. Proof of the theorem. The »-th partial sum of the series (1.2) is

I

sy ()= Z ap P (x)
=D

+1
_r+1 f Flery PO Pr ) — Pusy 0 Py ()
2
—

by Lemma 1.
Putting f(x") — 1, it can be easily seen that E
. ¥
+1 I
N f Py() Pyiy () = Pyao (0) Py (5)
- B - X . i
£ X — X [
—1
Therefore
+1
1 oy . P P ¢y — P Py (x” ,
Sy (x)*f(x)z% f LAY — f(x} ] v (x) V+1(kj’mxv+| (x) Py (x7) .

—1
Let us take a positive number s less than unity and consider it as the sum of two
positive numbers g and § such that g - & = 4.

Let 4 be another positive number such that 0 <l d < p; and let g, and ,u; be two

continuous functions of x within {(—1, 1} which lie within the limits

Then for
— 14 5= x=1-—3
we have
Sy{x) — f(x) = Ay (x) + By (x) 4+ Cy(x),
with
X —jx
3 i , , -
Ay (x) = 2 f o (6, x7) gy (x, x7) dx7,
—1
X pas
¥ + 1 » r r
Bv(x):"r w (x, x7) gy (x, x7) dx’,
A—le
+1
L _i"‘ I s ’ ’
Cyx) = 5 w (x, x7) gv {x, X7} dx’,
X tpnd

g (x, x) = fx') — f(xX),
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and

Py (x) Pyq{x7) — Pyyy “x) Pylx") B

gy (x, x7) = v
X — X

Hosson [1931, p.320-322 ] has shown that uniformly for
— 14+ s =ZxL1 —3,
lim Ay {(x) + lim Cy{(x)=0.
rr00 w00
Now let us suppose x =cosr, X" ==cos+" : 0 < r<<m, 0 <2 ¢ <, 1 —E = cosup,

1 (-8 =I —s=—cos {g-L-%), 0<< o< f2, Thus, if 5 denotes the minimum of

[ arc cos w— arc cos (u—+ )| for u in (—1, 1 —pu), we have on the lines of SANSONE [ 1959,
B 226 ]

ry
. r 41 .
sy (x) — f{x) = By (cos r) ::'21; f @ (") gy nr") sin e’ di”
r—i
in which

@ (7, ") = Fleos ¥’y — f(cos 1),

. Py (oS 1) Pysy (cOSF'Y — Pys, (COS F) Py (cos r")
v =z
cos ¢’ — cos

gt r=r=m— (4 0< g3,

Using Lemma 2 and working on the lines of Szeg® [1939. p. 252, for « = 3 = 0],
wc get after some simplifications

PR ) ,
Sy (x) —f(x) = ﬁ'z gin'/® I; f (s 1) sint ! [Usm {Sf:}j‘(il)ffu:; )}
; 2
F—i

_cos {(v+1) (k7)) 1 -

= o () e
Now

r+n

% cos {(r+1) ()} dr” =0 (1)
r—y

as » — oo, by virtue of RieManN-LEgesGUE theorem.

And clearly as r-> oo

1 ry
o(2) »
f L Gy 7Y sin's? o di” = o (1).

r—
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Hence putting r—r" — f and denoting =—* sin™**r by H, we get

b
] . g () sin (v 41D ¢ sin'? (r—1t)
s — =1 [ ol ar,
S .
Since
1/n
3 -1} £
/ e (7) _{12;%)7 sin'/? (y —1¢) dt
0 T

1/n

= f 211l | di=o [m]:om,
0

by hypothesis of the theorem and lemma 3.
Therefore

4 @ )ysin{p+1)¢ sm‘n’"
sin (r}'z)

sy () — f{x) = H “ZOurow
1/n
K

— 2 f l”—r(fl sin (v +1) 7 sint/z (r —1) dr + O (1)

—=2H f ”t(” sin (- 1) £t - 0 (1)
where = (f) = sin (r—1¢#) @ () and therefore | =(r) | = | ¢#(0].

Henge

2, (s ) — ()

=1

7 7 n
:-4H9f f # i[(ri) { Z sin (» 4+ 1) ¢ sin (v—{—l)u}d!a’u—i—O(n)

/e 1/r r=1

[/ 7
(4.1) =2H? f f i;) f%{ E[cos{w-{—])(u—{_—r‘)]—cos{(v—H)(u—r)]} dt dut+-0(u)

1jn 1/n p==1

—2H? f f * (t) (H) sin (H+3/2) (H—H) — ¢D§ (qur):I ot du

i 2 sin 3 (u —|— i3]
1/n 1/n
N
. #(f) =(w} [ osin(r43/2) (w—t) _
—2H T [ T p— cos (i t)] dt du - O@)

1/n iin
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'l] 1
. . #{t) 2 () sin {{(n4+ D@e+n}
=2H f S dt f P i
1/n 1/n
" i
. (1) () sin {(n+ 1) (u—13}
— 2H f e dt f P’ PR du -+ O ()
1/n 1/n

=J, — 1, O,

say, by application of the first part of the Lemma 4.

Now
7 7 )
=2 H? f 2 (1) dr f () sin{(n+1) @w—n} du
H u —1f
1/n 1/n
i
oy f ,(r) f_,[_j‘] @) sin {(w4-1) (w—1)} i
—1
1/ Iln ¢ "

— 2 A f»(i‘)d j‘r(u) sln{(rr+l)(::~r}}d

u—1i
1/n 1/n
7 -
s [ %@ #(t) sm{(n+41){a—28)} ,
+2H f it f Py at
1/n i/n
N
. . 2 (1) 2 () sin{(n+1) (@0}
=4 H f dt f e du
1/n 1/n
. . o () 1 7 sin {r+ D Ww—n}
= 41 & f [u-—t " ] w—t i
1."n 1/n
g 200 f @)
=4 H dt M--slrl{(n—l—l)(t.!—t)} du
11"1/1- 1/n
Ui £
vol f 1r0L [t L (,H}
1/n 1/n

K 3
x i +1 . 3
— 4 H? f _’(:_f) dff?.’(u) SII’I{(H ) (u Ui a’u—i—O(nJ,

H—{
1/n 1/n

by virtue of the second part of Lemma 4.
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Also by Lemma 3 and the hypothesis of the theorem, we pet

£ R : t
f #{u) Mﬁw du=0 (H f Pl | d“)jo
1/n [i}

Hence

K

JzzOln f el dt]T‘O(n)
t/n f{IOgT}

1

7 ;
= 0w [%”“{—] + O ‘: f POl J
1/n

f(10g __i_)?ﬂ+|]

(o)

¢
f feta | dit.
i

1‘{10g—i}“-1 r"’ilog——}}“
in
?
B (1)
19 +ow| [ —ZH
@2 1/n i {]OgT} +
[ 7
= 0(n) + O { f %]+0(f?)£ f —d’;—
-1.t’r1 f{IDgT)‘ 1ra
i d n d
— L - fv
=0l + Oln) [f t (fog w)"“} O [f v (log w)* o+t ]
/% iy
= O{n).
Similar_[y
! / (€3] t (tr} 1 1
) % % (1 .
J= 41'1”1’:/' — dthf _tr_ [T—u—;ﬁt] sin {{n+ 1D (a0 du
I n
7 3 :
=4 H? f ir(f—) et f T(:l)- sin {{n+1) (w41} du
1/ 1/n
7 i
— 4 H? f %’) dtf “f:? sin {(n-L1) (w40} du.
1/n 1/n
Therefore
7 ¢ g
| J, I = AH? f | Q?r(-f) I dr [ i q";“) I du+ 4 B5? [ 1 q?r(;) | dr
/n tin 1/

1/n
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Hence

i +
_ | pin] | @ (u) |
(43) Jl - O{ f e dt / " du }
1/n 1/n
= 0 (n),

by

virtue of the second part of Lemma 4,

The required result now follows from (4.1), (4.2) and (4.3).
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OZET

LEGENDRE serisinin yakinsaklik problemi 1943 senesinde FopA larafindan incelenmis ve
daba 6nce HArDY ve LiTTLEwooD taralindan 193 te Fouricr serileri igin elde edilenlere
benzer sonuglara varsmigtir,

Bu yazida ise bir serinin kismi toplamlarinin CesAro ortalamast ile elde edilen kesin ya-
kinsakiik kavrami LEGENDRE serisine Uygujanarak, WANG tarafindan 1944 te Fourier seri-
lerinin kesin yakinsakhig hususunda elde edilen leoremleri andiran sonuglar bulunmugtur,




