ON THE ORDER AND GROWTH NUMBER OF INTEGRAL
FUNCTIONS DEFINED BY DIRICHLET SERIES’
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The object of this paper is to establish under what conditions two integral functions,

defined by their DiricuLET serigs, will have the same order, type and growlh number,

Necessary and sufficient conditions, in terms of the exponents of the integeral functions,

have been obtajned for the order and the growth number, while the problem of finding
such a condition for the type is still open.

Consider the DIRICHLET series
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Let 0., 0, be the abscissa of convergence and the abscissa of absolute convergence,
respectively, of £(s). Also let ¢, = oo, then o, will also be infinite, since, according to a
known result {{!], p. 4) a DigicHLET series which satisfies (1) has its abscissa of convergence
equal to its abscissa of absolute convergence and therefore f(s) represents an integral function.
In the sequel all integral functions represented by DiricHLET series will be chosen so as to
satisfy (1). '
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be the maximum term of rank N, f) in f(8). Itis known ([?], p. 6) that
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Let p be the linear Rirr order ([}, p. 78) of f(s), and M (=, /) be the 1 u. b. of

| fa+in)], —o <t< oo
where

o < [
it is also known ([?], p. 73) that for functions of finite order,
3) log M (s, /) ~ log p (s, f).

The order p satisfies the following equalities in view of (2) and (3) :
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where

log, M (e, f) = log log M (s, f)
and similarly for

log, # (s, f).

iy ) is the exponent cormresponding to the maximum term p (o, f) whose rank is ¥ (s, f).
The growth number y ([%], p. 94) of an integral function of order

e(0< o< )
is defined as
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Various researchers (e. g. [*], [°], [?], ["]) have given many relations between the orders,
types and growth numbers of two or meore integral functions. A question naturally arises :
Under what conditions will two integral functions be of the same order, type and growth number 7
One such sufficient condition trivially is that one of the functions is the derivative of the other.

In this paper, we have found non-trivial necessary and sufficient conditons, in terms of the
exponents of integral functions, for order and growth number. Since the aythor is not aware
of any relation connecting the type of integral function with its exponents only, the question of
finding such a condition for the type is still open.
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Theorem 1, ILet
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be integral functions of linear Ryrt orders g, ard e, respectively, If 1y (@ £ and Ay @ )

are jhe exponents corvesponding to the maximum terms in f, (5) and f, (5) respectively, then a
sufficient condition for o =p, s that

lim sup [Ly (o f2) R'N(U, fl)]
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exists and is equal to a finite number a. The condition is also necessary if o, and p, are both
Jinite.

Proof. First we shall show that the condition is sufficient, For, if
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we have, for any ¢ >0 and sufficiently large o,
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in view of (4).
We shall establish the necessity of the condition by showing that if o, g, then
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is not finite. We suppose that ¢, >¢,: then
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The right hand side of () tends to infinity with ¢ and hence
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is not finite.
Theorem 2. Let
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be integral functions of ovders
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and growth numbers
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respectively, If 2 (@ £ and AN( o f AT the exponents corvesponding to the maximum
terms in f(s) and [, (s), respectively, then a sufficient condition for vy =y, is that

ﬁT _ilép Uw (m, f) by (o, ﬁ)}

exists and is equal to a finite number a. The condition is also necessary provided p, =p, and
Y1, ¥y are finite.
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Suppose
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exists and is equal to a finite number a. Then g, =g, in view of the theorem 1. The rest of the
proof follows on the same lines as that of Theorem I with trivial modifications in view of (5). )
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GOZET

(Manuscript received November 11, 1966)

Bu ¢ahigmanin éayesi, DiricHLET serileri ile tamimlanmiz iki tam fonksiyonun hangi
gartlar altinda ayni mertcbe, tip ve artma sayisins haiz olacaklarim tesbit etmektir,
Mertebe ve arfma saysst icin gerek ve yeter gurtlar elde edilmis, buna kargilik tip igin

biyle bir gart elde etmek problemi bald cevapsiz kaimis bulunmaktadir.
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