HYPER - ASYMPTOTIC CURVES OF A RIEMANNIAN HYPERSURFACE Y)
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The hyper-asymptotic curves of a hypersurface belonging to a  Riemannian space
are those curves of the hypersurface such that at each peint of the curves a parti-
cular geodesic hypersurface of the Riemannian space, analogue to the rectifying
plane of a curve in ordinary Eulidean §pacc; contains an clement of a given vector
field associated to the hypersurface, [l], [*], The differential equation of hyper-asymp-
totie curves is obtained by a new method and some propertics of these curves are shown.

1. Introduction . A hypﬁr-asymptotic curve in an Euydlidean -space of three dimen-
sions. was defined by Misura ['], 2] %), who also studied the hyper - asymptotic curvesin a
hypersurface of a Riemannian space [*]: A hyper - asymptotic curve is a curve on a surface
which has the property that its rectifying plane at all points contains a line of a specified
rectilinear congruence through that point. In the present paper we shall obtain the differential
equation of hyper-asymptotic curves in a hypersurface of a Riemannian space in a manner
different from the method of Missra [V]. We shall also study them in relation to geodesics
and asymptotic curves. The expression for the hyper - asymptotic curvature in a hypersurface
of a Riemannian space is also obtained;

2. Vector fields in V,. Let x¢ (i = ;; 1) be the coordinates of a point on a hypersurface
V,‘ which is embedded in a Rlemannlan space V4., for which the coordinates of a point are
given by y*(x = 1, ..y + 1), For points in ¥, the fundamcntal matrix Iiay“/dxfﬂ is of rank #.
Let the metrics of Vn and V445 wh1ch are supposed to be posltlve definite, be denoted by

@0 B =gypdidyt, (=1, .0
and
2.2 o= agp dp® B, (f=1,.,0 DY,

respectively. Then the metfic tensors of ¥y and ¥, .., aré reldtéd as follows
(2.3) aap ¥%i ¥, = By

where »%,; denotes the covariant differentiation of p® with respect to x%,

1) The author is very thankful to Dr. M. D, Upapimyay for his guidance and help in the prepa-
ration of this paper; :
?) Numbers In sguare brackets réfef to the references At thé end of this paper.

3) In what follows Greek indices take the values (E..., n).
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If N are the components of a unit vector in ¥,4, normal to ¥, then

2.4) agp ¥%; NB =10,
and
(2.5) aqp NS NB = 1.

If a vector field in ¥, has components /% in the ys and components U¢ in the xs,
then U% and uf arc rclated as follows:

(2.6) Ut = yg,; 0.

Let A% be contravariant components in Vit of a unit vector in the dlreCthI'l of a peo-
desic curve of a congruence: then we must have

.7 - A% =B ki 4 F NS,

where f# are the components of a vector in the hypersurface and # is a2 parameter. If § be the
angle betwecen the vectors whose contravariant components arc A% and N®% then from
eqguation (2.7) we obtain

(2.8) cos 0 = apg ASNB =r.

With the he]p of (2.3), (2.4), (2.5) and (2 7) we have
2.9 aupitif =1 = gt th 402
From (2.8} and (2.9) we get
(2.10) sin* — g, 14,

Since we know that a curve in ¥,, which is immersed in ¥,;,, can be rcgarded as a-

curve cither in ¥4, or in ¥, and hence has s curvatures and » normals relative to ¥,. We
shall denote curvatures and unit normals relative to V4, of a curve in V,,, by K, (r =1, ..., )
and #.|*(¢ =2, ..., n + 1) and those relative to ¥, by &." (r=1,. vy i— 1} and Er=2,..,m)
respectively. The urut tangent to the curve will be denoted by #,|* or E,|f according as it is
regarded as a vector in ¥, 4, or in ¥V, respectively.

3. Hyper-asymptotic curves, As an analogue to the rectifying plane in ordinary space a
geodesic - surface in ¥, 4, is introduced. It is determined by the tangent vector to the curve
€ with equations xf = x7 (s} in ¥, (5 denoting arc length} and by the second normal of Cin ¥, ;.
If the vector with contravariant components 1% lies in this geodesic-surface, it can be
expressed as a linear combination of #,]* and ??aia Hence we have

3.1 A% — ‘”hla + cn,l%
where 4 and ¢ are to be determined.
Comparmg (2. 7) w:th (3.1) we have
3.2) ‘ St r NY =an)” + cnz,l“.'

Differentiating the relation #,{* = &,|f ¥%; with respect to the arc length s of the curve we
obtain
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(3.3) Koy maf® = K 5,10 p%, - 20 B 8 N

Writing Ky, in place of @y t,|i%,lY, equation (3.2) takes the form

Y4t N =aq [+ —(K’E,i*y i+ KNG,

or
(3'4) ir: +’Naﬁa?]lau Iﬁb(K Eally i + E‘IN )9
where .
c -
b - ‘—Iz,: -
On multiplying (3.4) by a,p N# and summing on « and making use of (2.4) and (2,5) we
have A ’ ‘ .
(3.5 o r=b K
since . _ agp NBq [* =0,

Agaih multiplying equations (3.4) by aqp yﬂ,j and summing on «, we have by the use
of equation (2.3} and (2.4) the » equations

a.6) gt = ag 5 |l + 6K, gLl

where we have used 5,|% = »%,%,[4, as in (2.6).

Naw by multiplying equation (3.6) by §, |-’ and summing on j and using the resulits
g,lgi £/ =1 and g”EE Byl =0, we obtain

3.7 - Eijf"gnfj =a.
Substituting for ¢ and & from (3.5) and (3.7) in (3.6) we get

(38) . . g f 7*?1]&[: (gpq’p lq) "i' | K‘z g:JEl

multlphcatlon of equation (3. 8) by glk summation on j and the replacement of tk/r by e leads
to equation .

(3.9) | K Gl - Ky (e — g, PEFED =0,

We shall call (3.9}, the differential equation of hyper-asymptotic curves. We shall
study these in the next section,

4. Some Properties. For a congruence specified by the parameters /%, solutions of the »
equations (3.9) determine the hyper-asymptotic’ curves in ¥, relative to that congruence, The
parameter r can not vanish under the assumption that the direction 4% is not in .¥,. The -left
hand members of equations (3. 9) may be dencted by 1'%, which we shall call the contravariant
components of the hyper-asymptotlc curvature vector. A hyper-asymptotic curve of ¥, with -
respect to a congruence determined by the parameters I* may therefore be defined as a curve
along which the hyper-asymptotic curvature vector is a null vector,
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Using the relation &i; f— 1, the equation (3.9) can be written in the form

(4.0 : k= Ky Bk — K, vk =0,
where : . :
“2) ) vk =gijEl|i(’kEL|j”ﬁ"iEL|k)- A i

In (4.1) if K], = 0 (i.e. C is an asymptotic curve of order 2, HavDeN [*]} and if Ik = ¢
we get either X" = @, (i.e., Cis a geodesic of order 2, Srivastava [*]) or the vector with compo-
nents £,J% is a null vector.

Hence we have the following :

Theorem (4.1) . The necessary and. sifficient condition for a hyper-asymptotic curve to he an
asymptotic ciwve of order 2 is given by either of the following : .
(iy it be a geodesic of.order 2.

(ii) the vector with components €)% be a mull vector.

In addition to thls, if K,” =0 and if 'k = 0 we get either K, |, = 0 or the vector with
components #* is a null vector. Thus we have the following ;

Theorem (4.2) . The necessary and sufficient condition for a hyper-asymplotic cirve to
be a geodesic of order 2, is given by either of the following 1

(i) it be an asymptotic corve of ovder 2.
(i) rhe vector with components vk be a null vector.

The magnitude K of the vector " is given by
@3 | K =g I .

Since tk/r == I% then with the help of (2.8) and (2.10) we obtain the following eciuati;)n
44 gijlit) — tand.

The angle « between the vector /¥ and E,|* is given by

(4.5) 008 X = gy, g, |%.

From (4.3), (4.1), (4.4) and (4.5) we obtain that in terms of § and =, the magnitude of
the hyper-asymptotic curvature vector is given by

(4.6) K, =K',—K,|, tan B sin «,
where K" is the curvature of the curve which is the geodesic of order 2 in V, and Kl is

the curvature of the curve which is an asymptotic curve of order 2. It is observed that lf 0=0,
the hyper-asymptotlc curve is a geodesic of second order,
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OZET

Bir Rigmann uzayma ait bir hiperyiizey {izerindeki hiperasimptolik egriler, hiperyiizey
fizerine gizifmis dyle efzilerdir ki bunlarm her noktasinda Riemann wzaytmin. ézel bir
geodezik hiperyiizeyi, ilk verilen hiberyﬁzey fizerinde tanimlanan bir vektér afanimn o
noktadaki elamamni ihtiva eder ; vukarda s6z konusu edifen geodezik hiperyiizey, Euklid
uzaymdak] bir efrinin rektifyan diizleminin bir bakimdan benzeri kabul edilebilir [1], [2].
Bu aragtirmada, hiperasimptotik fefrilerin diferansivel denklemi yeni bir voldan elde

. edifmiz vc bu egrilerin bazt Szellikleri gosteriimistir. :




