
C O N F O R M A L I D E N T I T I E S 

R . S . M l S H R A A N D H . D . P A N D E 

C o n i o r m a l t r an s f o rmat i on lias been s tud ied by M . S . K N E D U L M A N H . H O M B O I * ] , 
H . R U N D [ul, and R . S . S I N H A ¡4} a n d others (*)- Wo shal l d iscuss c e r t a in propert ies 
o f the con fo rma l l y c h a n g e d cu rva tu re tensors and some identities satisfied by them. 

f. Coniormal transformation. Let (he two distinct metric functions F(x, x) and 

F (x, x) C~) be defined over a F I N S L E R space Fn, so as to satisfy the fol lowing conditions [ a ] 

(i) Bold functions are positive provided alt x* + 0 simultaneously. 

(//) Both functions are positively homogeneous of the first degree in x'. 

(Hi) The form 

g i ; ( j r f , jc*) l{ %' > 0 for \i 4= 0 

with any given argument x'1 (2) where 

The two metr cs resulting f rom these functions are called conformal, i f there exits a factor 

of proport ional i ty ->p (x, x), between the two metric tensors i.e. 

(1.1) gij (x, x) — y> (x, x) g l } (x, x). 

I t has been shown that the factor of proport ional i ty is at most a point function and we 
write (1.1) as 

(1.2) g i ; " e*° g i J , 

where 

(1.2)/» ff = o(x) — j log v . 

(>) N u m b e r s in b r a c k e t s a lways refer to the references at (he end o f this paper . 

( ? ) W c denote the cor respond ing con fo rma l l y t r ans fo rmed function by put t ing a hor i zonta l bar on 

the same function. 

(") R e p e a t e d indices a lways imp ly summat i on . 
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Also we have 

(1.3) gli (x> x) = et0 gi' (x, .v). 

The B E R W A L D connection coefficients G'i/c (x, x) are 

r*h _. fh i i. .\f> i _ &/> 

( 1 . 4 ) « 

where 

Cg = : G'lj + K ojtf-g™ g i } ok) 

- ( a , shk Hf xt . f xt a'; g»k + { F* i i f a, « f c , 

3o 

(1 .4 ) 6 = * 

Let UP put 

( 1 .5 ) Bhk ~ i F* gM~xl> x'< 

It follows f rom (1 .4 ) a and ( 1 .5 ) that 

( 1 .6 ) c j ^ c j - i i , 3, B A A ok. 

Differentiating ( 1 .1 ) w i th respect to xk, we get 

( 1 .7 ) C m = S * CjJk, 

where 

( 1 .8 ) c.-. = • 

Wc have [* ] ( ' ) 

r y (x, x)=rV< (x, x)-\-2a(i <)l')-g"k gi} ok 

(1.91 

+ { 2 i) (/ B!k C% - gh" C , , dm Blk ) akt 

which can be wri t ten as [ J ] 

o . i o ) r ; * = r ; f l + 1 / * . 

where 

U'Ux/x) = 2 a (i <ii') _ V * y f a f c 

0.11) < 

+ { 2 3 ( i B!k C';)l - g1"" C., dm B,k } ak , 

and we have [ + ] (*) 
( ' ) W e have 2 H ( i j ) = Hi} + Hj, a n d 2 --= J f y - H}i. 

( - ) G rcc l c indices a lways r u n 1'rom 1 lo n. 



C O N F O R M A L I D E N T I T I E S 

_. def _. _ 0 

(1.12) Aky = F Clr = e« A),y-

2. Identities satisfied by the conformally changed curvature tensors 

Considering the conformally changed curvature tensors 

and 

given by [ ! ] 

(2.1) 

where 

(2.2) 

and 

(2.3) 

(2.4) 

where 

(2.5) 

a n d 

(2.6) 

_ 9 m B Y " ) _ i " *™ an (A'mk ds A% - A% ds A'mfl) 

+ 2 g f " ^ y (A t/£)m —It {2 A'm (k AD j U% 

5'! 
def 

Aky Avh J'< 

def 

+ 9 r i d„ + 2 o j , [ k U%j + 2 Ci „ [ { \k 9 A ] S 
m y 
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where 

i 2 J ) ar* = -MTw-~°i \'k 

respectively, we have the fol lowing theorems. 

Theorem 2 . 1 — The following identities ho!d{*): 

and 

pi „0 pi 

M J W UA1 — 6 M i l M l * ] . 

Proof. W i th the help o f the equams (1.12), (1.13) and (2.2), wc get 

(2.8) a S\m = 0 , 

(2-8) b A\„ [ k A'j;y^ y ; ] 7 = 0 , 

and 

Now using the relations (2.8) a, "(2.8)6 and (2.8) c in (2.1), we obtain 

im — e rukh] (2.9) P'\;i<i{\ = e° ^ 

Again in view of (2.3), wc have 

which yields f rom (2.9) that 

<2-n> Pun}w = e " pumw 

Hence wc have the Theorem. 

Theorem 2 . 2 — ^[jlik] a , ' e '"variants under the conformed change (1.1) and 

where 

Kjlhk = S il K'jhk ' 

(*) T[ijk] ^ \ï { Wjk + rjki + Tkip - (."Oft + Tikj + Tk]i) } and the index inside D is e x e l u -

ded f rom the skew - s ymmet r i c pa r t . 
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Proof. W i th (he help of (1.12), the equation (2.4) yields 

(2-12) K' = K' 
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Consequently, we have 

(2.13) K, 

1 \jhk\ 

f n view of the equations (1.2) a and (2.12), it reduces the form 

(2.14) ^'[./]Tj hk\ = ^.m 

which proves the Theorem. 

Theorem 2 . 3— The. following identity holds 

4 / 1 ' I A*] ' 

Rjlhk R •jk/,1 e " {Rm + Rjkhl) 

+ ih) h rji - ary, r ? , , aA B Y " + a*, B 

+ h v'j,,- '"'¡7] t^),- 4 sY") « « + " in (/ft) ulij 

- v.. U">. - j - c [ { a a/i s" iy — a o B ' 

- G'i)P 'K BMP + 3*) B"'P + 3*) C 3 p 3* S'"V - 3 A ) D p fi-Y 

3/. - a* - B " y - r - ^ ) B p y <%) ^ - ^ | / ( ( ) a, B"<v 

+ 3ft) * M Y « r / f t + i»ft> 3„ -B'" Y 3ft ay - afc) 

-!- a* i i P s-v „„ O Y i ) ] . 

Proof. W i t h the help o f '.he equations (2.6) and (2.7), we get Ihe identity. 

Hence we have the Theorem. 

3. Identities satisfied by Beni aid's conform ally changed curvature tensor 

The conformally changed B E R W A L D curvature tensor is given by [4] 

(3.1) • 

= Hhk ~ 2 ' » 3[ft 3/] ~ »/. Ŷ <>Lj 

+ ^ - i G V - ^ ^ B i m G h , + 4 »u B r " ' Gkv 

+ 2 «,„ an { d\ <iy Bf" dk] dy B<»< 

+ d{j Bt* dk] dh 5 Y JJi>*}. 
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satisfies the fo l lowing identities : 

This tensor satifies the following identities : 

+ ¿1 9y <V -S ; m a A 1
 G V + 3v 9 l t 5 ' ' " G i j y 

+ a y a [ f t j v m G ; ; ] Y + a [ ; i BY™ G ; ] V - } 

+ 2 aj d[k Bi™ e A ] « j n + 2 * m [ a . d\h BY" ok} a Y i f -

+ hi, B V t h ] hj 6f B i m 1 > 

- ^ °m i g'\, a f l a l f t * n * ™ - ff/sh] a Y a f . B ^ a A ] r 

- ^ '^y * i m Gl} E„ i / i / } - 4 om { Ci,A. u ,"£J a,, 9 A 1 

+ 4 ^'t/ ^A] V j B l " ' ^J] + 4 c m ° " ^ [/ ^Aj + ^ B v " a t l a v + a [ ; B < " a f c ] a Y a [ f t B " « > V ] ] V " i 

#A/y7 + HjkM ~ H ) jlhk Hhljk ~ nhkjl ~T" "jklil 

= e"* [ HWk — Hhkjl + Hjkhl — Hjlhk 

— 2 am gil(dy a / ; ] dk BIM + 5 Y a f c <j [ A B'"' SJ} G Y 

+ a Y a l f t B * n q i k + a 0 i Y m ^ 

— h 5 [ j flA] - s f m — ^ u B r a ®A] f̂e -B''"' o « ) 

— 2 om f/A ( 3 [ f t e,1 5 i Bt- + 9 Y a, a [ f. B™ ¿, ( ] G V 

+ a t 3^2?*» . GVj, + a [ / ( B V » G ! ] Y , 

— a, i > , , ; B Y " a^ a Y an — d[k B^" an a z a Y B<<« W ) 

— 2 « j » <a f c a „ s v - G h ] h + a, a [ A av™ GJ]ky) 

+ 2 ( i -// dk a ( / i B ' ' " 1 a. } o m + gik a, a ( , B » « a / ( ) o m ) j , 



C O N F O R M A I . I D E N T I T I E S 45 

(3 .5 ) 

{g' V ö h) Ö ( A ä., ß i m - Ö /,) ö v ö 0. Bim ï'k) & 

dy fl0 S1'"1 G j , (A ^ 0 M - 4 am {Ö (ft fl(; ß Y " ' G A ) /) j -

- f du Brm Gjc) Y (A ^ 11 + 4 i / (/ ) ' V h 'n' d}) am 

•+ 4 am an \gi(ldh) d(j B1" Ö / ( ) 3-, B 

where 

( 3 .6 ) def _ ;  

Huijk — Su Hhjk . 

Proof. The proofs of these above identities follows the pattern of the proofs of theorems 
( 2 . 1 ) and (2 .2 ) . 

4. Conformai Invariants 

Theorem 4.1 - If X1 (x) and X} (x) are the contravariani and covariant components of 

a vector X (x), independent of the directional arguments, then the .following quantifies are 

conformai invariants : 

K <*, x) = x'm + ~ r v'„ (x, x ) à j àk Bih xJ 

and 

< (x. x ) = Xi(k) - I Y],, (x, x) 3, êk B» Xj 

where ( 1 ) denotes the covariant derivative in the sense of B E R W A L D and Yjk (x, x) are the 

C H R I S T O F F E L symbols of the second kind [3 ] . 

Proof. The C H R I S T O F F E L symbols Yjj under the conforms! change are given { 8 ] b y ; 

( 4 .1 ) ?h
0 = r j + <o £ öj' + oj d>; - ghk g.l} ak). 

Contracting ( 4 .1 ) w i th respect to the indices h and /, we get 

( 4 . 2 ) Y\. = + n a j . 

The covariant derivative of X* (x) i n the sense of B E R W A L D under the conformal change is 

( 4 .3 ) x'- — ÔJ£i 

(lc) — oxk 
+ G\k (x, x) X1 . 

Hence we get 
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With the help o f the equations (1.6) and (4.2) the equation (4,4) reduces to the form 

<4-5> X'(T) + T x i h J Bi" n>, - xm + T 5 " ' 4 ' 

Again, for the covariant component X{ (x), we have 

i? y. — 
XHT) - " ¿ 1 - * y G 4 (x, x) . 

Consequently, we get 

<4-7> XKT) - ^ ^ ^ X j ^ i - G i ) -

I n view o f the equations (1.6) and (4.2) the equation (4.7) yields 

<4-s> - T ^ f n ^ ^ = ~ 1 ^ y u * ^ ' 

Hence we have the Theorem. 

Theorem 4 . 2 — I f X' (x, x) and Xt (x, x) arc the contravariani and covariant compo

nents o f a vector X (x, x) then the rol lowing quantities are conformal invariants 

M[ (xt X) = x{k) - - L ( X , x ) [ sh X i dk B"1 - xh hh hk B " 3 

and 

M]k (X> x) ~ X, ( k ) - " ~ 7 Y i [ ^ X- h* B"' + X h hi h k B " 3' 

Proof- The covariant derivative o f X{ (x, x) i n the sense o f B E R W A L D under the con-
formal change is given by 

_ dx* — d X i d ° h 

'<*> ~ dxk O^A dxk ^ "*A 

,4.9) J r ; - = -^V - + Gl
kh (x, x) Xh . 

Therefore we get 

W i th the help o f the equations (1.6) and (4.2) the equation (4.10) reduces to the form 

(4.11) x ; n - 4 o = - ^ a* ^ ' ' ( F ^ - H ' jr* eft afc 5 " _ y\), 

v ' (A--) KKJ n gxh K yt 11' ii n * v Yi n 

which yields the fo rm 
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Again, we have 

(4-13) X i t k ) 

Hence we gel 

(4.14) X , ( T ) - X , w = 1 £ L (h G h - K GH) + XH ( G ^ - G l ) . 
ox" 

W i t h the help o f the equations (1.6) and (4.2) i t becomes 

> - *(*> = I h * K Bhl (?J ( - ) 
(4.15) 

Hence we have the Theorem. 

aXj dX{ JKr 

5xk dxk 
— X h GL 
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Ö Z E T 

F I N S L E R uzayında kon fo rm tasvirler M , S . K N E B E L M A N [ ' ] , H . H O M B U [-'], H . R U N D E 3 ] 

ve R . S . S I N H A E 4 ] tarafından incelenmiştir. B u yazıda ayn i k o n u ete alınarak eğrilik 
tensörlerinin k o n f o r m dönüştürülmüşleri için ifadeîer verilmiş ve bunların sağladıkları 

bazı özdeşlikler bulunmuştur. 


