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The object of this paper is to establish under what conditions two integral functions, 
defined by their D I R I C H L E T series, will have the same order, type and growth number. 
Necessary and sufficient conditions, in terms of the exponents oï the integral functions, 
have been obtained for the order and (he growth number, while the problem of finding 

such, a condition for the type is still open. 

Consider the D I R I C H L E T series 

= 2 a " e " h i ' 
« = 1 

where ! ) 

X„+j > l n , î-i ^ 0, lira Xn = co, s = o -\- it, 

and 2 ) 

,. l o g « „ 
(1) hm s u p - ^ = 0 . 

Let <Jc, aa be the abscissa of convergence and the abscissa of absolute convergence, 
respectively, of f{s). Also let o0 = co, then aa will also be infinite, since, according to a 
known result ( I 1 ] , p. 4) a D I R I C H L E T series which satisfies (1) has its abscissa of convergence 
equal to its abscissa of absolute convergence and therefore f(s) represents an integral function. 
I n the sequel all integral functions represented by D I R I C H L E T series will be chosen so as to 
satisfy (1). 

Let 

!) f(s) is not an exponential polynomial. 

lim sup ~LOSJL = 0 implies lim sup l o e " = 0. 
J1-+CO log X H-t-OO ù„ 
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be the maximum term of rank N(<*,f) in f(s). I t is known ([*], p. 6) that 

( 2 ) log n / ) = log p(°otf)-\-f l N (fi n dt, 0 ^ ° 0 < o . 

Let Q be the linear R I T T order ( I A J , p. 7 8 ) of f(s), and M(«r f) be the /. w. b. of 

I / ( f + it) ] , — < » < / < « . 
where 

it is also known ( [ 9 ] , p. 7 3 ) that for functions of finite order, 

( 3 ) log M(v,f) ~ log ft («,/). 

The order g satisfies the following equalities in view of ( 2 ) and ( 3 ) : 

log, M ( « , / ) v log, „ log XN.a n 

hm sup — i - i ^ - i — e — tim sup — & a r v J / = lim sup K , } l 

where 

log 2 M(v, f) — log log M (o, / ) 

and similarly for 

log a p 0 , / ) . 

l N yj is the exponent corresponding to the maximum term ft (<r, / ) whose rank is N (<*, /). 

The growth number y ( [ 6 ] , p. 94) of an integral function of order 

Q ( 0 < Q < oo) 

is defined as 

Various researchers (e. g. j / 1 ] , [ s ] , [ e j , [ 7 ] ) have given many relations between the orders, 
types and growth numbers of two or more integral functions. A question naturally arises : 
Under what conditions will two integral functions be of the same order, type and growth number ? 
One such sufficient condition trivially is that one of the functions is the derivative of the other. 

I n this paper, we have found non-trivial necessary and sufficient conditons, in terms of the 
exponents of integral functions, for order and growth number. Since the author is not aware 
of any relation connecting the type of integral function with its exponents only, the question of 
finding such a condition for the type is still open. 
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Theorem 1. Let 
m 

f y (s) — 2j a » n e '" 

»- ! 
and 

V i I A 2 a 
J\ is) = 2J " Î M " 

» = 1 

&e integral functions of linear R I T T orders o, g s respectively. If XN ( t f ^ a/itf A w ^ y a ) 

are iAe exponents corresponding to the maximum terms in / , ( J ) a«i/ ft (s) respectively, then a 
sufficient condition for Q1 = Q2 is that 

lim sup U ^ y , ) — 
G - K X ) 

exists and is equal to a finite number a. The condition is also necessary if gi and Q2 are both 
finite. 

Proof. First we shall show that the condition is sufficient. For, if 

Urn sup [XN ( C i / ; J — XN K = a, 

we have, for any e > 0 and sufficiently large f, 

Hence 

Therefore 

Hence 

e 4 = lim sup -—- = h m sup — @! 

in view of (4). 

We shall establish the necessity of the condition by showing that if then 

lim sup tfN((T.A) - W,/,> ] 

is not finite. We suppose that ei>el: then 
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l o g ^ w { f ) log X N ( F ) 

km SUp \-LlAL- > ] l m s l ip •L-LJL'JL. 

l o g ^ ( , , / . , ) .. l o 6 * J V ( „ , / , ) lim sup \-L±zi.- „ \ i m s u p ... >.-?.-L>?.^ ™ c f 

say, where c is some positive number, or 

lira sup log - . ^ c Q- . 

Therefore 

The right hand side of (6) tends to infinity with a and hence 

lim sup [V (*,/,) ~ W,/i> ] 

is not finite. 

Theorem 2 . i e i 

« = 1 

be integral functions of orders 

Si (0 < < «>) , e s (0 < o 2 < 

aflrf growth numbers 

Y, (0 < yi < °o) , y, (0 < y 2 < « , ) , 

respectively. If &N(atfi) a n ^ XN(a f2) a v e exponents corresponding to the maximum 

terms in J\ (s) and f2 {s), respectively, then a sufficient condition for — y2 is that 

iim sup [ i . N ( a i f ù ~ l N ( a , f 0 ] 

exists and is equal to a finite number a. The condition is also necessary provided QL = Q2 and 
ylr y a are finite. 

file:///-LlAL-


O R D E R A N D G R O W T H NUMBER OF I N T E G R A L F U N C T I O N S 111 

Suppose 

exists and is equal to a finite number a. Then QL = Q2 * n view of the theorem 1. The rest of the 
proof follows on the same lines as that of Theorem I with trivial modifications in view of (5). ') 
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Ö Z E T 

Bu çalışmanın gayesi, D I R I C H L E T serileri ile t anı m lanmış iki tanı fonksiyonun hangi 
şartlar allında ayni mertebe, tip ve artma sayısını haiz olacaklarım tesbit etmektir. 
Mertebe ve artma sayısı için gerek ve yeter şartlar elde edilmiş, buna karşılık tip için 

böyle bir şart elde etmek problemi balâ cevapsız kalmış bulunmaktadır. 
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