
H Y P E R - A S Y M P T O T I C C U R V E S O F A R I E M A N N I A N M Y P E R S U R F A C E L ) 

S ; C: R A S T O G I 

The hyper-asymptotic curves of a hypersurface belonging to a Riemannian space 
are those curves of the hypersurface such thai at each point of the curves a part i ­
cular geodesic hypersurface of the Riemannian space, analogue to the rectifying 
plane of a curve in ordinary Eulideari space, contains an clement of a given vector 
f ie ld associated tn the hypersurface, [ [ - ' ] . The differential equation of hyper-asymp­
totic curves is obtained by a new method and some properties of these curves are shown. 

1. I n t r o d u c t i o n . A h y p e r - a s y m p t o t i c c u r v e i n a n E u c l i d e a n - space o f t h r e e d i m e n ­

s i o n s w a s d e f i n e d b y M I S H R A [ ' ] , [ * ] 2 ) , w h o a lso s t u d i e d t h e h y p e r - a s y m p t o t i c c u r v e s i n a 

h y p e r s u r f a c e o f a R i e m a n n i a n space [ * ] : À h y p e r - a s y m p t o t i c c u r v e is a c u r v e o n a sur face 

w h i c h h a s t h e p r o p e r t y t h a t i t s r e c t i f y i n g p l a n e a t a l l p o i n t s c o n t a i n s a l i n e o f a s p e c i f i e d 

r e c t i l i n e a r c o n g r u e n c e t h r o u g h t h a t p o i n t . I n t h e p r e s e n t p a p e r w e s h a l l o b t a i n t h é d i f f e r e n t i a l 

e q u a t i o n o f h y p e r - a s y m p t o t i c c u r v e s i n a h y p e r s u r f a c e o f a R i e m a n n i a n space i n a m a n n e r 

d i f f e r e n t f r o m t h e m e t h o d o f M I S H R A ["*]. W e s h a l l a l so s t u d y t h e m i n r e l a t i o n t o geodesies 

a n d a s y m p t o t i c c u r v e s . T h e e x p r e s s i o n f o r t h e h y p e r - a s y m p t o t i c c u r v a t u r e i n a h y p e r s u r f a c e 

o f a R i e m a n n i a n space is a l s o o b t a i n e d ; 

2 ; V e c t o r f i e l d s i n V„. L e t xl ( i = 1 , « ) be t h e c o o r d i n a t e s o f a p o i n t o n a h y p e r s u r f a c e 

V% w h i c h is e m b e d d e d i n a R i e m a n n i a n space V n + 1 f o r w h i c h t h e c o o r d i n a t e s o f a p o i n t a r e 

g i v e n b y y a (x = 1 , n + 1 ) . F o r p o i n t s i n F „ t h e f u n d a m e n t a l m a t r i x j i 9 y t l / ( i x I ' | | is o f r a n k n. 

L e t (he m e t r i c s o f Vrt a n d Vn + l i w h i c h a r e s u p p o s e d t o be p o s i t i v e d e f i n i t e , be d e n o t e d b y 

(2 .1 ) <P = g t j d x i dxJ, = 1 , « ) 

a n d 

(2 .2) '& = aap dy* dy?, ( a , 0 = 1 , . . . , h -\- 1) 3 ) , 

r e s p e c t i v e l y . T h e n t h e m e t r i c t e n s o r s o f a n d K ^ + , a r e r e l a t e d as f o l l o w s ; 

(2 .3) « « M * i A y = &/> 

w h e r e y*,i d e n o t e s t h e c o v a r i a n t d i f f e r e n t i a t i o n o f y a w i t h respec t t o „Y<". 

I ) The author is very thankful to D r . M . D . UPADHVAY for his guidance and help in the prepa­
ration of this paper, 

'0 Numbers in square brackets refer to the references it the end of this paper. 

») I n what follows Greek indices take the values ( 1 , . . , , n). 
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I f Na a r e t h e c o m p o n e n t s o f a u n i t v e c t o r i n V„+, n o r m a l t o Vn, t h e n 

(2 .4) aa&y\m = Q, 

a n d 

(2 .5) a a ç N a N P = 1 . 

I f a v e c t o r f i e l d i n Vn has c o m p o n e n t s U9 i n t h e .y's a n d c o m p o n e n t s £ / ' i n t h e x ' s , 

t h e n Ua a n d « ' a r e r e l a t e d as f o l l o w s : 

(2 .6) [ /« = y a H u'. 

L e t A a be c o n t r a v a r i a n t c o m p o n e n t s i n Vn+t o f a u n i t v e c t o r i n t h e d i r e c t i o n o f a geo­

desic c u r v e o f a c o n g r u e n c e : t h e n w e m u s t h a v e 

(2.7) I 9 = y% t* + r N9, 

w h e r e a r e t h e c o m p o n e n t s o f a v e c t o r i n t h e h y p e r s u r f a c e a n d r i s a p a r a m e t e r . I f 6 be t h e 

a n g l e b e t w e e n t h e v e c t o r s w h o s e c o n t r a v a r i a n t c o m p o n e n t s a r e a n d Na, t h e n f r o m 

e q u a t i o n (2 .7) w e o b t a i n 

(2 .8) c o s 6 = a a p l a N P = r . 

W i t h t h e h e l p o f ( 2 . 3 ) , ( 2 .4 ) , (2 .5) a n d (2 .7) w e h a v e 

(2 .9) aap l a I? = 1 = g i } /<" / ' + r« . 

F r o m (2 .8) a n d (2 .9) w e get 

(2 .10) s i n 2 0 = gijtUK 

S i n c e w e k n o w t h a t a c u r v e i n V„, w h i c h is i m m e r s e d i n K „ + 1 , c a n be r e g a r d e d as a 

c u r v e e i t h e r i n V n + , o r i n Vn a n d h e n c e has // c u r v a t u r e s a n d n n o r m a l s r e l a t i v e t o F r t . W e 

s h a l l d e n o t e c u r v a t u r e s a n d u n i t n o r m a l s r e l a t i v e t o Vn+L o f a c u r v e i n Vn, b y KT (r = 1 , n) 

a n d î ; r [ * * ( / ' = 2 , + 1) a n d t h o s e r e l a t i v e t o Vn b y K/ (r = 1 , n — 1) a n d lr\'(,r = 2 , . . . , « ) 

r e s p e c t i v e l y . T h e u n i t t a n g e n t t o t h e c u r v e w i l l b e d e n o t e d b y ^ , 1 " o r %L\' a c c o r d i n g as i t i s 

r e g a r d e d as a v e c t o r i n Vn-\-L o r i n Vn r e s p e c t i v e l y . 

3 . H y p e r - a s y m p t o t i c curves. A s a n a n a l o g u e t o t h e r e c t i f y i n g p l a n e i n o r d i n a r y space a 

geodesic - s u r f a c e i n V„+x is i n t r o d u c e d . I t i s d e t e r m i n e d b y t h e t a n g e n t v e c t o r t o t h e c u r v e 

C w i t h e q u a t i o n s x* = x< (s) m Vn (s d e n o t i n g a r c l e n g t h ) a n d b y t h e s e c o n d n o r m a l o f C i n Vn± 

I f t h e v e c t o r w i t h c o n t r a v a r i a n t c o m p o n e n t s Xa, l ies i n t h i s g e o d e s i c - s u r f a c e , i t c a n b e 

expressed as a l i n e a r c o m b i n a t i o n o f a n d 3 / a j a . H e n c e w e h a v e 

(3 .1) l9=avi\" + ci}l\fl, 

w h e r e a a n d c a r e t o be d e t e r m i n e d . 

C o m p a r i n g (2 .7 ) w i t h (3 .1) w e h a v e 

(3 .2) y a , { ii + rN* ^ a i U \ a + c ^ . 

D i f f e r e n t i a t i n g t h e r e l a t i o n q2\a = X^y^i w i t h respect t o t h e a r c l e n g t h s o f t h e c u r v e w e 

o b t a i n 
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W r i t i n g Jfn| 4 i n p l a c e o f Qtj 1^%^, e q u a t i o n (3 .2) takes t h e f o r m 

y \ + rN* = a nt\" + ~ ( * " / %t\t y*,t + K„\% N'%. 
A , 

o r ' 

(3-4) -y*titt + rNa = a V l \ a - I - b ( A " / %,\t y \ + Kn\7 N% 

w h e r e 

O n m u l t i p l y i n g (3 .4) b y aap N$ a n d s u m m i n g o n a a n d m a k i n g use o f (2 .4 ) a n d (2 .5 ) w e 

h a v e 

(3 .5) r ~ b K n \ v 

s ince a i ( p NP = 0 . 

A g a i n m u l t i p l y i n g e q u a t i o n s (3 .4) b y aa$y?,j and s u m m i n g o n a , w e h a v e b y t h e use 

o f e q u a t i o n (2 .3) a n d (2 .4) t h e n e q u a t i o n s 

(3-6) gtj = agtjU* + bK,'giJ%t\t, 

w h e r e w e h a v e u s e d i]^* = ya,i%i\i> as i n ( 2 . 6 ) . 

N q w b y m u l t i p l y i n g e q u a t i o n (3 .6) b y %L\J a n d s u m m i n g o n j a n d u s i n g t h e resu l t s 

Si j l i | f %J = 1 a n d g i j |,|* = 0, w e o b t a i n 

(3 .7) g l } t i \ ^ = a . 

S u b s t i t u t i n g f o r a a n d b f r o m (3 .5) a n d (3 .7) i n (3 .6 ) w e get 

(3-8) g i . i i = g . . l u i ( g p q t P X \ i ) + * RYSijU1, 

m u l t i p l i c a t i o n o f e q u a t i o n (3 .8) b y g% s u m m a t i o n o n j a n d t h e r e p l a c e m e n t o f tk/r b y leads 

t o e q u a t i o n 

(3 .9) K,' %a\*-KaU d k ~ g p q m^U*) = 0 . 

W e s h a l l c a l l ( 3 . 9 ) . t h e d i f f e r e n t i a l e q u a t i o n o f h y p e r - a s y m p t o t i c c u r v e s . W e s h a l l 

s t u d y these i n t h e n e x t s e c t i o n . 

4 . S o m e P r o p e r t i e s . F o r a c o n g r u e n c e s p e c i f i e d b y t h e p a r a m e t e r s ! k , s o l u t i o n s o f t h e n 

e q u a t i o n s (3 .9) d e t e r m i n e t h e h y p e r - a s y m p t o t i c c u r v e s i n Vn r e l a t i v e t o t h a t c o n g r u e n c e . T h e 

p a r a m e t e r c a n n o t v a n i s h u n d e r t h e a s s u m p t i o n t h a t t h e d i r e c t i o n Xa is n o t i n F „ . T h e l e f t 

h a n d m e m b e r s o f e q u a t i o n s (3 .9 ) m a y be d e n o t e d b y Vk, w h i c h w e s h a l l c a l l t h e c o n t r a v a r i a n t 

c o m p o n e n t s o f t h e h y p e r - a s y m p t o t i c c u r v a t u r e v e c t o r . A h y p e r - a s y m p t o t i c c u r v e o f Va w i t h 

r e s p e c t t o a c o n g r u e n c e d e t e r m i n e d b y t h e p a r a m e t e r s / * m a y t h e r e f o r e b e d e f i n e d as a c u r v e 

a l o n g w h i c h t h e h y p e r - a s y m p t o t i c c u r v a t u r e v e c t o r is a n u l l v e c t o r . 
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U s i n g t h e r e l a t i o n g i j ^ 1 , t h e e q u a t i o n (3 .9) can be w r i t t e n i n t h e f o r m 

w h e r e 

(4-2) ''^gijU'&U'-l'U*)-

I n (4 .1) i f A " n j a s= 0 ( i . e . C is a n a s y m p t o t i c c u r v e o f o r d e r 2 , H A V D E N [ * ] ) a n d i f r k = 0 ; 

w e get e i t h e r K3' = 0 , ( i . e . , C is a geodesic o f o r d e r 2 , S R I V A S T A V A [" ' ] ) o r t h e v e c t o r w i t h c o m p o ­

n e n t s % a \ k is a n u l l v e c t o r . 

H e n c e w e h a v e t h e f o l l o w i n g : 

T h e o r e m (4 .1) . The necessary and sufficient condition for a hyper-asymptotic curve to he an 

asymptotic curve of order 2 is given by either of the following : 

( i ) // be a geodesic of. order 2. 

( i i ) the vector with components ^a|& be a mdl vector. 

I n a d d i t i o n t o t h i s , i f A T . / = 0 a n d i f rk ~ 0 w e get e i t h e r K„\2 = 0 o r t h e v e c t o r w i t h 

c o m p o n e n t s v k is a n u l l v e c t o r . T h u s w e h a v e t h e f o l l o w i n g : 

T h e o r e m (4.2) . The. necessary and sufficient condition for a hyper-asymptotic curve to 

be a geodesic of order 2, is given by either of the following : 

( i ) it be an asymptotic curve of order 2 . 

( i i ) the vector with components vk be a null vector. 

T h e m a g n i t u d e Kf, o f t h e v e c t o r P is g i v e n b y 

(4 .3) K^gij^r'. 

Since M / / ' = Ik t h e n w i t h the h e l p o f (2 .8 ) a n d (2 .10) w e o b t a i n t h e f o l l o w i n g e q u a t i o n 

(4 .4) g t J I U J = t a n * 6. 

T h e a n g l e % b e t w e e n t h e v e c t o r l k a n d ^ , | * is g i v e n b y 

(4 .5) c o s x = gi}li%i\k. 

F r o m ( 4 . 3 ) , ( 4 . 1 ) , ( 4 .4 ) a n d (4 .5 ) w e o b t a i n t h a t i n t e r m s o f 0 a n d a , t h e m a g n i t u d e o f 

t h e h y p e r - a s y m p t o t i c c u r v a t u r e v e c t o r is g i v e n b y 

(4 .6) Kn = K\ — KH\.2 t a n 9 s in x , 

w h e r e A" . / is t h e c u r v a t u r e o f t h e c u r v e w h i c h is t h e geodesic o f o r d e r 2 i n Va a n d Kn^ is 

t h e c u r v a t u r e o f t h e c u r v e w h i c h is a n a s y m p t o t i c c u r v e o f o r d e r 2 . I t i s o b s e r v e d t h a t i f 0 = 0 , 

t h e h y p e r - a s y m p t o t i c c u r v e is a geodesic o f s e c o n d o r d e r . 
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O Z E T 

Bir Riemann uzayına ait bir hiperyüzey üzerindeki hiperasimptotİk eğriler, hiperyüzey 
üzerine çizilmiş öyle cğıilerdir k i bunların her noktasında Riemann «zayının özel bir 
geodezik hiperyüzey i , i lk verilen hiperyüzey üzerinde tanımlanan bir vektör alanının o 
noktadaki elamanını ihtiva eder ; yukarda söz konusu edilen geodezik hiperyüzey, Eukl id 
uzaymdaki b ir eğrinin rektİfyan düzleminin bir bakımdan benzeri kabul edilebilir [ ' ] , [ * ] . 
B u araştırmada, hiperasimptotİk [eğrilerin diferansiyel denklemi yeni b i r yoldan elde 

edilmiş vc bu eğrilerin bâzı özellikleri gösterilmiştir. 


