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CONFORMAL IDENTITIES

R. 8. MisHra anDp H.D. PAnDE

Conformal transformation has been studied by M. 8§, Knepemaw [!], H. Hompu 17), ;
H. Runp [¢], and R, S, SineA [4] and others {t). Wc shall discuss certain properlies 3
of the canformally changed curvature tensors and some identities salisfied by them.

1. Coniormal transformation. Let the two distinct metric functions F{x, :v) and

F (x, ¥) {*) be defined over a FINSLER space F,, so as to satisfy the following conditions [*]
(i} Bot[_\ functions are positive provided alt 0 simultaneousty. 7

(/Y Both functions are positively homogeneous of the first degreé in xt,
{¢fify The form
g (i, g >0fr B0

with any given argument *E (%) where

& F(x, x7)

X, x') = ST
g p\xT, X7 ST dn

tdl

The two metrcs resulting from these functions are called conformal, if there exits a factor

of proportionality ¢ {x, 5(), between the two metric tensors /.e.

(1.1 Fijln 0= (5 0 g (x, 0.

It has been shown that the factor of proportionality is at most a point function and we
write (1.1) as

(1Da Eij= €% g
where
(1.2) b 0= d{x) =1 logw.

(1) Numbers in brackets always refcr to Lhe references at the end of this paper.

() We denofe the corresponding conformally transformed fonetion by putting a horizonltal bar on
the same function,

(H) Repeated indices always imply summation.
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40 R. 8. Misura AND H. D, PANDE

Also we have

(1.3) i (x, )= & gt (x, x).
The BerwaLp connection coeffizients G;k (x, :}) are

Gl = G+ (0; 0+ 0, 8 — £" &;; 1)

(t4)a ] )
— @, g gry R F gy 3T gk b F Gy 0 g o,
where
do
(14 b 0 =
Lot usg put
(1.5) pic & [ LR
It follows from (L.4) @ and (1.5) that
(1.6) Gl =Gl — i, d; B"™ o

Differentiating (1.1} with respect to .{'k, we get

(1.7 Cyp = e Cisre »

where

(1.8) 5o S 9%
= T

We have {*] (%)
f;ﬁ (x, .\:) :F,;h (x, J.t‘) 4+ 20 d}") —g"’k & %%
(1.9 ) .
+ {2 0 B oy, — &' Cy om B} oy,
which can be written as []
T et ¥
(1.10) Iy = Fij' + Uy

where

. def
U, 9 = 200G — ™ gi; 0
(1.11) _
+{2d0 B* ¢, — & Cyy dm B} o,

and we have ] (®)

(1} Wehave 2 Hyn = Hy + Hypand 2 Hyjy) = Hy — H;

(?} Greek indices always run from 1 to #,

i
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CONFORMAL IDENTITIES 41

- def o, ;
(L.12) Ay = F C,q,:e“ Ay

2. Tdentities satisfied by the conformally changed curvature tensors

Considering the conformally changed curvature tensors

s o - .
Pl @y x), Ky (3, %)
and

- .

“thic (x, X

given by [!]

it
Pl (xs x) = % [Py + o Ay, — 3o " Ay,

. wn
_071 th+" (dy A4 i & L BT - gim D., ich

— By BYY)— F g5 ap (Al &, Al — A3 s ALy

jk :
b 4
+ 4%, U;j —2 A' h Uy + Ay &7 UL
+ 28 Ay U U — 1Y {2 4], (k A, UL
: i
+ Uh( _[\'fc mk A.Js?;a U;}' _A;;: A:;n': Us}'} 1
where .
2.2 g def
@2 Sin = Agy Ay — Ay Al :;
and
.3 Pt = &q Pirn? :
K,;hk _rhk +2 Uj 14| &1 + 20, {()T F U!
2.4 .
+ d? U [hr dl’\] 8" + 2 Um 1% I’:]'j ’ ¢
where
def .
2.5 —_
@3 Uy = &y YUy,
and
R, —= R, +2U 4_7{§,p‘r’ +dy Ul
hte = Gane iRl V=AY S T Y
A yn i E my
+ 938 e, + 20, [k w2 Gy [{a[k 9 B
(2.6)

P PR — ! - I
— nylk 9 B™ + 9, O[h B gy G — 9y B

— Gyt o v Oyl ik gy B" T4 A B" ak] g B e o y!
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where

def e /
@n Gt = ek % Y

respectively, we have the following theorems.

Theorem 2.1 — The following identities hold (*):

Plum = ¢ Plpan
and
Pm,:km = ¢ Pl.ﬁ:-'ll\h].
Proof. With the help of the equams (1.12), {1.13) and (2.2), wc gel
(2.8 a Sty = 0
(2.8) b Awie TG Yy — O
and
(2.8) ¢ e Sifsing = 0

Now using the relations (2.8) @, (2.8) b and (2.8) ¢ in {2.1), we obdain
2.9 Pi_ffm] =& PL‘.U.] ’

Again in view of (2.3), we have

(2.10) P],:E.'m] = Zi Pljra

which vields from (2.9) that

Q211 Pyl = € Py wn

Hence we have the Theorem.

Theorem 2.2 — K { i) e invartants wnder the conformed change (1.1} and i

. — — L .
KyTiimn =< Kl iim
where

P = 7
K,."Hrk — & K,-J.f;'

1 . . P .
(&) T[ijfc] —= E- ((Tijk + T}-M + T,v”-j) — U:”k + Ty + chji)] and the index inside O is exelu-

ded from the skew -symmetric part,
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Proof. With the help of (1.12), the equation (2.4) vields

(212 Kliney = Ky
Consequently, we have

(2.13) K[_H:ﬂhk] = Gy K.
In view of the equations {1.2) a and (2.12), it reduces the form

(2.14) Kyt = € KyTim -
which proves the Theoren:,

Theorem 2.3 — The following idemity holds :

Rj,’lrk + Rjkfl! = ¢ (R_f”h'( _i Rjklrf)
T2 i~ Yol 26 Lag

i

Dy BT Dy T A g, 8, BT Ao BT

-+ dy U;h — HE U;,)j I B 6, + u, o Uﬂ;

k

. o e A i my o ,') my
Upaiay Un, + € m [ v, 9k B o, 8 B

— Gfy, 8, B 40,y B"P Gl 4 0y GP O, 0y B — i 0, B™Y
4 . ) A vy B &
in 6P — G, i B Hidy BPY Gl ) or— opyi g 0 B

+ 9 BmY Soin iy ‘(JP B™T 9; BP" 5, oy — Uy B
_{_ éh ap B Tn U'Y})]'
Proof. With the help of the equations (2.6) and {2.7), we get the identity,
Hence we have the Theorem.
3. Tdentities satisfied hy Berwald®s  conformally changed curvature tcnsor
H;U'k (x, x) -
The conformally changed BerwALD curvature lensor is given by [4]
F[}U_k — Hf'r.ﬁk — 26, {0 ;)[k aﬂ Bim e 3y Oy -()U Bim
+ J GV — &y Gy Bim Gly, + & 3 BT Gy
@ 3 BT Gy, )+ 28 iy Bn 3y

+ 24, 0, {5 E;'[J. B ék] By Bim

+ é“ BYR ak] éh a'\' B:’m} .
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satisfies the following identities :

This tensodr satifies the following identities :

Ay — By = Hiy — Hy—2 0,19, é[h 84y Bim
+ 9y 8; Oy BET 5y GV 3y By, Bim Gy
3.2) + 8y BY Gigy, 3y BY Gy )

+29; 8, Bim B'h] 6+ 25, %a {6‘ji alh B! jk] ﬁ.y Bim

+ ay, B gy 8, oy Bim},

( Hyy &+ Hyy = €8 UHy -+ Hyyy
—dom Lol 8y 8 Dy Bim —giy; 0y Oy 8y BIM 0T

— 3y 3 B Gy g ) —4om (G i %1 n

(3.3) . .
£ m Ym
— B7 0, B Gyyuen)
Ay Oy Oy BT 8y om+domon gl 0y
4 a,B™ 5, ay B™ 48,8 &, ay b, B™ 1
L K O L K o BT g0 ] :
H oy — Hya + H et — H e ii;
= * [ Hyy — Hyy + Hyyy — Hyy,
— 2om gil (B, 8, 35 B™ + 3y &y 3, B™ &, 6"
+ dy 8y, Bm Gl + 3 BY™ Gy
— ék é[] BY" éh] j’t Bim g — a{] BV éh] ék a'.\, Bim an)
(3.4)

- 2 am gik (B, 9, 97 Bim 4 By 3;; Bim 51;] o

+ oy 3y Bim Glyy o oy BT Gy

—_ éz é[k BY? 5‘}] éy Bim Gll—a'[k BY" éj] 6'1 éy Bim Oﬁ)

— 2om (8 oy B Gyypy o+ 0 Oy BYT Gy )

—+ 2 (gil ék ém Bi™ 8y om + gik d é{.‘ Bim 3, om) ],




CONFORMAL IDENTITIES 45
Huje — Hygg = € [ Hyy — Hyyy — 4 om
— g U5 h) 0y 8y B™ — il 1) dy d; B™ i,y G

— 3y 3 B™ GY, (hgl il —4om{d(h 8, B™ Gy

(3.5) .2 ym i , . 2 3 im
+ 9, B &)y (hghilt+4gi(ldh) A b &y om
4 4 omon {gi(l ah é('j B E-ik) c“;nr B™
+ é(j B'Yn ﬁ‘k) ’_'}? a e B ghi}l,

where

3.6 def

Hyp = 2y Hyy -
Proof. The proofs of these above identitics follows the pattern of the proofs of theorems
(2.1) and (2.2).
4. Conformal Tnvariants
Theorem 4.1 - If Xt (x) and X;(x) are the contravariant and covariant cotiponents of

a vector X (x), independent of the directional arguments, then the following quantities are
cottformai fuvariants :

: .ood R
N (x,x) = Xék) + —

n Y‘?:h (x, x) ) % B" xi

and
def

. . 1 o
Ny (v 1) = Xigg — - ¥ (o 0) 3 0 B® X,

where (1) denotes the covariant derivative in the sense of BERWALD and Y,

e (% %) are the
CHRISTOFFEL spmbols of the second feind [3).

Proof. The CHRISTOFFEL Sytnbols Y,f,f under the conformal change are given [*] by:
vt .k If i Rk
4.1 Y,j = Y,:; + (o aj' + oj a;r - gl £jj ok ).
Contracting (4.1) with respect to the indices # and i, we get

2 SRS S
(4.2) Y'Vj = Y,” o o) .

The covariant derivative of Xf(x) in the sense of BerwalD under the conformal change is

; Xt cn . .
(4“3) X‘;F):Txk—f_ J'[k (X,X) X!,

Hence we get

i
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j . . . —
“4) Xy — Xy =— X/ (G}, — Gl) .

With the help of the equations (1.6) and {4.2) the equation (4.4) reduces to the form

; 1 Cos s 0 - . 1 P ;
— e | [ T | - [V
(4.5) Xegy+ o %6, 8 BY PY = Xl +— X7 G, 4, B ¥

Again, for the covariant component X; (x), we have

_ X, _, .
(4.6 Xy = g = X, Gl (6 0

Consequently, we get

“.n Xiwy — Xigy = X; (Gh — Gf).

i I

In view of the equations (1.6) and (4.2) the equation {4.7) yields

_ 1 Sy - i 1 ¥ oo s .
(4.8) Xty = Xy Yy 0 4 B = X — — X, ¥ 6; 6, B

Hence we have the Theorem.

Theorem 4,2 — 1f X1 (x, )'c) and X; (x, )&) arc the contravariant and covariant compo-

nents of a vector X (x, .;C) then the rollowing quantities are conformal invariants

; - def i 1 . . . . .
M (v 20) = Xyg— Y.YT[ (v, X) [ X1 6, B — x* &, 6, BY)
and

- def 1 W - . 1 . .
My (6 X) = X o Yo Lo X; 0, BY 4 xp 9; 8 BM .

1

Proof. The covariant derivative of X7 (x, x) in the sense of BErwalD under the con-
formal change is given by

i Xt axi agh | on
\4.9) X(.’\—) == Dk —_ [j;rh a,}k ‘+‘ Gk.’r (X, .X‘) Xt

Therefore we get

axi ¢ agh aGh by i .
(L 2 ) X @Gl — 6l

4.10 X — Xp, = : =
{4.10) %) ook ok

(k)
With the help of the equations (1.6 and (4.2) the equation {4.10) reduccs to the form

. : 1 axi
@D X — X = — —

. ~ , i .. PP,
3 RM(vY _y'y_ L vk 03y _ vt
( w o kBT, Vo) =5 X0 o0 % BU (Y, =Yy,

which yields the form
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i LI aXE o Ba oA pif
X(F) — T Y_” [ ('};‘h o B — X" g ak B :l
{4.12) .
: 1 axi . . . -
v ¥ A A i
=X — 5 Yo [ e B X A E I
Again. we have
ax; ax, aGgh
X7 — LSl . fr
(4.13) k) = "5vk ('i).ch 2k Xp G,k
Hence we gel
X XKoo= O s ek 5 ARy x (R — G
(4.14) Pi(k) it = G,{-h‘- ('k G — 0 g )+ h( ,-]‘,_‘Gm,).

With the help of the equations (1.6) and (4.2) it becomes

1 - . _
Xy — Xy = 7‘3.& X; 0, BY (YL — Y,It)
4,15
) J__l_Xé_éB:;r(?vﬂyv)
[ kY Y vt TR

Hence we have the Theorem.
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GZET

FinsLER uzaywnda konform tasvirler M, S. Knepziman [1], H, Homeu [?1, H, Runp {38}

ve R, 8. Smua [#] tarafindan incelenmigti. Bu yazida ayni konu ete alimarak eprilik

tensérlerinin - konform ddénistirolmiigleri i¢in ifadeler verilmis ve bunlarnn sagladiklart
baz1 dzdeslikler bulunmugtur,




