CONGRUENCES OF CURVES IN A RIEMANNIAN SPACE — III
M. D. Urapuyay

Consider a set of m-n congruences of curves in a Rimannian spacc Pm, such that one

cueve of ¢ach congruence passes {hrough each point of a given subspace of reference

Vn. The object of this paper is to determine the equations of the focal swbspaces of

the congruence and those of the oershogonal norsial directions at a point of a curve of
the congrucnce.,

1, Introduction, Congruences of curves in a Riemannian space V), of coordinates xf (f = 1,2
... #) ' imbedded in a Ricmannian space J,, of coordinates ¥« (z = 1,2.../m) have been studied
by Urapayay [']1[*?) and other authors. In this paper following the notations of UpADHyay
['1[?] we shall obtain the squations determining «Focal subspaces» and «Ovthogonal normal
direciions» at a point of a curve of the congruence.

Let us consider a set of #7 - » congruences of curves in ¥, (m > n) such that one curve of
each congruence passes through each point of V. Let s, be the length of a curve of the cong-
ruence-., (say) measured from a point P with coordinates ¥« at which the curve meets v, to
another point on the curve, ¥, is known as the subspace of reference. The fundamental ten-
sors of IV, and V,, are connected by the relation

(1.1 8¢y = awp Yo 5 YB

/ i

where semi colon (;) followed by a Latin letter denotes tensor derivative with respect to ¥'s.

2. Focal Subspace. The infinitesimal distance between two adjacent curves of the congru-
enge - 4., from a point y‘fl (x', x%, ..., x", 5,) on the former curve to another point y‘:‘l
(x' - dlx!, x% - dx5, ..., 2" + dx", 5, + ds,) on the latter is of the second or higher order.
Therefore, neglecting quantitics of the second and higher order, we obtain

y‘: (XY, %2, 8™ 80 ) =y':| (' o' x® x5, - odsy)

ie.
oy ay*
Lo dei < —
.1) i A T ds, =0,

13 Throughout this papsr Latin letters £, j, k, ... take volues from 1 to n, early leiters w, B, v, 5,0
of the Greek alphabet take values from 1 to st and later leiters p, v, &, = .. take values from

n-+1 to wi.

2y The numbers in square brackets indicate references which are glven at the end of the paper.
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9P , .
Multiplying " (2.1} by aep (Eﬂ_) dx! we get
. >j

=l

2.2)

-G e
A2 <3J’,,

Gup | =
“Taxt | Os,,

) dxldel =0
HE

From (2.2.) we have

(2.3) Coij dxt dxl =0

which is satisfied when

(2.4) Det | eqi| =0
where
' M

The value of s, in (2.2} cortesponds to the focal points on the curves of the congruence -
A, by analogy with the focal points of a curvilinear congruence in an Euclidean space of three
dimensions [*]. Hence (2.4) is satisfied at all points of a subspace, which we call the «Focal
Subspacer. Thus (2.4) determines such a subspace.

3. Orthogonal normal directions, From (2,1} the infinitesimal displacement éy“, normal
to a curve of the congruence - 1., at the point A (y‘i‘l ) is given by [']
o0

, .
= O, = ¥ o 0

But we have [']

(3.2)a ds, = — p, dx¥
where

o
(3.2)p 7 P = tup ’c]sﬂl J’Eu:i'

By- virtue of (3.2), and (3.2); the equation (3.1) takes the form

™ ay ‘
3.3 <l : - 7 A
(3.3) P dxt —po, Er dxi ZZuf

so that u? are the components of an infinitesimal vector normal to the curve of the congruen-

Ce = Ary .

Let u:‘l and ufl be the components of two such normal directions, = and p having fixed

values. Tf these directions are orthogonal, we have

G4 Qug U, 8P =0

]

With the help of (3.3), (3.4) can be written as
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T oy BP o &> 0P
Qg — Py —IL = — P — 1
oxt g/ dsy; ax/ axi  ds,
(3.5 '
a* e . .
Tl | et g = 0.
i D51 P asr;‘ asul AT dx

At the point M, the normal directions which are orthogona! arc detcrmined by the ratio dxi:
dx/. The determinant of (3.5) is

3.6 a Det | Aij| = 0
where
w5 W s W

¢ def d
Al =0 | e T B

(3.6) b
9t B By‘:" ayfI

<l <
Pugni e, TP Pa T s,

In particular, for a hypersurface, m = n + 1, andthe = -#n congrucnces wiil reduce to a
single congruence, Therefore &, will have only onc valuc, say, & Then the equation (3.5)
reduces to

3.7 : ds(@—1)=0

where we have used (1.1) and the definition

Axf gor
(38) T =i
Ay,
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OZET

Bir Vi Riemann uvzayinda, Vo ile gosterilen bir kargilaghrma altuzaymun her bir nokta-

sindan sadece birer e@risi gececek gekilde gizilen m-n egrisel kongrilanslarmdan meydana

gelen bir sistem gdzoniine almiyor. Bu aragtirmanin  giyesi, by konurians sisteminin

odafe altuzay’larinm  denklemlerivle kongrdanslara ait bir efrinin bir noktasindaki orto-
gonal normal dogrelty’larinin denklemlemlerini bulmaktadir.




