ON THE MEAN VALUES OF ENTIRE FUNCTIONS OF SLOW GROWTH
REPRESENTED BY DIRICHLET SERIES

G. §. SRIVASTAVA ')

Particular 1ypes of means are defined for an corire function expressed by means of a
DICHLET series. Resalts congerning limits of these means in connection with the lega-
rithmic and lower-logarithmic orders of these funciions arve obtained,

=

1. Introduction. Let f(s} = Z a, ' *a, where {a,} is a sequence of complex numbers,

==l

g=~0-it, 4, >0, L4, <4, and lim sup

R "

log n , .
T D =7 o represents an entire function.

@y )
Set M(ay = lub. |f(e 1 ir)| and p(e) = max {ja,]e *} denote the maxzimum term
e =i

in the expansion of f(s) . We shall always take D = 0. It is well known ['], that for functions
of finite RiTr-order g,

(1.1) log M{s) ~ log g(a).

The means of f{(s) are defined by

T
(£.2) v.(a) —‘T{lll‘lm »2% f |flo - a)fedr, O <k =2 — oo,
T
o
1
)] mﬁ.k(ﬂ) — -W f Vk {(x) Y gy
0
o T
. i
=1 —_— C TA R L AN AN
le:o 2T65°f f | £ + ity & e® dx dt,
¢ —T

0 <6, k<)

Similarly we define mean values of fU™) (s), (m = 1), the m-th derivative of f(s).
Now let the RirT-order of f(s) be zero. We define the logarithimic order and lower-loga-

rithimic order [*], by
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Correspondingly, we define the mean values of f{s) of zero order by (1.2) and

1 Lig
o (o) = — f v () xd ey, 1l << < o

(1.5) —}15130% . f f]f(\ i) [ xd—1 i dr.
0 —T

Similarly for fU™)(s), (n==1) we define

T =
(1.6) vg (o, FOPY) = lnn E f 116 (o + if) |k dt, 0 < k < ;
—T =
1 f |
(.7n Fauge (8, M) = = f e (x, fM) X0y, 1 <k < o
0
A 2T1 f f | £ G - i) Jo x>ty di.

0 —Tr

In this paper we study some properties of v,.(0) and v, {(6) etc. for & = 2. We shall denote
ve(v) by v(a) and vg,z(0) by vs(s) for & — 2. The functions v(e, fI™) and vg(e, FU"N carry
the same meaning for fUm} (s).

2. Lemmas.
Lemms 1. 0% v(o) is a convex funciion of v {s) ob.

Prosf. We have:

d(ga V(G)) (ga "'(ﬂ))

d (68 vy{a)) =

I 0o (o)

dv (a)

§ad—Ly(a) + g5

ad—! (o)

dlog v(o)
do

=d 40
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————d log (o) and therefore o (———j log v(o)
da do

is positive increasing, Hence o9 v(s) is a convex function of o3 rg{o) .

Since log v(v) is aconvex function of o, {*], it foilows that

Yemma 2, vg{o)} incregses with log o and logvg(o) is a convex function of logo,
Jor 6 =0, .

Proof. We have, by the definition of ry(s),

dlogva(e)  d ﬂ, NP
Tdloge =Y s [log{f‘(v‘)-«\ ﬂ'—\’j‘ rﬁloga]
0

v{o}

 ra{)

Since 63 v(s) is a convex function of odvg(o), the right hand side above is a positive,
indefinitely increasing function of o for s > ¢, (say.}) Hence

d* log valo) d 126))]
dog o)® ? da ( )

do \ v5(0)
>0 for 0> a,.

Hence log vgls) is a convex increasing function of log ¢ and lemma 2 follows.

Lemma 3. lim Jogvple) o
g

F o0
Proof. Since (o) is always a positive and increasing function of ¢ ; we have

-

1
vp (3) = f v (x) x8 -t gy

0

.

= ---l~r f v(x) xd—'ex

S on!

. . log o . log vglo .
Since Iim __g__(_l =: oo, we have lim iJ!Q = o and lemma 3 follows.
o0 & g [+

Next we prove:

Theorem 1. For v(o) defived as in 1.

. log log v(s) 2
ligm 380 25275 7/
(2.1) I int lOg 4 i
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Proof. We have

T
\ . i
(o) = lim —. ’ iy |2
v(o) Jan = f|_f(a+ i de
—T

= {M{@®)}*.
or
log v{s) == 2 log M(a)
or
log log v(g_)_ = 01y + log log M (o) )
log o log o

Therefore

. sup log log v(n) sup loglog M{m 8
) lim %P SRASEGFR | sup 05 USRS T,
(2.2) oo inf log @ = UEE inf log ¢ i

Again, proceeding as in [?], it can be seen very easily that
20\

@.3) o) = ) layfre "

n=1

for all s = o . Since the series on the right hand side is of positive terms,

0 ),
o) =|a,|*e ", u=>1,0 < oo,

Hence, for all 6 < <0

s} = { ple) }?

or
log log v{o)} ~ (1) + log log p (5)
logo log o
or
. sup loglogv@@) _ . sup loglogp(s) @

9. lim 9P 76 55 "\ o gy fup _S& Vs RV 7
2.4) oo 0 log o = g log o q

Combining (2.2) and (2.4) we get (2.1).

Theorem 2. If f{s) is of logarithmic order § and, lower logarithmic order 1(1 = 1, § = o)
then

{2.5) lim P Joglog v(o) _ Q.
oo log o 1
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Proof., Since v(c) is an increasing function of o,

20

b
"(of’) {1i(%~) }:g (217)6[ V() ¥8—1 dx
il
= ~(—21&-)-5 f w(x) x8 -t dx == 152(m)
L)
Hence log v(s) + 0 (1)} = log vg (20}
or
log log v(0) log log v5(20) log 25
= P =
loga T = log (2a) log o
or
. log log ¥(o) ;o sup  10g log vale)
fim S 298 0B W9) . iy sue 08 OB ¥8.9)
(2.6) U..—; inf log o = e log
Conversely we have
T
1
() = 00 + 25 [ ) 30,0,
o1
2a
= 0{1) + _,,18 f p{x) 78 dx
[:3 %
(2o
<o -+ &2 (23 —owy)
Proceeding as above we get
. fog log vy(o} . sup log log via)
lim 70 225 8 PO - lim $UP Ee B RO
2.7 Pt inf Tog a = . i Tog a

Combining (2.1), (2.6) and (2.7) we get (2.5).

Theorem 3. If f(s) is an entive finction of logarithinic order § and lower logzarithimic order

T(1=1, 8= ) then

cup log {10} jva(@)} @

g lini § .
(Z,b) g inf’ ]og P j':
Proof. Let
lim sup log {v(@) jva(e)} _ L.
o log o

Let 1 <L <2 oo . Then, given ¢ > 0
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ve) | (Lra) g '
(2.9 m <l 0 for all o > o,. ")

Now

¢
log {18 va(t)} = log { f (x) xB—! dx} .
\]

Differentiating on both sides

%’ {15 va(t)} -

] v(r) 18-t vyt
T vail) ! "6(” 0
[ESERE”
0
Integrating from o, to « on both sides
o
@10 tog (0 ra(o)} — Tog [o,0 vafe) | + [ JOL .
g
Hence wsing (2.9}
6L+E
log {6® vy(0)} ) =2 O(1) + L
or, by lemma 3,
UL+E

log 1(@) {1 +0(D)} < 0() + [ 5 = 0,

or
log log va(o)
=S TR (Lo . -
fog @ AL (140D}, 60,
or
@.11) lim sup Joglogvse) o o,
) o log ¢ -

which obviously holds i L = o .

Again we have by (2.10)

2g
log { (209 vo(20)) -~ fog { 0,0 vaton)) 1+ [ L1 4L
2g ) d
. X i .
Zow+ [355 5

@

1) oy need not be the same at cach oceurence.
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{x)
va(x)

Since is an increasing function of x

v(o)

log { (20)% vg(20) } = O(F) + 2]

log2

= 01y -+ o jog 2
for a sequence of values of o tending to infinity, or

(2.12) lim sup M@

=~ [ .
520 log o

If L — «o, then by taking an arbitrary large number in place of (L. — ¥} wc get

Iimn sup loglog va(s) _ o
. log a

Hence combining (2.51) and (2.12) we get

log log vg(a)

lim-sup —= "= "% _ 5. [
5w log o
or
lim sup %log (o) [ ve(o) } = .
aT+D log a =
Similarly we can show that
lim inf _log (o) / 7o) } =1
g-m log o

and thus the proof of Theorem 3 is completed.
Corvolary. If f{s) is of finite logarithmic order o ,

(2.13) log v(o) ~ log ¥g(v) ~ 2 log M (3}

we have from (2.8)

(X&) log o < log v(s) — log v5(c) < (0 + ¥} loga, o> o,
or
(A —s)loge logw(o)  (3+4«)logo
-_ 1 < «Z
log v50) log vg{o) log vg(o)

+1-

Taking limits as ¢ + ~ we get the result in view of Lemma 3 and Theorem §.

31

3. 1In this section. we shall investigate the relationship beiween the means of f(s) and

its derivatives f(™) (s}, We prove :
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Theorem 4. If va{o) and vg(o, ) denote the mean values of f(s) and its first derivative

then we have for ¢ = g, ,

> s { SR

Preof. We have

¢ T
. . f
glo, FO) = Him _.. 1) fx - Y12 25—t & 8 a
"ok, SO) '1-_1021"05.[_[“ (x +in|Pxd—tdxdr, 1 <8 < oo

o —T

tim Hx + i) — flx—ex + ir)
EEY) Ex

1
x50 oy . dt

o T
.y
t—o 27T 0d

== Him
s —T

Jx + i) —fx—ex L ir)
X

2
x8--1 } dx dt

. - 1 '
vgfo, fO) = lim lim ————
oo /1) Tow g0 2T 6% 0 ff{
c —T

Fx +in | — | fix —ex + if) I}? xﬁ—":\dx dt.

= {im lim —
fow g0 2T&% ob“ .

Now by Mmixowskl’s inequality

Tt

flx A it) I —

/4 !

-7

. l:{( j:if(-"- P dt)é _( lef(?—Tx_-i- i |2 dt )'i'}Z,
= —r

hence

o

T

1 1

oo 1092 fim 1 e | [{( 1 i)’
—T

)]

T @
([ ora ffee)
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Again, by MiNkowski's ineguality

9~

Tom e 2Te2gH T2

a T
velo, SO > Lim Hm b [{ f f [fix + iz xb—"dx df}'

o —7T

a T e

uk{ f fif.(xfﬁx - it |B xd— dx o }"‘]
0 —T

1 1

= Hm l: {VE(U) }i — {VS_(_O — 5'1)} 2 :|2.

Pt gaq

log vs{o}
log ¢

tion of fog o for ¢ = o, , it follows that g(e) is a positive increasing function of ¢ for ¢ > o,.

Therefore

Let us set glo) — . Then, since by lemma 2 log v4(s) is a convex increasing func-

rato, S0 = lim

[ g2/ (o — &0) glo—zg)2 jle

[

= lim [
-0

| geeay £ T
- 2o

e log rglo) }?
- '6(6){ 20logo | ’

o802 ( 1—(t— E)L‘(U)/Z) ]‘A
E G

Hence Theorem 4 follows,
We give some applications of Theorem 4.
() If1<1<g<~ then
3.2 v8(0) < v, f0) < vala, fO) <
for sufficiently large values of o.

From (3.1) we have

fog {vs(5 , V) | v4(e) }* = log log ve(o) — log (2a) — log log o.

Hence

J’ N
i sup log (e, FO) [vs(@) ) ¢ L
oo log o T

Thercfore for any ¢ << 0 and all large o,

Age
Voo, SO0 = vgla), o
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Since 1 = 1 and 2 can be taken arbitrarily small we get

(o, f(7) > vg(o).
Writing this inequality for f()(s) , /1) (s) ,... and combining we get (3.2).
(i) For < A3 < oo,
o1

]
ay io sup 108 Dvafa £ [ rao) i @
. inf [Oga — 2 1

Writing (3.1) for the function (=" (5) we have

valo, fi"™) _ flog vale) 1P
r5l6) —1 20 logs §

Writing this for m = [, 2, 3,...... mand multiplying the resulting inequalities, we get

valo, /™) _ § log va(e) }2"'
vg(e) "~ ) 26logo

since vg(e) < vl , f) < vgla, fI) o L, for I 1L

Henee we have

1

lim  sop J08 (vs(o, SO [ v}y €1

G- oo i’ lOg D) — i—1
and (3.3) follows.

REFERENCES

[t] Yu C. Y. 1 Sur les droites de Barel de certaines fonctions entiéres, Ana. Sci. de 'Ecole Norm. Sup.,

68 (2951), 65 - 104,
[?] Trreumarsy, E.C.  : The theary of functions, Oxrorp (1950), 303 - 304,
[3] Kamruan, P.K, : O the mean values of an entire fanction vepresented by Dirichlet serics, Acta Malh.

Acad. Sci. Hung, 15, (1964), 133 - 137.
[4] Rapman, Q. L T On the maximum modnles and coefficients of an entive Dirichlet series, Tohoku

Math Y., (2) B (1956) , [08-113.
DEPARTMENT OF MATHEMATICS {Manuscript received Jamwary 28, 1870)

INnpDiaN INsTITUTE OoF TECHNOLOGY
KANPUR (INDIA)

OZET
Biv DiricuLET s:rsi ile verilen bir tam fonksiyon igin biz ortalamalar tanimlanmakita

ve bn ortalamalara bagh bax ifudelerin alt ve st fimitlerinin, fonksiyonun togaritmik
ve alt-logaritmik derecesi denen baz bayikliklerle ilgileri arasurimaktadir.
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