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The object of this pnper is lo give a further extension of the G A U S S - C O D A / , ^ IO some 
subspaces of a F I N S L E R space. 

Introduction. SINHA [ ' J ' ) has obtained the generalised. GAUSS and CODAZZI equations for 
BERWALD'S curvature tensors in a hypersurface of a FINSLER space, in the present paper, the 
same equations have been derived in the case of a congruence of curves associated to a subspace 
of a FINSLER space and some particular cases have been discussed. 

1. Notations and basic concepts. I n order to explain the notations and to clarify the con
cepts used below some basic formulae of the theory of FINSLER spaces and their subspaces 
are briefly presented here. Consider a FINSLER space Fn of n dimensions referred to a local 
coordinate system xi ( i = 1, 2,...,«), whose metric function F(x',x') satisfies the conditions 
usually imposed upon it [% cb. I ] . 

The metric tensor of F„ is defined by g{j (x , x) = - y 3,- 9y F2(x , x)'l\ and since this 

is positively homogeneous of degree one in x& , the tensor C;jk (x , x) -= ~ dk gt-j(x, x) satisfies 

the identities, 

Let the parametric equations of the subspace Fm of a FINSLER space Fn be represented by 
x ' = xl (ua), (x = 1, 2 , . . . , / « ) , where na are the parameters of the subspace. It will be assumed 
throughout that the function x' are at least of class C3, and that the matrix of the projection 

parameters j | B'9 \\ has rank m. 

We shall use the following notations: 

Ctjk (x, x) x' C i j k (x, x) je* - 0 . 

B'a = dax', = 9 a 3ß x f , 

A subspace vector u'* possesses components xi with respect to the coordinate system Fn which 

are given by x' = B'a w a. The induced fundamental tensor of Fm is given by 

0 The numbers in the square brackets refer to the references given in the end. 
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0.1) <>) = 

In terms of ihe tensor , which is the inverse of (1.1), one may introduce the quantities 

(1-2) Bf=g«PgiJBi 

and these in turn are the inverse of B'a : B'a Bf = Since the rank of the [ | B'a\\ is assumed to be 

m, it follows that there exists a field of (>i —• m) linearly independenl vectors A'{

f

v) normal to Fm 

and they may be chosen in a multiply infinite number of ways, given by the relations 

0.3) N((t)l Bl = gu B[ = 0, (,., o,p = „, + !,...,*). 

The set of vectors are normalised by means of the relations 

SU

 fA- x ) K) NU = COS ' "<»>> = • 
The following tensors vanish identically in any locally Euclidean (or Riemannian) theory of subs-
paces : 

M(vVJ(x,x) = Cijk(x/x)N^, 

1 

The connection coefficients of L . BERWALD P, ch. I l l ] are denoted by GjA and are used to 
define a covariant derivative. For instance, the covariant derivative of a covariant tensor 
Tfj (x, x) of degree two is given by 

0-4) r m = \ T S i - dr T„ dk G' - TT} G]k - T}r &}k . 

Since the connection coefficient G'hk is homogeneous of degree zero in x' we have 

= 0. 

The BERWALD and CARTAN connections are related by the relations 

2. Induced and intrinsic derivatives on the subspace. As remarked by R U N D [ s ] , since the 
;ed and intrin; 

satisfy the relation, 
induced and intrinsic BERWALD connections are identical, the induced parameters G^ft 

Let 

(2 .2 ) r « a = AU + r ! 
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where we have used the notations as in SINHA I ' I . The induced symmetric tensors and connec
tion parameters of Fm are given respectively by 

(2-3) ' A)k % B*' 

and 

With the help of these quantities we can define two types of induced mixed derivatives denoted 
by T!

al3 and 7 ^ and defined by 

(2.5) Ks = Fd& K + T^A^Bi-T^^, 

(2-6) J i n , -hK-KTlrZi,a + T^iBi~Ti^-
Substituting (2.2) and (2.3) in (2.1) we have 

(2-7) Gl, = fi- ( < , + i'li + + <^1* «° • 

With the heip of (2.7) and (1.5) we have, 

These quantities allow us to define the following mixed tensor : 

Simplifying (2.8) with the help of (1.5) and (2.1) we get, 

where 

The induced derivative ^ [ ^ r of f n e typ e (2.6) can be easily obtained as 

(2-9) Km = ~ Q i ^ z B[ + E^J'^ «° 

where 

We shall in particular require the covariant derivative of the unit normal N'^ of Fm defined by 

which by virtue of (1.5) becomes 
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On substituting the value of from (2.9) in (2.10) we obtain, 

(2-m N*Mh = - QMxriT Bi I £ ¿ „ 7 ^ i> 

• 3. The Generalised Gauss and Codazzi Equations. Consider a set of (n —m) congruences 
of curves such that one curve of each of them passes through every point of Fm . We consider 
the contra variant component of a unit vector in the direction of a curve of a congruence of cures 
as expressed linearly in terms of B'a and set of the normals to Fm ; 

V 

In order to derive the GAUSS and CODAZZI equations we must evaluate the «mixed» deriva
tives oF with respect to « B , noting that the mixed derivatives V'a^ = B'al^ . In view of (1.4) 

the value of i f ^ / r ^ is obtained as 

where H'Mj, / / « p y represent the components of the curvature tensors of Fn and Fm res
pectively, the first of these being defined by, 

The mixed covariant derivative of is given by 

V 

Again taking the mixed covariant derivative of (3.3) with respect to <A and considering the 
skew symmetric part in ft and y in the resulting equation, we get, 

ji _ f t T/i , DT ftt. 

Taking the mixed covariant derivative of (2.11), simplifying and considering the skew symmet 
ric part in % and y we have, 
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(3-4) "tUwi = - * "
 B^ ' - ' w ^ / v r U K)**** . 

+ £ i ) / / | r f ' ! k » P + , ; i / [ ^ i ; E 

+ < > C U *'Ci-

Similarly we have the following relations: 

(3-5) * C v i M = C ~K C "ir »» 

and 

(3-6) ^ ^ / T | = f i ' E / / ^ Y + < i / / W ( / 

Simplifying (3.2) with the help of (3.4), (3.5) and (3.6) we obtain 

O.J) «1 w K> *l - C C ) - " . V ^ 'id - K ae '£>> "5 

- ^ 3 , <4 F£'L Y - / « , < ) + 2 ^ ^ . u ) 
V 

+ 4 ) / I T " ° + * W > 4 M » £ + 4.) ' 4 < t i 

+ K> cUr *r W ^ + <>CW *r nil 
i" 2 £<)<W)/uVf] • 

v 

Multiplying (3.7) by gim B™ arid using (1.1), (1,2) and (1.3) we get, 

(3-8> Hlimki S A " » Y " ~
 B™£fii) 

V 
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Again multiplying (3.7) by and simplifying as above, we have, 

- K ̂  "S - * C i ̂  'J, »e 'V)f - fa B'-) 

v 

- £ ( W ^ U i << E A W E U V k, «/Y]] 

V 

Equations (3.8) and (3.9) which are based on a vector Aj^ of a most general nature can 
be regarded as generalisation of the GAUSS-CODAZZI equations in a subspace Fm imbedded in 
a FINSLER space Fn . 

4. Particular cases. The congruence of curves can be considered in the following three 
ways : 

(/) The vector in Fn lies in a space spanned by the normals, that is, 

(//) The vector AJ^ lies in the space spanned by B'a , that is, 

Kid = ) K • 

(Hi) The vector A^} is tangential to the curves, 

These equations can easily be obtained for the hypersurfaces of a FINSLER space as well. 
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ÖZET 

Bu arattırmanın gayesi, G A U S S - C O D A zzi denklemlerini FINSLÜK uzayların bâzı ıılluzay-
larırıa bir genellemektiı. 


