ON THE MEAN VALUES OF INTEGRAL FUNCTIONS AND
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The function £ (s} dafined by means of the DIRICHLET serigs

' fae)

o= Z aye *n
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is considered : the 2 which appear in the definition form a monotonic increasing sequence

and satisfy some particular limit conditions. The object of this paper is to prove some

properties of the lower and upper limits of the mean value of this function and of itz
derivatives and to obtain some inequalites related to these quantities.

1. Constder the DiricpLET Series
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Let o, and g be the abscissa of convergence anﬂ abscissa of absolute convergence, respecti-
vely, of /(s). Let 6.= o then o, will also be infinite, since according to a known result (['],
p. 4) a DiriceLET series which satisfies (1.1} has its abscissa of convergence, equal to its abscissa
of absolute convergence, and so f(s} is an integral function,

The Mean Value of f(s) is

. T
(1.2) I,(0)=T1,(s,f} :-zgi::o 2—1T-f|f(u+fr)|'=dz,
-7

and extending this definition to f(P) (s}, the pth —derivative of f(s),
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T
L1 g
(1.3 I, (o,f(P))_TIin:o ﬁ_/;lf(”) (o + i) | dt.

Let

@ (o) = max.l{ |an]e™n ) ;M(o) =

n=

Lub. |fG+in]
< ton

be respectively the maximum term and the maximum medulus of an integral function,

Tt is known { [*], p. 67) that ~
Ty
{1.4) log (o} = f Ae(pdt + 0O,
. b

where » (o) is the rank of the maximum term,

Further, we know { [*], p. 265, Theorem 5) that
sy -  log M (s) ~ log u (o),
provided (1.1) holds and f{s) is of finite order.

Tt is also known®  [4], p. 523) that for functions of finite non-zero linear order g and lower

order 1,
) lim SYPf log log 1, {5}
(1.6} o>o0 inf {——”;—2“—*}=9x
and
.7 ' log {1, {6) }'/* ~ log M ().

Throughout this paper we shall assume that the function f(s) is of finite non-zero linear
order and satisfies (1.1). In this paper we have obtained a few properties of I,(s) and iis
derivative, and also of I, (o, f(P),

2. Theorem 1. Let f{(s) be an integrai function of linear order © and lower order 1, then

im SUP  log(l, (a)] I, (s))
@1) lim inf{ g s 0/ 1,(9)

§ =

Proof. We know ( [*], p..521) that log I, (s} is an increasing convex function of
& . Therefore, log I, (o) is differentiable almost everywhere with an increasing derivative,
the set of points where the left hand derivative is less than the right hand derivative is of mea-
sure zero, This enables us to express log I, {(g) in the following form :

¥ Results (1.6) and (1.7) have beer proved under the condition lim sup log 1 D=0 though these

L] bn

results also hold for B < co.
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log I, (6) = log I, (aﬂ) + f}'ﬂg";

for an arbitrary a,.

We have
L (o
log £, (0} < log 7, (a,) + (s — o) I_:(—rs;

or
I, (x)
log log I, (¢) su log I (x))
lim sup{_og_g‘*’_lél p e

oo inf g Gro0 mf g

Again, for an arbiirary fixed k<< 0

otk

log I (& -+ k) =1og T, (e)}+- f I (x) lix = k frg ::;

and therefore

i 1 g (0}
lim VP {loglog I (v —{—k)} . Tim é og(h(o))

gea inf L G v a

Thus

o log {1249
fim S9P flog logfz_iﬂ}:]im sup ;‘"Iog ('Iq (o)) 2

g—oo inf a soca inf a
\

Further, from (1.7) we have

lim sup{ log log I, (a) }:lim sup f log log M (o} }
oroo  Inf o oo inf 1 o '
Hence
(£8)
lim SUP S I, (@] ¢ sup[ log log M (s) }
s-soo Inf a S G—00 mf [ =&

Theorem 2. Ler f(s) be an imtegral function of linear order o and lower order 4, then

and
) log I, a1 1
2.3) i sup oe 1, (2) ‘;-;2(7‘?)'

aroo ) Jong {a) log hoy () f
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Proof, 1t is known* ( [*], p. 84) that, for 0 <C p << oo

log ¢ (v) } 2
2.4 i n {_— =1 =L
@4 a—yrgc o Y Av {c) 4
and
log # (o) }
2.5 Lim / T Ve — 1.
@3 . G—+00 sup 1’1'\!(6) EOE }'V & F [ IQ
Using (1.5) and (1.7), we have
; log {1, }(s)¥: ; {log M(o) }
1 —ere s T A= e A%
airgo Sup { d lv(sl a—>1;no sup ¢ }"V(d)‘
. log ¢ (o) }
= lim sup§{ ——=
600 P g ?w(a)
= f—ife.
Hence,

lim sup {M}éZ(] — Lp).

GO0 ¢ 1’1’ {a)

Proceeding as above and using (2.5), we have

lim sup ___Iogi(u)

L, 1 .
o0 lv(a)logiv(a)} 20—

Theorem 3. Let () be an integral funiction of finite linear order o and lower ovder L', then

(2.6) _ lim sup {M } = 2.

00 0 2op(g)
Proof. Using (1.5) and (1.7), we have
. logfﬁ(o)} .- fog () }
lim su {4 =21lim sup{ ——— ;.
o TP o Ay gl ) (Y WY

From (1.4), we get

lim Sup{Mlé 1.

oo 5 dy(a) I
Hence

lim sup {M } =2

500 0 dy {g)

* Resulis (2.4) and {2.5) have been provéd under the condition

lo;

lim sup S(

87} _peg
naco 3 S

S

though the results also hold for B < .
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Theorem 4. Let f(s) be an integral function of finite linear order o and lower order 1, then for

0<g,,e>0

I {oYlogl, (o)

2.7) I (o) =2 (ite)o

where

e—s(6)>0 ay 0-» c© .
Proof. For the left hand derivative of log I,(0), we have

15 (5) . logh, (s)—log 1,(s))

I, (o) — g-—d,
log 1, (a)
(1 +s)a’
where o, < p and s—e(5) >0 as o> o,
Hencee
P I, (o)log 1, {v)
I (o)< —(-1—]—6) PR
where '

s=¢tfg) a5 6>,

Corollary. Lef Fis) be an integral function of finite order p and :f I (o) is the derivati-
ve afI {o), then for 0,<6,< 6,

1oy  logl(s)—logL,(s) . Iy (o))

(2.8) Loy — g, —d, A

Proof, From (1.4}, we have

log I, (a,)=log I, (ol)+ ; (5:)) dx
(2.9) , <logl,(6,) + (650, 1; g:g;
and
log I, (s)=log I, (5 )+ %E% dx
(2.10) =>logl, (al)+(62_u frz Ez,g
1

Combining (2.9) and (2.10) we get the result.




72 A. K. AGARWAL AND G. P. DiksaiT

3, Fheorem 5. Ler f(s) be an integral function of linear order o and lower order A, then

Jor Rel(sy=o and A=>6>0

(3.1} . I._,(a,f)<]2(a,f(f))<' ...... < IL(a,f®), |

where p is an integer.

Proof, It is _known ( [*L p. 522
62 B P e G P!

Taking limits on both the sides and using (1.6), we get

. 1 FRCHAONR TS
ln:l;nf [Flog{%!}{] =4,

Again, for ¢>>0 and s sufficiently large

ING ,_f(l} )_ } J2o{t—e)
{ L.} = ’

I 2480,
Iz(“:f)<j2(°' ’.f(l) )s

and the result follows for subsequent derivatives.
Theorem 6. Ler f(s) be an integral funetion, then for

>0 A=4>0

and

(33) Loy =ge] B Ly,

where p is an integer,

Proof., Writing (3.2) for_p th— derivative, we have

=5 o

I, (U,f(.ﬂ});\:.ul_. {}MF Ig(a,f(Pfi))

1 { log 7y (¢, /(r—1)) }“{ logl, (=, f(r—2)) } LG f—2)

ey

=292 ¢ =

1 { log I, (o f(P—1) ) } { logl,(=,fP—9)
g o T

Using (3.1), we get

R
1 [}

I‘z. (s},
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Covollary. Let fis) be an integral function of linear order g and lower.order 1, then

. su 1 I {sfPy)y \1i2p
3.4 lim P [u log {J-'-(——f—@. ) | =e,.
G20 mf = Ig(csf)
where p is an integer.
This follows immediately from {2.3). {*)
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OZET

{1"} dizisi monoton artan vc baz limitles]l Szel sartlaz saplamak iizere,

Sl = E a, ehp

DirrcHLET serisi ile tanumlanan fonksiyon géz 6nilne almiyor. Bu fonksiyonun ortalama

deperi ve ertalama deBerinin ardipik tiirevleri tanmlanarak, bu fonksiyonlarin alt ve iist

limitleri tarafindan saglanan baz bagintilar clde edilmekte ve bunlar i¢in bazi  esitsizlik
ispat edilmektedir.
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