
ON THE M E A N VALUES OF INTEGRAL FUNCTIONS AND 
THEIR DERIVATIVES DEFINED BY DIRICHLET SERIES 

A . K . A G A R W A L A N D G . P . D I K S H I T * 

The function f(s) deFined by means of the DiitrcHLEr series 

is considered : the 7>n which appear in the definition form a monotonie increasing sequence 
and satisfy some particular limit conditions. The object of this paper is to prove some 
properties of the lower and upper Jimits of the mean value of this function and of its 

derivatives and to obtain some inequalites related to these quantities. 

1. Consider the D I R I C H L E T Series 

« = 1 
where 

and 

= £ o„ , 

l n + i >Xn , l t ^ 0, lim l n — , s — a + // 

(1.1) lim sup — £"< oo . 

Let ae and oa be the abscissa of convergence and abscissa of absolute convergence, respecti­
vely, of f(s). Let u c — <» then aa will also be infinite, since according to a known result ( [ ' ] , 
p. 4) a D I R I C H L E T series which satisfies (1.1) has its abscissa of convergence, equal to its abscissa 
of absolute convergence, and so f(s) is an integral function. 

The Mean Value of f(s) is 

(1-2) / , (o) = I , (« , / ) = lim f \f(a - f it) [' dt , 
— T 

and extending this definition t o / ( p ) (s) , the p*h—derivative of f(s), 
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(1.3) lt(a,f(P))= lim ~f\f(>>)(a + it)\*dt. 
T~*<*> ¿-11 

Let 

(i (a) = max. { \ a„ \ e a \ } ;M(o) = I, u. b, \ f(a -\- it) \ 
H>1 — C O < ( < O Q 

be respectively tine maximum term and the maximum modulus of an integral function. 

I t is known ( [ - ] , p. 67) that 

(1.4) log Mo) = f lv(t)dt + 0(l), 

where v (?) is the rank of the maximum term. 

Further, we know ( [ 3 ] , p. 265, Theorem 5) that 

(1.5) logiW(o) ~ logM(o-), 

provided (1.1) holds and f(s) is of finite order. 

I t is also known* ( [ 4 ] , p. 523) that for functions of finite non-zero linear order Q and lower 

order X , 

lim s u p f log log/ , (g) \ _ 
*-«x> inf \ o- f~ 

(1.6) 

and 

(1.7) ' log {T2(o)}"2~logM(o). 

Throughout this paper we shall assume that the function f(s) is of finite non-zero linear 
order and satisfies (1.1). In this paper we have obtained a few properties of I 2 (a) and its 
derivative, and also of I 2 (a ,fW). 

2. Theorem 1. Let f(s) be an integral function of linear order u and lower order X , then 

„ n 1™ s u p ( log ( 4 0 0 / / , ( « ) ) \ _ o 

i 2 - 1 * ^ o o inf \ o f ~SX-

Proof. We know ( [ 4 ] , p., 521) that log I 2 (a) is an increasing convex function of 
a . Therefore, log 7 2 (o) is differentiable almost everywhere with an increasing derivative, 
the set of points where the left hand derivative is less than the right hand derivative is of mea­
sure zero. This enables us to express log I 2 (a) in the following form : 

* Results (i.6) and (1.7) have been proved under the condition lim s u p ^ - ^ = Z ) = 0 though these 
„- .co i-n 

results also hold for ¡5 < °3 . 
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log / , ( 0 ) - log I , K H I ^ dx, 

for an arbitrary a0. 

We have 

log / , (a) ^ log 72 (<*„) + 0» - o 0) 

or 

lim » » P n ° B l ° 8 / . W U l i m sup 
inf (. ö J ö - fco inf 

Again, for an arbitrary fixed / c < 0 

log J f (« + A) - log 7, ( 0 ) + / £ M rf* ^ /c A ( ö ) 

and therefore 

Thus 

lim S U P floglog + I ^ l i m °ë\h(o))  
cr-Mxi inf ( " / — a--oof a 

] i m sup/log log J, (g)]\ . m sup e V A ( o > ; ( 
inf l ö / a >C!-, inf / a *) 

Further, from (1.7) we have 

lim S U P f tog I o S / j 00 l _ . n m

 S U P / log log M QQ i 
«-**> inf \ a j inf I o ( ' 

Hence 

lim. sup ? ' ° S l A 00J j = H m supf loglogM(o) \ 
( a } Q ^ D O inf ( o / eV O H - O O inf / 

Theorem 2. Let f(s) be an integral function of linear order Q and lower order X , then 

and 

c « ) liin s u p { - U 2 a _ i 
o^co l A ¥ (<,) log l v (a) ) V A y 
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Proof, i t is known* ( [ r 'L P- 84) that, for 0 < g < oo 

(2.4) i im s n p / ^ f ^ - U l - A 

and 

(2.5) l im sup l^^-f- 1 ^ 1 / i - l / e . 

Using (1.5) and (1.7), we have 

,. f log {/, }(o) v i ] v ( log M(oQ) 
lim sup i • . —• > = lim sup •[ -• •••• • > 

f log ft (a) ) 
= lim sup < • • f } 

o-co I " v i a ) J 
^ i — x/e. 

Hence, 

lim s u p / ^ ^ l ^ a O - ^ ) . 

Proceeding as above and using (2.5), we have 

„->co Uv(fl) log ^v(a) J 

Theorem 3. Let f(s) be an integral /'unction of finite linear order g and lower order X , then 

(2.6) lim s u p f i ^ e A W U a . 

Proof. Using (1.5) and (1.7), we have 

l im sup < — r 1 • > = 2 h m sup < — . !•. 

From (1.4), we get 

Hence 

,. flog ft (a) ) 
lim sup < — f 1 -

lim sup ! } ^ i M \ ^ 2 . 

* Results (2.4) and (2.5) have been proved under the condition 

,. ( log n ) 
Urn sup J i -=D=<J, 

n-»oo ( ) 
though the results also hold for E < «. 
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Theorem 4. Let f(s) be an integral function of finite linear order q and lower order X, then for 

a < o(l , E > 0 

(2.7) / > ( o ) > _ . _ _ _ , 

where 

e — e (o) ->-0 fli fl > co . 

Proof. For the left hand derivative of log / 2(<J), wc have 

l[ (a) ^ l ogf^q) — log 7 , ( g , ) 

I2 (a) ~~ a — a, 

log / a (g ) 
(1 + > 

where aL< # and i = e(5)->-0 as <j «J , 

Hence 

where 

e = E (d) as o ^ . 

Corollary. Let f\s) be an integral function of finite order Q and if / a (o) is the derivati­
ve of I2(o), then for o 0 < n 1 < ( 7 2 

Proof. From (1.4), we have 

Iog / B (o^ = l o g / B ( a 1 ) + fjf^jfc 
11 

(2-9) , ^ l o g / ^ + i ^ - O ^ 

and 

log/ 2 (o) = l og / 2 ( c L ) + / -~f-±dx 

( 2 - i 0 > ^ l o g / ^ o + K - O y ^ 

Combining (2.9) and (2.10) we get the result. 
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3. Theorem 5. Let f(s) be an integral function of linear order Q and lowtr order X, then 
for Re(s) — o and X^S>0 

(3-D • f,(a ,f)< J2 (a,/<•>)< < / s (o , / ( 6 ) ) , 

where p is an integer. 

Proof. I t is known ( [ 4 ] , p. 522) 

(3-2) / 2 ( 0 j / ( 0 ) ^ ^ ( l o ^ ^ ) ! / 2 ( o , / ) . 

Taking limits on both the sides and using (1.6), we get 

Again, for K > 0 and <r sufficiently large 

\ /,(*,/> s 
Tf X^b > 0 , 

A K / X A O * , • / " < ' > ) , 

and the result follows for subsequent derivatives. 

Theorem 6. Let f(s) be an integral function, then for 

o > 0 X^3>0 

and 

(3.3) h ( a j m ) ^ ° 3 L ^ y f ) , 

where p is an integer. 
Proof. Writing (3.2) for p th-—derivative, we have 

/ . ( ^ ) ^ { ^ f t f / ^ " ) } , / , ( a ^ ) ) ' 

Lising (3.1), we get 
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i r /•(/>) w 1 P ° 8 / i K / ) V P i f f\ 

J'2 Cö./ (P
>) ^ -1 - 1 A C",/) • 

Corollary. Let f(s) be an integral function of linear order Q and lower order A, then 

,. sup r 1 1 (L(°fV)) V / 2 p l ^ 

where p is an integer. 

This follows immediately from (3.3). (*) 
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Ö Z E T 

(x B J dizisi monoton artan vc bazı limitleri özel şartlar sağlamak üzere, 

/ O ) = 2 " « E J ) L " 

D I R I C H L E T serisi ile tanımlanan fonksiyon göz önüne alınıyor. Bu. fonksiyonun ortalama 
değeri ve ortalama değerinin ardışık türevleri tarımları arak, bu fonksiyonların alt ve üst 
limitleri tarafından sağlanan bazı bağıntılar elde edilmekte ve bunlar için bazı eşitsizlik 

ispat edilmektedir. 
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