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Abstract

In this article, we investigate the existence of solutions to a class of initial value problem ( for short IVP) for
fractional order impulsive partial hyperbolic differential equations (for short FOIPHDES) with infinite delay.
Here we use Mixed Riemann-Liouville fractional derivative to construct the considered FOIPHDEs. The
analysis of this article is based on Burton-Kirk fixed point theorem. A new existence result for FOIPHDEs
with infinite delay has been obtained. To support the analytic proof, we give an illustrative example.
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1. Introduction

The purpose of this study is to establish an existence criterion of solutions to the following class of IVP
for FOIPHDEs with infinite delay:

(D;ku) (.%', y) = f (xaya u(x,y)) 7Zf (‘ray) € Jk: k= 07 1727' e, m, (1)
u(ac:, y) :u(x,;, y) + I, (u (w,;, y)) yify€[0,0], k=1,2,---,m, (2)
u(z,y)=¢(x, y):if (x,y) € J, (3)
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u(x,O):go(:n),xe[O,a] u(O,y):w(y), yE[O,b], (4)
where, D is the mixed Riemann-Liouville fractional differential operator of order r = (r1,72) € (0,1] x
(0,1], Jo = [0,21] x [0,0], Jp = (g, Tk11] X [0,0];k = 1,2,--- ;m, 2z, = (2%,0);k =0,1,2,--- ;m, a, b >
0, J = [0,a] x [0,0], J = (—o0,a] x (=00, b] \ (0,a] x (0,0], ¢ : [0,a] — R", ¢ :[0,b] - R" are given
continuous functions with ¢ (z) = ¢ (z,0), ¥ (y) = ¢ (0,y) for each (z,y) € J,0 =20 <21 <22 < -+ <
Ty < Tmy1=a, f: JXxB—-R" I, : R" >R k=1,2,---,m, ¢ : J — R" are given functions and B
is a phase space which will be specified in the next section. If u : (—oo,a] X (—o0,b] — R then for any
(z,y) € J, u(yy) is defined by

U(z, y) (s,t)=u(z+s,y+t)for(s,t)€[—a,0] x[-0,0].

The necessity of fractional order differential equations (for short FDEs) lies in the fact that fractional order
model is more accurate than integer order models, that is, there is more degree of freedom in the fractional
order models. Furthermore, fractional order derivatives provide an excellent mechanism for the description
of memory and hereditary properties of various materials and processes. In applied sense, FDEs arise in
various engineering and scientific disciplines for mathematical modeling in the fields of physics, chemistry,
biology, fluid flow, electromagnetic theory, polymer rheology, electrical network, statistics, economics, signal
and image processing, viscoelasticity, aerodynamics and porous media, etc., see for instance [I], 2 13| [4], 5], 6]
7,18, 9, 10] and their cited references. Some recent development of ordinary and partial fractional differential
equations can be found in the monographs of Abbas et al. [11], Kilbas et al. [8], Podlubny [10], the papers
of Agarwal et al. [12], Asaduzzaman and Zulfikar Ali [13], Zhu et al. [14], Zhang and Fu [15], Agarwal et al.
[16], Hemeda [17], Abbas et al. |18, [19], Abbas and Benchohra [20, 21], 22], Agarwal et al. |23], Benchohra
et al. [24], Benchohra and Slimani [25], Vityuk and Golushkov [26] and the references therein.

Initial value problems for FOIPHDESs have been addressed by several researchers during last few decades. In
current literature, some researchers have been studied the existence of solutions of initial value problems for
FOIPHDES, see for instance |27, 28, 29] 30}, 31] and their cited references. Theory of functional differential
equations is a significant branch of nonlinear analysis. Functional differential equations or differential delay
equations have been used in modeling of different scientific phenomena for long time. Frequently, it has
been supposed that the delay is either a fixed constant or is given as an integral in which case it is called a
distributed delay, see for instance [32] [33, [34, [35] 36}, 37, 38, [39].

On the other hand, theory of impulsive differential equations has become important in some mathematical
models of real processes and phenomena studied in physics, chemical technology, population dynamics,
biotechnology and economics. There has been a significant development in impulse theory in recent years,
especially in the area of impulsive differential equations and inclusions with fixed moments; see for instance
[24, [40] and their cited references.

To the best of our knowledge, there is no any work considering the existence of solutions to the initial value
problem given by to (4)), using Burton-Kirk fixed point theorem [41, 42]. Therefore, our main object is
to establish the existence criteria of solutions to the initial value problem for FOIPHDEs given by to
(4), using Burton-Kirk fixed point theorem. The rest of this work is furnished as follows: In Section 2, we
provide some basic definitions, lemmas and state Burton-Kirk fixed point theorem. Section 3 is used to state
and prove our main results, which provide us a technique to check the existence of at least one solutions of
initial value problem for FOIPHDEs given by to . Finally, in Section 4, we give an example to verify
our main result.

2. Preliminaries Notes

In this section, we introduce some necessary definitions and preliminary facts which will be used through-
out this paper. First, we introduce phase space. The phase space plays an important role in the study of
both qualitative and quantitative theory of functional differential equations. To define this space, we usually
choose a semi-normed space satisfying some suitable axioms, which was presented by Hale and Kato [38] (see
[32, 33, [35]) for functional ordinary differential equations.
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Definition 2.1. (see [32, (33, 35, [38]). For any (x, y) € J, we denote

B,y = 10, 2] x {0} J{0} x [0, 9], (5)

furthermore for © = a, y = b we write simply E. The phase space (B, ||., .||) is a semi-normed linear space
of functionals mapping from (—oo, 0] X (—o0, 0] into R™ satisfying the following fundamental azioms:

(1) If z : (=00, a] x (=00, b] = R™ and z(,,, € B; for all (x, y) € E, then there are constants H, K, M >0
such that for any (z, y) € J, the following conditions hold:

(Z) Z(z,y) € B,

(i) 12 (2, 1) | < Hll2e, 13,

(iit) |2z, ) |B < K sup(s pyefo, 21x[0,4] 12 (5, 1) | + M sup(s nep, ,, [12(s, 0B,

(II) The space B is complete.

Example 2.2. If the phase space B is a set of all functions ¢ : (—oo, 0] X (—o0, 0] — R™ which are
continuous on [—a, 0] X [, 0], o, B > 0, with the semi-norm

16llB = sup 1 (s, 2) Il (6)

(Svt)e[fav O]X[fﬁvo}
then we have H = K = M = 1.

Throughout this paper, L! (J, R™) denote the space of Lebesgue-integrable functions u : J — R™ with
the norm ||ul|;1 = [ fob |lu(x, y,) ||dedy and C (J, R™) denote the space of continuous functions u : J — R"
with the norm [Jullec = sup(,, e llu (@, y) ||
Among the different definitions of partial fractional derivative and partial fractional integral, the most fre-
quent used definitions are Riemann-Liouville partial fractional integral, Riemann-Liouville partial fractional
derivative and Caputo partial fractional derivative, see for instance [2] 8, [10, [1T].

Definition 2.3. (see [/,18,19]). Let o € (0, c0) andu € L' (J, R™). The Riemann-Liouville partial fractional
integral of order o of u (x, y) with respect to x is defined by

1 x
Ia - = a1 d
O,xu (IL’, y) F(OL) /0 (1" S) U(S, y) S,
for almost all x € [0, a] and for almost all y € [0, b], where T («) is the Euler Gamma function of o and
provided that the integral exists.
Similarly, the Riemann-Liouville partial fractional integral of order o of u (x, y) with respect to y is defined

by
1

v a—1
F(a)/o (y —s)* " u(x, s)ds,

for almost all z € [0, a] and for almost all y € [0, b].

Ig yu (z, y) =

Definition 2.4. (see [4,[8,19]). Let a € (0, 00) andu € L' (J, R™). The Riemann-Liouville partial fractional
derivative of order a of u (x, y) with respect to x is defined by

(DG, pu) (2,y) = a% (I&}au (, y)) ,

for almost all x € [0,a] and for almost all y € [0, b].
Similarly, the Riemann-Liouville partial fractional derivative of order « of u (x, y) with respect to y is defined

by
ot 9 —a
(DO,yu) (m,y) = o (I&y U(IE, y)) )

for almost all z € [0,a] and for almost all y € [0, b].
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Definition 2.5. (see [{,18,[9]). Let a € (0, o) and v € L' (J, R™). The Caputo partial fractional derivative
of order o of u (x, y) with respect to x is defined by

)

(“D§ ) (x,y) = I, <8(1U(937 y)> ,

for almost all x € [0,a] and for almost all y € [0, b].
Similarly, the partial Caputo fractional derivative of order o of u (x, y) with respect to y is defined by

(03 — 8
(€05 0) (0.0) = 1 (5o ) )

Jor almost all z € [0,a] and for almost all y € [0, b].

In general, partial Caputo fractional derivative and partial Riemann -Liouville fractional derivative of a
function are not same. In particular, the solution space of CD& yU (t) = 0 is spanned by {1, t, ot - ,t”_l},
while the solution space of Df ,u (t) = 0 is spanned by {to‘*l, o2 . ta*"}.

Definition 2.6. (see [8, [26]). Let r = (r1,72) € (0,00) x (0,00), zx = (24,0) and u € L' (J, R™). The
left-sided mized Riemann-Liouville fractional integral of order r of u (x,y) is defined by

(I7 ) (z,y) = F(m)lf(rz) /; /Oy (z —8)" "y — ) L (s, ) dtds, (7)

and the right-sided mized Riemann-Liouville fractional integral of order r of u (x,y) is defined by

T 0
() @) =t [ o = s s, (8)

where T' (r1) T (ro) are Euler Gamma function of r1, ro respectively and provided that the integral exists.

Definition 2.7. (see [8,[26]). Letr = (r1,72) € (0,00) x (0,00), 2z} = (wx,0) and u € L' (J, R™). Then the
left-sided mized Riemann-Liouville fractional derivative of order r of u is defined by

(D% 40) (21) = g (1570) (o10). )

and right-sided mized Riemann-Liouville fractional derivative of order r of u is defined by

2
(D% —u) (z,y) = afay (L2, 2u) (2,), (10)

and left-sided mized Caputo fractional derivative of order r of u is defined by

2
(©D2 ) () = (17 50 0) (o), 1)

and right-sided mized Caputo fractional derivative of order r of u is defined by

52
Cpr — 1-r
82
where 1 — 7 mean that (1 —r1, 1 —ry) € (0,00) x (0,00) and D2, = 5D denote the mized second order
oy

partial derivative.
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To establish the main result, we need the following generalization of GronwallaAZs lemma for two inde-
pendent variables and singular kernel.

Lemma 2.8. (see [{3]). Letv:J — [0,00) be a real function and w (.,.) be a nonnegative, locally integrable
function on J. If there are constants ¢ > 0 and 0 < ry, ro < 1, such that

v(z,y) <wl(x,y)+ C/OI /Oy — 813513,(75)_ i dtds, (13)

then there exists a constant § = 0 (r1,72) such that

v(z,y) <w(z,y) + oc /Om /oy . :)}T(ls(’;)_ 7 dtds, (14)

for every (z,y) € J.

Theorem 2.9. (Burton-Kirk fixed point theorem) ( see [41], [42]). Let (X,||.||) be a Banach space, and
S, T : X — X two operators satisfying:

(i) S is completely continuous, and

(ii) T is contraction with contraction constant o < 1.

Then either

(a) the operator equation w = AT (u/X) + AS (u) has a solution in X for X =1, or

(b) the set P ={u € X :u= AT (u/\)+ XS (u)} of all such solutions is unbounded for 0 < A <1 .

Now, we define the solutions of our problem given by (1) to (4) and for these solutions we shall consider
the space
Q ={u:(—00,a] x (—o0,b] = R" : ug,, € Bfor (z,y) € E and

Ju (a:,;, ) U (ajz, ) extst with u (a:,;, ) = (zg,.);
k=1,2,--- mandu e C(J,,R");k=0,1,--- ,m,}
where Ji = (x, xg11] X (0,b]. Let

J/:J\{(ﬂfl,y)7($2,y),"‘ 7(xm7y)7y€ [Oab]}

For u € Q, we define the function @y € C ([, xx+1] % [0,b] ,R") by

g (z,y) = u(z,y) for (z,y) € [xg, xx+1] X [0, D]
and
g (xg,y) = lim w(x,y), fork=0,1,--- ,m.
k%x:

Furthermore, for a set D C €2, we represent the set Dy by Dy, = {ty :uwe D}, for k=0,1,--- ,m.

Lemma 2.10. (see [/4)]). A set D C Q is relatively compact if and only if, each set Dy, fork =0,1,--- ,m,
is relatively compact in C([zk, xx+1] x [0,0], R™).

Definition 2.11. A function u € Q is said to a solution of the IVP given by (1) to (4) if u satisfies
(D (z,y)) = f (z,y,u(z,)) on J".

Let us consider h € C ([xg, xx+1] X [0,0] ,R"™), zx = (2, 0) and
pr (z,y) :u(a:,O)—i—u(mZ,y) —u(a:;,O) ,k=0,1,---  m. (15)

The following lemma will be needed to establish the existence of solutions of our problem given by (1) to (4):
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Lemma 2.12. A function u € C ([xg, xp41] X [0,b] ,R"), k = 0,1,--- ,m is a solution of following partial
fractional differential equation

(DL u) (2,y) = h(z,y); (2,y) € [wg, zp41] X [0,0], (16)
if and only if u(x,y) satisfies
w(z,y) = e (2,y) + (I h) (2,9)5 (2,y) € [zr, zpp1] X 0,0]. (17)

Proof. Let u(x,y) be a solution of (D;ku) (x,y) = h(z,y); (z,y) € [xk, x+1] %[0, b]. Then from the definition
of the derivative (D7, u)(z,y), we have

0? .

520y (I ") (2,y) = h(x,y) . (18)

Hence, we obtain that

( 82 - T
12 (g 70)) (20) = (150) ). (19)
which gives us
(92

1 (o) () = (50 (). (20)

But we know that

82
Izlk <8$8yu> (z,y) =u(z,y) —u(z,0) —u (:r;,y) +u (acz,O) .

So from (20), we yield that

u (.T,y) = Mk (CC,y) + (I;kh) (%,y) ’ V($,y) € [$kaxk+1] X [O,b] : (21)

Conversely, suppose that u(z,y) satisfy (17). Then, it is obvious that u (z,y) must be a solution of
(D;ku) (z,y) = h(z,y), for all (z,y) € [xk, x+1] X [0,b]. This completes the proof. O

Lemma 2.13. Let 0 < ry, 7o < 1 and let h : J — R" be a continuous function. Then the function u (x,y)
s a solution of the fractional integral equation

¢ (,y) if (x,y) € J,
plxy)+ Y (I (u(zy.y) = I (u(zy,0))) if (z,y) € J,
u(e,y) = L U e L el h (o ) ded (22)
+WO<%}<$ ar S k=8 (g — 1) (s,t) dtds

\+m f;k foy (JE — S)rl_l (y — t)rQ_l h(S,t) dtdS, k= 1,2, e, M,

if and only if u(x,y) is a solution of the fractional IVP
(Dzku) (xay) = h($7y)7 (-f,y) S Jkak = 07 17' T, M, (23)
u(xi,y):u(x,;,y)+lku(x,;,y), k=1,2,---,m. (24)

Proof. The proof of this lemma follows from the Lemma 2.12. O
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3. Main Results

This section is devoted to establish the existence criteria for solutions to a class of initial value problem
for fractional order impulsive partial hyperbolic differential equations with infinite delay given by to
applying a fixed point theorem (Theorem 2.9) due to Burton and Kirk [41] [42]. To establish the desired
existence criteria, we need the following assumptions:

(A1) The functions I : R® — R" and f: J x B — R" are continuous.
(A2) There exists p, ¢ € C (J,Ry) such that

\f (t,z,u) || <p(t,z)+q(t,z)||ullg for(t,x) € J andu € B.
(A3) There exists [ > 0 such that
I (u) — I, (v) || <I||lu—v]| foreachu,v e R".
We are now in position to present and prove our main results.
Theorem 3.1. Suppose that the assumptions (A1), (A2) and (As) are hold. If there exists | > 0 such that
oml < 1, (25)
then the initial value problem given by (1) to (4) has least one solution on J .

Proof. We shall diminish the existence of solutions of IVP given by (1) to (4) to a fixed point problem.
Consider an operator A :  — Q which is defined as follows:

(¢ (x, if (z,y) € J,
o

y)
(z,y) + O<Z< (Ix (u (2, y)) = I (u (25,,0))) if (z,y) € J,
A(U) (1’, y) - _‘_m O<Z< ;ckk_l f()y (xk _ S)rl—l (y _ t)rz—l h (S,t) dtds

+m f;k féJ (CC — S)Tl_l (y — t)m_l h(S,t) dtds, k= 1,2, e, MM,

Now, we set two operators S,7T : {2 — €2, which are defined in the following way:

¢ (z,y) if (z,y) € J,
oores . 2 ek S =) Ty =) i (2,y) €,
S(u) (2,9) = A
f(s,t,u(s,t))dtds + NEINE) ka fo (x—s)"""(y—1t)"
f(s,t,u(s,t))dtds, =1,2,--,m,
and i
07 lf (.’Z’,y) [ J,
T(u) (z,y) = { H(@:9) if (2,y) € J,
LY (T (u (25,9)) = I (u (2,0))), B=1,2,---,m.
T <T

Let v : (—00,a] X (—o0,b] — R™ be a function defined by
¢ x’y ) if $7y E j’
v(@,y) = ) . (1)
p(z,y), if (z,y) € J.

Then v, ,y = ¢ for all (z,y) € E.
Now for each w € (J,R") with w(z,y) = 0 for every (z,y) € E, we define a function w by

PR (U if (x,y) € J,
(=:9) {w(x,y), if (z,y) € J.
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If u satisfies the integral equation,

= p(x L ya:—s’"lfl — )2 (s, t,u s
U(.T,y) _M( 7y)+F(T1)F(T‘2)/O /0 ( ) (y t) f( .2 (s,t))dtd7 (26)

then we can decompose u as u(z,y) = w(z,y) + v(z,v); (x,y) € (Tk, Tk+1] x [0,0], which implies that

Uey) = O(ay) + Vey), for every (z,y) € J x[0,b], and the function w satisfies
1
vy 0<Z (I (u (2> w)) = I (u (21,0))) + [ (r1) T (r2)
T <z
Z / / sy =) f(s,t, W(s gy + V(s p))dtds (27)
0<$k<a; Tk
7’ 1 ro—1 _
7”1 7"2 / / . t) ? f(sataw(s,t) +U(s7t))dtdg_

Now, if we set
By ={w e Q:w(z,y) =0 for (z,y) € E},

and let || - || g, be the norm in By, which is defined by

lwllBy = sup |lwaylls+ sup [Jw(z,y)ll = sup [w(z,y)ll, we Bo,
(zy)eE (zy)et (zy)et
then it is clear that By is a Banach space with norm || - ||g,. If we consider two operators S,T : By — By,

which are defined in the following way:
1 -1 -1
oy 2 Ja o G =) =)

S(w) (z,y) = F (8,8, Wsp) + V(s p))dtds + m ffk TV (@ =)
(y — )27 F(s, 8, sy + Vs p))dids,
where (z,y) € J, k=1,2,--- ,m,

ri—1

and

T(w) (w,y) =p(,y)+ Y (b (u(wh,v) = I (u (2,0)))

O<zr<z
where (z,y) € J, k=1,2,--- ,m,

then the problem of finding solutions of the IVP given by (1) to (4) is diminished to finding solutions of the
operator equation S(w) + T'(w) = w . To prove this theorem, we shall prove that the operators S and T
satisfy all the conditions of Theorem 2.9. The proof will be completed in the following steps.

Step-1: In this step we prove that the operator S is continuous.

Let {w,} be a sequence such that w, — w as n — oo in By, then for each (x,y) € J we have

HS(wn)(:r y) — S(w)(z,y)|

< FE Ty Z /zk / sy -

0<Ik<x
1 Yy
Syt Wh(st) + Unist)) — F(S, 6, Weepy + Vs dtds+/ /
Hf( (st) ( ,t)) f( (s,t) ( ,t))” F(’f’l)r(’l“g) e Jo

(.T - 8)“71 (y - t)mil |f(5’ t, wn(s,t) + Un(s,t)) - f(S, t, w(s,t) + U(s,t))HdtdS

Hf(v’ Wn( +Un( ))_f(‘v'vw( )+v()H
F(TI)F(T?) O<zp<z </ /

(z, — )"y —t)2t dtds / / ) (y — )2t dtds} .
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Since, f is continuous function, then we have

QCLleTQHf(-, -,wn(.7.)) - f(7 ) w(,))HOO
T'(ri+1)T (ry+1)

|S(wy) — S(w)||B, < — 0, asn — oo. (28)
Therefore, the operator S is continuous.

Step-2: In this step we prove that the operator S maps on bounded sets in By.

To complete this step, it is sufficient to prove that for any m*, there exists a positive constant 7 such that,
|S(w)||B, <7 for every w € By,» = {w € By : ||w|| g, < m*}.

From assumption (Ag) we have for each (z,y) € (xg, zr11] X [0,9],

15(w) (z,9) |
1 . o Y r1—1 ro—1 _
< W Z/wk 1 / (xp—8)" " (y—1t)" ”f(&t,w(s,t) + U(&t))Hdtds
7“ 1 ro—1 _
(r)T (r2) / / Uy =) 1 f (st s + vy | dtds

S”ﬂ?ﬁﬂ%”m [ (/"/ k_ﬂrllw_wmldm%
/ / )y — ) dtds].

Hence 207152 ([plloo + lallsom)
a"b" Plloo + ||19 oom*
< = 2
ISl < 7 L LT = 7 (sa), (29)
where
s + vl < loeols + lvealls < Km* + K6(0,0)] + Mé|s = € (say).
Therefore,

1S(w)llBy < 7.

Step-3: In this step we prove that the operator S maps from bounded sets into equicontinuous in By.
Let (z1,y1), (z2,y2) € (0,a] x (0,b], 1 < x2, y1 < y2 and B,,» be a bounded set as in the step-2. Now for
any w € By,x, we have

HS( )(952,y2) 5 33173/1 H
Y1
< - T1,1 . ro—1 . . ro—1
SNC /xk 1/ [(92 t) (y1 —t)
m Y2 L .
5.t D (s.0) + Vo) )dtds + = /’ / 2 — ) (o — 1)
P58, W) + V(o) F(n)F(m)Z ] e )

1 v1 o o
1 (5,8, (s 4y + V(s)) | dtds + F(7“17“2/ / (22 —5)" ! (y2 — 1) !

— (21 — S)“ Y — ) ] f(8,8,Wsp) + V(s p))dtds

(r1) T (r2) /xl

Y2
/ =) T (o = 1) (| f (s, b (e ) + Ve dids
Y1
1
_ e\ _ op\r2—1 _
(r1) r2/ /y wy— )" (o — 1) £ (st @(s 1) + V(s dbds



M. Asaduzzaman, M. Zulfikar Ali, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 77-91.

86

1 2 v ri—1 ro—1 -
+ 117,1FTQ/ / (w2 —8)" " (Y2 =) || f (8, Wep) + v(s )l dEds

B _yra—1 < -
(y1 — 1) }dtd +;(/

[plloc + llglloom™
- F(T‘l +1)F(T2+

-t

/yl
0
Y2
/ (z — )y — )2 dtds
Y1
Y1
L A A e O M TR 2
o Jo
T2 (Y2
+ / / (29 — )1 (yo — )2 dtds
@1 Jy
x1 Yo
+ / / z9 — )"y — 1) L dtds
0 Y1
©2 [y ) )
—I—/ / (g —8) 7 (yo — )™~ dtds]
x1 0
Y1 1
/ / Ty -0

—(y1 — t)m_l} dtds) + ; </$kk1 /:2 (k=) (g2 — )2 dtds)

1,72

+ (2957 (w2 — 21)"™ + 225" (y2 — 1) +27'y” — 25'yy” — 2 (22 — 21)" (Y2 — 41)"™)]
— 0asz; — x2andy; — yo.

[Plloo + llgllcom”
“ T+ (re+1)

Hence, the operator S maps from bounded sets into equicontinuous in By.

Combining the consequences of step-1 to step-3 and applying the Arzela-Ascoli theorem [45], we can accom-

plish that the operator S : By — By is completely continuous.

Step-4: In this step we prove that the operator T is contraction. Let w,w* € By, then for each (z,y) €

we have
1T (w)(z, y) = T(w")(z, y)|
<D (Hk (w (2, 9)) = I (w* (2, 9)) |+ 1 (w (23, 0)) = Ik (w* (2,,0)) )
k=1
< U(llw = wgy + [w = w5,) < 2mlfjw — w5,
k=1
Thus,

IT(w) = T(w")|| < 2mlflw = w”[| 5,

Combining and , we can conclude that the operator T' is contraction.
Step-5: In this step we establish priori bounds.
To complete this step, it is sufficient to prove that the set

P={we By:w=N(w/\) + AS(w), for some\ € (0,1)}

is bounded. Let w € P, then we have w = AT'(w/\) + AS(w). Thus, for each (z,y) € J, we have

J
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w(z,y)
k=1
L -1 (31)
T T () T (r /Ik 1 / )Ty =) f (st Wi gy + Vs p)dtds
)T 1 ra—1 _
-t t dtds.
(r1) T (r2) /xk/ )2 f (5,8, (s ) + V(s ) )dids

Using the assumptions (As) and (As) in (1)), we have
(e, )]
DI (\uk o))y )+ HIkWH - umom)

+2)\Z”I ||—f— Hp”oo Z/ / 7‘1 1 _t)Tzfl
Tp—1

@ (s0) + V(s | BAEdS + =~ — N Hq”“’ / / ) (y — )2 dids
Tk—1

HpHOO Z/ / )y — )t 0,8y + V(s BALdS
(r2)
HqHOO Z/ / r1 1 t)rg—l dtds
TZ
< lZ (1w (t ) ||+ llw (t,0) ) + 217

k=1

rnrea L 0 e v s
Tk—1

4o Elee HqHOO / / 7“1 1 t)?”z—]. dtdS
F Tk—1

p o r g
H ” ) Z/ / Y =) B + vl pdtds
HQHOO // et ra—1
— )27 dtd
) Z )2 dtds,

m
where I* = > ||1x(0)|| and
k=1

@0 s,0) + Vsl B

<[ wsplls + vy lls

< K sup{w(s,1) : (5,1) € [0, 5] x [0,#]} + K[|$(0,0)|| + M|[¢| 5
=o(s,t) (say).
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Hence, for each (t,z) € J, we have

240" ||q|| 0o
r1+ D)0 (re + 1)

m
[w(z, D) Z Jw(ty, @)l + lw(ty, )||)+21*+F(
k

leloo e )1l (g — gyt (32)
+ n)">"" o(s,n)dnds
F tp_1

// ) —n)”_la(sw)dndS]-

Using the inequality and the definition of ¢ , we have

o(t,x) < M||o|lp + K[60,0)]| + 1D (lw(ty, )| + [[w(ty,0)]) + 2I*

k=1
TP / [
Liri+ 1)l (ra+1)  I(r th
(x —m)"~ Ly (s ndnds+// ) 1 —n)r2_10(s,n)dnds )

For any (t,x) € J, the Lemma 2.8 implies that there exists 6 = 0(r1,72) such that
o(t,z)
< <M||¢||B + K[ ¢(0,0)[| + 1) (lw(ty )| + [lw(ty,0)]) + 21"

k=1

2a"0"||ql| oo > ( N HpHoo / / rl 1 ro—1 )
+ X — dnd
T(r + ) (rs + 1) ) nas

< <M||¢||B+KH¢(070)H+ZZ lw(t,, @)l + lw(t,, 0)]l) + 217

k=1

200" ||q|| oo > ( = "0 p|| o >
n 144
Tm+ (st 1)) T(m + Ol(rs + 1)
= T (say).

Hence, for each (t,x) € J, we have
[w(t, 2)|leo < o(t,2). (33)

This proves that the set P is bounded.
Therefore, by the consequence of Theorem 2.9 (Burton-Kirk fixed point theorem) we deduce that S+ T has
a fixed point which is a solution of IVP given by to . This completes the proof. 0
4. Applications

In this section, we provide an illustrative example to support the analytic proof of our Theorem 3.1.

Example 4.1.

Consider the following IVP for FOIPHDEs with infinite delay:

(D5,0) () = 5y THZE i: (2,y) € J = { ﬂ < 10,1]J (;1] <01, (34)




M. Asaduzzaman, M. Zulfikar Ali, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 77-91. 89

“(H»y) B <§y> ol Jifyelo], (35)

2 I+ (%_7y>|
w(z,y) =z+y% if (x,y) € [-1,1] x [-2,1]\ (0,1] x (0,1], (36)
w(x,0) =z, z€l0,1], u(0,y) =42 y € [0,1], (37)

where zp = (0,0),2 = (%,0). Let 0 € R and C, be the set of all piece-wise continuous functions ¢ :

(—00,0] x (—00,0] — R" for which a limit lim (s 4)| o0 e?t ¢ (s,1) exists with the norm

9llc, = sup " g (s5,1) .
(S,t)E(—O0,0]X(—O0,0]
> 1 (24 |yl
e + |
JY,0) = , (x,y) € 10,1 0,1], p € C, 38
f @y, 0) O ) (140 (z,y) € [0,1] x [0,1], ¢ (38)
and w
U
I (u) = , u € R. 39

Then, it is clear that the functions f and I; are continuous, and for (z,y) € [0,1] x [0, 1] and ¢ € C, we have

—z—y

e
|f (@, y,0) | < W(Q‘HQPD- (40)
Hence assumption (Aj) is satisfied with
2e7T7Y e Y
p(z,y) = mandqu‘,y) = m~
Now, for ui, us € R, we obtain
|ua |ug| 1
(I (w1) = Iz (u2) | = |5 - | < < lur — ugl. (41)

T+lu] A+ lug T4
Thus assumption (Aj) is satisfied with I = 1. Since [ = %, then the condition (25) is also satisfied. That is
all the assumptions of Theorem 3.1 are satisfied. Therefore, the Theorem 3.1 implies that the IVP given by
to has at least one solution on (—oo, 1] X (—o0, 1].

5. Conclusion

In this article, we have proven a new existence criterion for solutions to the initial value problem for
FOIPHDESs given by to , applying Burton-Kirk fixed point theorem. Using our Theorem 3.1, one can
easily be checked the existence of at least one solution of initial value problem given by to . The
established result provides an easy and straightforward technique to cheek the existence of solutions to the
initial value problem for FOIPHDESs given by to . Furthermore, the results of this research extend
the corresponding results of Abbas et al. [19], Benchohra and Boutefal [27], and Abbas and Benchohra
[28, 29] 130, B1].
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