
ON H 2 SUMMABILITY OF LEGENDRE SERIES 

L A L M A N I T R I P A T H I 

F O À ( 1 9 4 3 ) studied Ihe summ ability problem for the I_EGENDIÎR scries and obtained 
il result which corresponds to thai of H A R D Y and L I T L E W O O D ( 1 9 1 3 ) in (he case of 
F O W U K R series. The object of this paper is to obtain, for the strong sum m ability of 
the L E G E N D R E series, a new result in a different line, which corresponds to that 

obtained by W A N G ( 1 9 4 4 ) for F O U R I E R series. 

1. Lei 2j "n o e a given infinite scries with the sequence of partial sums {Sa}. The 

series £ un is said to be strongly summable by C E S A R O means, with index 2, or summablc 
[ C, 2 ] , or summable H.2. to a sum S, i f 

Let /Or) be a function integrable (L) over the range [—1, 1] . The L E G E N D R E series 
associated with this function is 

II 

0 . 1 ) 

(1.2) 

whe re 

+1 

(1.3) 

1 

and Pn (x) is the n-th L E G E N D R E polynomial. 
We use the following notations : 

<p (t) = / I cos 0- — 0 ) — / ( c o s r), 

t 

0 
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and 

K ( / ) — <p(t) sinl'9(r — 0¬
2. FoA (1943) studied the summability problem for the L E G E N D R E series and obtained a 

result which corresponds to that of H A R D Y and L I T T L E W O O D (1913) in the case of F O U R I E R series. 
The object of this paper is to obtain, for the strong summability of the L E G E N D R E series, a new 
result in a different line, which corresponds to that obtained by W A N G (1944) for F O U R I E R series. 

We prove the following theorem : 

Theorem. If, for some « > |-, 

t 

/ I fOc ± „> - / W I * =0 [ - ^ ^ ^ ] • 
0 

as t 0, then 

II 

2 I sv (x) — f{x) | 2 = 0 00, (— 1 + B ^ X ^ 1 — *, s > 0) 

where sn (x) denotes the n-th partial sum of the Legendre series. 

3. We require the following lemmas for the proof of our theorem. 

Lemma 1. [ 1959, p. 1 7 9 ] . 

(3.3) V (2 , + 1) Pv (x) Pv (y) = (n + 1) ^+l(y) Pn(jö^Pn(y) Pn+l(x) # 

y — x 

Lemma 2. [1959, p. 208] . 

(3.2) P n (cos r) = cos [(„ + ±) r - ±] + O (n^). 

Lemma 3. Under the condition of the theorem, we have 

t 

j 1 /{cos 0- — v) \ —/(cos /•) \dv=0 [ - j ^ T T y ï J ' a s f ^ ° > 

where x — cos r, x -f- u — cos r' and r •— r' — v. 

The proof of the lemma follows on the lines of FoÀ [3943, section c]. 

Lemma 4. If 
i 

j \y(u) \ du=0 (r), as t -v 0, 

then, for some small but fixed i], 



tin IIn 
and 

v 
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i l / n 

Proof. Since 

l / n l / n l / n 

= 0 ( 1 ) + y <3(l/u) dll 

II n 

= O (1) + O (log n) 

= O (log » ) . 
Therefore 

Again 

l / n l / n 

¿7« 

= / - L ^ J - { [ - ^ ] + / ^ * } * 
l / n 1/« l / n 

= j _ h K - i l . | * _ < o + 0 ( 1 ) + 0 0 o , n l ) \ f d t 

l / n 

= 0 { / - L t ? H . . l o g 8 ( A } 

l / n 

= 0 { [ ^ ) l o g „ i i L / m , ( + 2 / ^ ) l o g „ i 

= O W + o ( . / + / - ^ - * ) 
1 1 

= 0 (n). 
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4. Prooi of the theorem. The v - th partial sum of the series (1.2) is 

V 

s*i (-v) = ^ ak Pk (x) 

+ 1 

2 
/ " ( * ) 1 U P - A H - I (X) P v (x') d^f 

J x' X 
- \ 

by Lemma 1. 

Putting f(x') = 1, it can be easily seen that 

+ l 

—1 

Therefore 

+ l 

- 1 

Let us take a positive number s less than unity and consider it as the sum of two 
positive numbers fi and 'g such that p -f- % ~ s. 

Let d be another positive number such that 0 < d < <u ; and let and ^ be two 
continuous functions of x within (—1, 1) which lie within the limits 

Then for 

we have 

with 

d ^ fi; d^ px^ft. 

— 1 - f s ^ x ^ 1 — s, 

Sy (-V) ~f{x) = Ay (X) - J - By (x) + Cy (*), 

* —/(.V 

A-y (x) = — ^ — / 9? (x, ^ v {x, x') dx', 

#v 00 — 2 — y" 9> (•*, -O gv (x, x') dx', 

+1 

Cv 00 — — 2 — / l ? (x> x^ g v *-x' x') d*'* 

<? U , x) = fix') ~f{x), 
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and 

, Py M ?v+l 0 0 — Pv+I 'x) Pv tx') gv (x, x') = — — — —f ——• 

H O B S O N [1931, p.320-322 ] has shown that uniformly lor 

— l + x ^ x ^ l —s, 

lim Ay (x) -\- lim C v (*) = 0, 

Now let us suppose x = cos r, x' — cos r ' ; 0 < r < . t , 0 < r ' < ;t, 1 -—ij — cosy, 
1 — _ | _ — i __ s — c o s (g _ L o < g < ;T /2, Thus, i f ?/ denotes the minimum of 
[ arc cos u — arc cos («- |- /0 J for « in (— 1, 1 — it), wc have on the lines of S A N S O N E [ 1959, 
p. 226 ] 

r+>j 

•W (*) —Ax) — By (cos r) = - ^ j — ^ y 9» 0', i-') gv (r, r ' ) sin r ' <//-' 

in which 

cp (;•, r') =. /(cos r') —'/(cos /'), 

P V (cos J-) P V - H (cos r ' ) —• /*v + i (cos r) P V (cos r ' ) 
£v (r, r ) — —————7 — — 

cos r — cos r 

Q -\- x ^ r 3i -— (Q + T), 0 < f j ^ i . 

Using Lemma 2 and working on the lines of S Z E G O [1939. p. 252, for x = / i = 0], 
wc get after some simplifications 

r+sj 

S,ix)-f(x)=,~l

T7r- r l r . W " ' ^ ™ ^ 
2-i s in 1 ' ' i J L sui-j(r—i ) 

r—»j 
_ c O S < ( , + ! > w o ) H . 0 m i r f r , 

s i n l (r-\-r') 

Now 

as i ' « , by virtue of R I E M A N N - L E B E S G U E theorem. 

And clearly as v -> cc 

>'•/ / | <p (/', r ' ) s i n , / s >•' | dr' = <? ([_). 
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Hence putting r—rr = l and denoting J I — 1 s i n ^ W i )• by H, we get 

J V C T ) — / w = J f f y ^ 
" ? (0 sin {*•+ 1) t s i n " 1 (.r — f) 

dt. 
o 

Since 

1/n 
0 

1/n 

0 

by hypothesis of the theorem and lemma 3. 

Therefore 

, . „ , H f VP) s i n ( y + l ) r s i n ' / s Q- — f) 

1/n 

V 

= 1H j sin + r sin'/ 2 ( r —r ) rfi + O (1) 
1/n 

V 

= 2H j sin 0 - f 1) / O (1) 
1/H 

where .•;(/) — sin (r—t) (pit) and therefore | ;•••(/) | ^ | <p(0 I • 

Hence 

n 

^ Uvix)-/ix)y 

4 / i a y y ;lSp.tM | £ s i n + 1 } , s i n + j r f , </« + <?(„) 
1/n 1/n ¡'=1 

*7 V 
(4.1) =2H* J y ^ ^ { ^ [ c o s { J , + i ) ( u + , ) } _ c o s { ( v + J ) ( / , - 0 } ] r f / i / « + O ( « ) 

1/n l / / i v= l 

/ } «CO ••••(«) r s inOH -3 /2 ) ( « + / ) -] 
— 2H- f I • — — — - — • , — cos (w + 0 ct du 

J J t u Y 2 sm | ( « + 0 1 J 
1/n 1/n 

J J t u L 2 sin J in—t) J 
1/n 1/n 
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V x{u) sin { ( / i + l ) ( a + /)J d u 

H H- i 
1/n 1/n 

J / y a a—r 
1/n 1/H 

— J"i — / , + O (/i), 

say, by application of the first part of the Lemma 4. 
Now 

V V 
j 9 = 2 H * i ^ d t I —u)- g j M ^ ^ " 0 } d u 

1/n IIn tin IIn 

= 2 H , f a®. d t [ J + y ' ] ^ i t » + i H « - o ) 

i//( i/n ; 

y t J u H — t 
1/n 1/n 

x / *(t) sin {(» + )) 0 / - / )} , 
ar 

a — i 
1/n l / / i 
1/n l / / i 

1/n Itn 

y / J t lu—t « s it—t 

1/n 1/n 

V i 
" ( r t •• r -m d u 

du 

= AH*- f^r-dt J |M sin { („ + ! ) ( „ - , ) ) 

1/n 1/n 

+ o { / A ^ L d l / j ^ L d u } 
1/n 1/n 

V 

1/n 1/n 

by virtue of the second part of Lemma 4. 
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Also by Lemma 3 and the hypothesis of the theorem, we get 

i/« ' V i 1 M l o g - J - ) " / 

Hence 

J„ = O ¿(7 O(n) 

= oc«) * (0 

(4.2) + 0 ( n ) Lb 
1/n 

• P O ) 

( log 4)"+ ' 

" / I 'HO 1 

000 + o(„) [ / . l + o ( , o dt 

Similarly 

I M l/n 

V t 

= 4 " 2 / ' — f ^ sin {(« + 1) (« + *)} du 
l/.-i \tn 

n i 

II.n 

Therefore 

JA^w f -1^1 dt f l ^ - L ^ + 4 ^ / dt f l^L 
, J t J 11 J ts j It 

1/n lln l/„ 



O N H 3 S U M M A B I L I T Y O F L E G E N D R E S E R I E S 11 

Hence 

(4.3) ; ' = o ( / — — * y — i — } 
1/ri 1/// 

= O ( « } , 

by virtue of the second part of Lemma 4. 

The required result now follows from (4.1), (4.2) and (4.3). 
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ÖZET 

L E G E N D R E serisinin yakınsaklık problemi 1943 senesinde FoÀ tarafından incelenmiş ve 
daha önce H A R D Y ve LTTTLGWODD tararından 1913 te F O U R I E R serileri için elde edilenlere 
benzer sonuçlara varılmıştır. 
B u yazıda ise bir serinin kısmî toplamlarının CESÂRO ortalaması ile elde edilen kesin ya
kınsaklık kavramı L E G E N D R E serisine uygulanarak, W A N G tarafından 1944 te F O U R I E R seri
lerinin kesin yakınsaklığı hususunda elde edilen teoremleri andıran sonuçlar bulunmuştur. 


