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M . D . U P A D H Y A Y 

C o n s i d e r a set o f m-n congruences o f curves i n a R i m a u n i a n space Vm , s u c h that one 
c u r v e of e a c h c o n g r u e n c e passes t h r o u g h e a c h point or a given s u b s p a c e o f reference 
F j i . T h e object o f this p a p e r is to de termine the equat ions o f (he focal subspaces o f 
the c o n g r u e n c e a n d those o f the orthogonal normal directions at a point o f a c u r v e o f 

the c o n g r u e n c e . 

1. Introduction. Congruences o f curves i n a Riemannian space Vn o f coordinates xl (i = 1,2 
... it) imbedded i n a Ricmannian space Vm o f coordinates Y* (x = 1,2...tri) have been studied 
by U P A D H Y A Y [ ' ] , [ * ] * ) and other authors. I n this paper fol lowing the notations o f U P A D H Y A Y 
[ ' ]>[*] we shall obtain the equations determining «Focal subspaces» and «.Orthogonal normal 
directions)) at a point o f a curve o f the congruence. 

Let us consider a set o f m - n congruences o f curves i n Vm (m > «) such that one curve o f 
each congruence passes through each point o f Vn . Let stl be the length o f a curve o f the cong­
ruence-^, (say) measured f rom a point P w i th coordinates F a at which the curve meets Vn to 
another poin t on the curve. Vn is k n o w n as the subspace of reference. The fundamental ten­
sors of Vn and Vm are connected by the relation 

(1.1) Si}=a*» Y«u yP->; 
where semi colon (;) fol lowed by a L a t i n letter denotes tensor derivative w i t h respect to .Vs. 

2. Focal Subspace. The infinitesimal distance between two adjacent curves o f the congru­

ence - Jl^ f rom a poin t (x\ x2, x", s t l ) on the former curve to another point 

(x' -\- dx', x2 -|- dx9, .... x" + dx", sTI + ds1}) o n (he latter is o f the second or higher order. 
Therefore, neglecting quantities o f the second and higher order, we obtain 

(x\ X V . . , *V M ) =y*, + dx\ x2 + dx\ ...,xn + dxn, sT + ) 

(2.1) 
dx1 cl*\, 

i ) T h r o u g h o u t this paper L a t i n letters I, j , k, ... t a k e va lues f rom i to n, ear ly letters « , p, Y I 8, . . . 

o f the G r e e k a l p h a b e t take va lues f r o m 1 to in and la t er letters « , v, a, T . . . take va lues f r o m 

n + 1 io in. 

T h e n u m b e r s in square brackets indicate references which, are g iven at the end o f the paper . 
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Mul t ip ly ing" (2.1) by aa& \ ^ ^ £/x J we get 

dy* /a/ , , 
(2.2) ^ T ^ i ^ ^ ^ - 0 
F r o m (2.2.) we have 

(2.3) C^ijdxidx' = 0 

which is satisfied when 

(2.4) i)<* | c T 1 , j | = 0 

where 

The value o f sT, i n (2.2) corresponds to the focal points on the curves o f the congruence -
AT, by analogy w i t h the focal points o f a curvilinear congruence in an Euclidean space of three 
dimensions [ a ] . Hence (2.4) is satisfied at all points o f a subspace, which we call the «Foca! 
Subspacev. Thus (2.4) determines such a subspace. 

3. Orthogonal normal directions. F r o m (2.1) the infinitesimal displacement 5ya

t normal 

to a curve o f the congruence - JlT | at the point M (y^ ) is given by [ 1 ] 

Bu t we have [ l ] 

(3 .2) a - — p „ dx< 

where 

By virtue of (3,2),, and (3.2)& the equation (3.1) takes the fo rm 

a/ ay* a r 

(3-3) (fxi - P n dx* ^ , 

so that «* t are the components o f an infinitesimal vector normal to the curve o f the congruen­

ce - A T ] . 

Let «" ( and « ^ be the components o f two such normal directions, % and ft having fixed 

values. I f these directions are orthogonal, we have 

(3.4) a ^ ^ u ^ ^ O -

W i t h the help o f (3.3), (3.4) can be wri t ten as 
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flap 

(3.5) 

Sx* dxi P^ 9s„ $XJ 

dxute* = 0-

A t the point M , the normal directions which are orthogonal are determined by the ratio dx': 
dxJ. The determinant o f (3.5) is 

(3.6) a 

where 

(3.6) b 

Del I A^ij I = 0 

A .. def W. 97 
9x £ $XJ 

a ,̂ a^ 
a î dxJ 

f)xi a*... + ^ ' y^. as,,, aj'H| O J ^ I 

I n particular, for a hypersurface, in = » + 1, and the m - « congruences wi i l reduce to a 
single congruence, Therefore ,sTl w i l l have only one value, say, s. Then the equation (3.5) 
reduces to 

ds(Q — 1) = 0 (3.7) 

where we have used (1.1) and the definit ion 

(3.8) 
„ 3* ' dtfn 
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Ö Z E T 

B i r Via H i e r n a n n u z a y ı n d a , Vu ü e g ö s t e r i l e n b i r k a r ş ı l a ş t ı r m a al t uzay m m h e r b i r n o k t a ­
s ı n d a n sadece b i r e r e ğ r i s i g e ç e c e k ş e k i l d e ç i z i l e n n ı - n e ğ r i s e l k o n g r ü a n s l arın dan m e y d a n a 
gelen b ir s i s tem g ö z ö n ü n e a l ı n ı y o r . B u a r a ş t ı r m a n ı n gayesi , b u k o n u r ü a n a s is teminin 
odak altuzay'lanıım denklemler iy le k o n g r ü a n s l a r a ait b ir e ğ r i n i n b i r n o k t a s ı n d a k i orlo-

gonal normal doğrultu' h ı r ı n ı n d e n k l e m i e m l e r i n i b u l m a k t a d ı r . 


