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RELATIVE FIX POINTS OF A CERTAIN CLASS OF COMPLEX
FUNCTIONS

DIBYENDU BANERJEE anxp BISWAJIT MANDAL

ABSTRACT. We introduce the idea of relative iterations of three functions and by using
this, we extend a theorem on fix point of complex functions involving exact factor order.

1. INTRODUCTION

A single valued function f(z) of the complex variable z is said to belong to (i) class
I if f(2) is entire transcendental, (ii) class II if it is regular in the complex plane
punctured at a,b (a # b) and has an essential singularity at b, and a singularity at a
and if f(z) does not assume the values a and b anywhere in the complex plane except
possible at the point a.
We can normalize the functions in class II by taking a = 0 and b = cc.
Throughout this paper we shall consider only such normalized functions, whenever
we deal with functions in class II.
Iterated f,(z) of f(z) are defined inductively by

fo(z) =z and fny1(2) = f(fu(2)); n=0,1,2,....
A point « is called a fix point of f(z) of order n if « is a solution of f,(z) = z and
called a fix point of exact order n if « is a solution of f,(z) = z but not a solution of
fe(z) =2, k=1,2,...,n—1.
In [2], Baker proved the following theorem.

Theorem 1.1. If f(z) belongs to class I, then f(z) has fiz points of exact order n,
except for at most one value of n.

Bhattacharyya [4] extended Theorem 1.1 to the functions belonging to class II as
follows:

Theorem 1.2. If f(z) belongs to class II, then f(z) has infinitely many fiz points of
exact order m, for every positive integer n.

Lahiri and Banerjee [5] generalized Theorem 1.2 in another direction. For this, they
introduced the concept of relative fix point defined as follows:
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Let f(z) and g(z) be functions of complex variable z. Let

fs(2) = f(9(f(2)) = f(9(f1(2)))
fn(z) = flg(f(g...(f(2) or g(2) according as n is odd or even) ...)))
= f(gn-1(2)) = f9(fn—2(2)))
and so
91(2) = 9(2)
92(2) = 9(f(2)) = 9(/1(2))
93(2) = g(f2(2)) = 9(f(91(2)))

90(2) = 9(fa1(2)) = 9( (gn_2(2)).
Clearly, all f,(z) and g,(z) are functions in class II, if f(z) and g(z) are so.
A point « is called a fix point of f(z) of order n with respect to g(z), if f.(a) = «
and a fix point of exact order n if f, (o) = a but fi(a) # o,k =1,2,...,n— 1. Such
points « are also called relative fix points.

Theorem 1.3. If f(z) and g(z) belong to class II, then f(z) has infinitely many
T(r,gn) .
T(T7 f’ﬂ)

relative fix points of exact order n for every positive integer n provided

bounded.

Recently, Banerjee and Mandal [6] proved the result of Lahiri and Banerjee [5] by
introducing the idea of relative fix point of exact factor order n.

A point « is called a relative fix point of f(z) of exact factor order n if f,(a) = «
but fr(a) # a and gx(a) # « for all divisors k& (k < n) of n.

With this definition Banerjee and Mandal [6] proved the following theorem.

Theorem 1.4. If f(z) and g(z) belong to class II, then f(z) has infinitely many rela-

T(r, fr_
tive fix points of exact factor order n for every positive integer n, provided M

T(r, fn)

is bounded.
In the present paper we first define relative iterations for three functions and extend
the result of Banerjee and Mandal [6] in that direction.

Let f(z), g(z), and h(z) be three functions of the complex variable z and m > 2 be
any fixed positive integer. We set

fi(z) = f(2)

fa(2) = f(9(2)) = f(g1(2))

f3(2) = f(g(h(2))) = f(9(h(2))) = f(92(2))
f1(z) = F(g(W(f(2)))) = f(g(h2(2))) = f(g3(2))
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fu(2) = flg(h(f...(f(2) or g(z) or h(z) according to n = 3m —2 or 3m —1 or 3m

)--)))
= f(gn-1(2)) = f(g(hn72(z)))

Similarly,
91(2) = g(2)
92(2) = g(h(z)) = g(h1(2))
93(2) = g(h(f(2))) = g(h(f1(2))) = g(h2(2))
94(2) = g(h(f(9(2)))) = g(h(f2(2))) = g(hs(2))

and so are

hi(z) = h(z)

ha(2) = h(f(2)) = h(f1(2))

hs(z) = h(f(9(2))) = h(f(91(2))) = h(f2(2))

ha(z) = h(f(g(h(2)))) = h(f(92(2))) = h(f3(2))

hn(z) = h(f(g(h...(h(z) or f(z) or g(z) according to n = 3m — 2 or 3m — 1 or
3m)...)))

= h(fn-1(2)) = h(f(gn—2(2)))-
Clearly all f,,(2), gn(2), and h,(z) are functions in class II, if f(z), g(2), and h(z) are
s0.
The following definition is now introduced.

Definition 1.5. A point « is called a fix point of f(z) of order n with respect to g(z)
and h(2), if fn(a) =« and a fiz point f(z) of exact factor order n if f,(a) = « but
fr(a) # a, gr(a) # a and hi(a) # « for all divisors k (k < n) of n.

2
2—2

1 2
Example 1.6. Let f(z) = 2+1, g(2) = 1 and h(z) = = Clearly, f3(z) =
Here z =1+ are fix points of f(z) of exact factor order 3.

Let f(z) be meromorphic in ry < |z| < 00, 9 > 0. We use the following notations [1]:
n(t,a, f) := number of roots of f(z) = a in ro < |z| < t, counted according to

multiplicity,

N(r,a,f) = /T Mdt,

n(t, 00, f) := (Ot,f) = the number of poles of f(z) in rg < |z| < ¢, counted with
due to multiplicity,
N(t,00, f) :=N(t, f),

27
m(r, f) := %/0 log™ |f(rei9)| do
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1 27 n 1
and m(r,a, f) = % A log m

With these notations, Jensen’s formula can be written as [1],
m(r, )+ N(r, f) = m(r, %) + N(r, %) + O(log).
Writing m(r, f) + N(r, f) = T(r, f), the above becomes
T(r, f) =T(r, %) + O(logr) .
In this case the first fundamental theorem takes the form
1) m(r,a, f) + N(r,a, f) = T(r, f) + O(logr),

where 7o < |z] < o0, rg >0 .

dé.

Suppose that f(z) is non-constant. Let aq,as, ..., aq, ¢ > 2 be distinct finite complex
numbers, ¢ > 0 and suppose that |a, —a,| > for 1 < pu <wv < gq. Then

(2) +Z (r,au, f) < 2T(r, f) = Ni(r) + S(r),
where .
Ni(r) = N(r, ?) +2N(r, f) = N(r, f'),

and

S(r) =m(r, Ji) + Z m(r, 7 f/av) + O(logr).

Adding N(r, f)+ > _, N(r, avqj}i to both sides of (2) and using (1), we obtain
(3) (¢ = 1T(r, f) < N(r, +ZNraU,f)+Sl()
v=1

where S;(r) = O(log T(r, f)) and N corresponds to distinct roots.

—0asr — o0

Further, because f, has an essential singularity at oo, we have

[1].

log r
T(r, fn)
2. LEMMAS

The following lemmas will be needed in the sequel.

Lemma 2.1. If n is any positive integer and f, g, and h are functions in class 11,
then for any ro > 0 and a positive constant My, we have

( fn-‘rp) T(Tvgn+p) T(thn-i-p)
T f) % T f) T(r, fo)

according to p = 3m or 3m — 1 or 3m — 2; m € N, for all large r, except a set of r

> M, or > M,

intervals of total finite length.

Proof. Case (i). When p = 3m, m € N.
In this case we consider the equation f,,1,(z) = a, where a # 0,00 i.e. fp(fn(2)) = a.
This is equivalent to f,(w;) = a and f,(2) = w;, (i =1,2,...).
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Because f, is transcendental, f,(w;) = a has infinitely many roots for every complex
number a with two exceptions a = 0, cc.

From (1)

T(r, fn+p) = m(r,a, fn+p) + N(r,a, fn+p) + O(log 7)
N(Tv a, fn+p) + O(log )

Y

vV
]
E
=
E
5

for a fixed M (> 3).
From (3) taking a,, = w;, f = fn, and ¢ = M, we obtain

M
ZN(T, wi, fn) > (M = 1)T(r, fr) 7N(7’v fn) = Si(r).

Since for large r, S1(r) < T(r, f), so

@ S N wis fa) = (F = HT(r, f).

Therefore,
T(r, fot4p) = M1T (7, fr), where My = M — 3,
outside a set of r intervals of total finite length.
Case (ii). When p=3m — 1, m € N.
In this case, we consider the equation ¢,,1,(z) = a, where a # 0,00 i.e. g,(fn(2)) = a.
This is equivalent to g,(w}) = a and f,(z) =w}, (i=1,2,...).
From (1), by same reasoning as in Case (i), we have

T(’I", gn+p) = m(r a gnJr;D) + N(T a gn+p) + O(lOg’I“)
(r,a, gn+p) + O(log7)

v
2\

N(r,wj, fn)

M=

1

.
Il

for a fixed M (> 3).
Now, we have as in (4)

M
ZN row, fn) > (M —3)T(r, f,).

Therefore, T(7, gn4p) > M1T(r, fr), outside a set of r intervals of total finite length.
Case (iii). When p = 3m -2, meN.

In this case, we consider the equation h,4,(2) = a, where a # 0,00 i.e. hy(fn(2)) =a
This is equivalent to h,(w}) = a and f,(z) =w/, (i=1,2,...).
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From (1), by same reasoning as in Case (i), we have

T(r,hpntp) = m(r,a, hngp) + N(r,a, hnyp) + O(logr)
N(r,a,hpip) + O(logr)

M
Z N(r,wi, fn),
i=1

v

Y

for a fixed M (> 3).
In this case, as in (4) we also have

M
S N(rw, fn) = (M = 3)T(r, fn).
=1

Therefore, T'(r, hptp) > M1T(r, fr), outside a set of r intervals of total finite length
and this proves the lemma. [J
If we simply interchange f, g, and h in cyclic order, then we obtain the following two

lemmas.

Lemma 2.2. If n is any positive integer and f, g, and h are functions in class 1I,
then for any ro > 0 and a positive constant My, we have

T(r, gnip) I'(r, hntp) T(r, fatp)
—_ —=>Myor ———=>M
T(r, gn) T(r,gn) ! T(r, gn) !
according to p = 3m or 3m — 1 or 3m — 2;, m € N, for all large r, except a set of r

> M or

intervals of total finite length.

Lemma 2.3. If n is any positive integer and f, g, and h are functions in class 1I,
then for any ro > 0 and a positive constant M

T(r, hn+p) T(Ta fner) T(r, gn+p)
T(r o) T by~ 0 0

according to p = 3m or 3m — 1 or 3m — 2; m € N, for all large r, except a set of r

> M, or > M,

intervals of total finite length.
3. MAIN RESULT

Our main result is given in the following theorem.

Theorem 3.1. If f(2), g(z), and h(z) belong to class II, then f(z) has infinitely

many fix points of exact factor order n for every positive integer n (> 3) provided

T(r,gn) T(r, hn)
and

T(r, fn) T(r, fn)

are bounded.

fn(2)

Proof. We consider the function ¢(z) = ==~ 1y < |z| < co. Then
P

(5) T(r,¢) =T(r, fr) + O(logr).
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Assume that f(z) has only a finite number of fix points of exact factor order n. Now
from (3) by taking ¢ = 2, a; = 0, a2 = 1, we obtain for ¢,

T(r,¢) < N(r,00,¢) + N(r,0,¢) + N(r,1,¢) + Si(r, ¢),

where S1(r, ¢) = O(log T'(r, ¢)) outside a set of r intervals of finite length [3].

— — "n(t,0
First, we calculate N(r,0,¢). We have N(r,0,¢) = / Mdu where 7(t, 0, ¢)

T0
is the number of roots of ¢(z) = 0 in ry < |z| < ¢, each multiple root taken once at

a time. The distinct roots of ¢(z) = 0 in ro < |z| < ¢ are the roots of f,(z) = 0
in rg < |z| <t . By the definition of functions in class II, f,(z) has a singularity
at z = 0, an essential singularity at z = oo, and f,(z) # 0,00. So 7(¢,0,¢) = 0.
Consequently, N (7,0, ¢) = 0. By similar argument N (r, 00, $) = 0. So

(6> T(Ta ¢) < N(’I‘,l,(b) +Sl(rv ¢)

We now calculate N(r, 1, ¢). If ¢(z) = 1, then f,,(2) = 2. Due to our iteration process
we consider the following three cases.

Case (i). When n =3m, m € N,

Now by Lemma 2.1, Lemma 2.2, and Lemma 2.3, for all large r, we have

N(T713¢) = N(r,O,fn—z)
n—2
< Z [N(r,0, f; —2) + N(r,0,g9; — z) + N(r,0, h; — 2)] + O(log 7).
J/m,j=1

Remark. The term O(logr) arises due to the assumption that f(z) has only a finite
number of relative fix points of exact factor order n.

} g [T(r, fj — 2) + O(logr) + T(r,g; — 2) + O(log7) + T(r, hj — z) + O(log )]
Voo

= 712_:2 [T(r, f;) + T(r,g;) + T(r, h;)] + O(log7)
= j{/;(j:}]) FT(r fiu) + o+ T iy o) + T fiy) +T(r fi3) + oo+ T, iy )

IN

+T(T7 fjs) + T(Tv fje) +.o.+ T(Tv fj3s)} + {T(T‘, gj1) + T(Tv gj4) +..t T(Tv ngp—2)

+T(T’ gjz) + T(T’ gjs) R T(T’ ngqfl) + T(T’ gj3) + T(Tv gje) +.o. T(Tv gj?’s)}

HT(r,hjy) +T(r,hyy) + .o+ T(r by, ) +T(r hyy) +T(r b)) + oo +T(r, by, )

+T(r, hjs) + T(ry hj) + .+ T(r, hys, )} + Olog ),
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where j1, ja, ..., J3p—2; 52,5, - - J3q—1, and 33, Js, - - ., jzs are divisors of n = 3m, and
are strictly less than n, and are of the forms 3p — 2,3¢ — 1, and 3s, (p,q, s € N),

. - T(T, fjg) T(T7 fje)
= T >fn){T(7,,7 fn) + T(r, f,) Tt T(r, fn) + T(r, fn) T(r, fn)
T(r, hjs) M}

T(T.7gj3p—2) (
- T fo) T T f)

)

Tt TG ) 7)

T(T7fj2) T(’I“ 35) T(T7fj3q71) (7“ gjs)
+T(r,g)| Y g T T g)

f
T'(r, gn) T(T In
) T(T, hjl) + T(Tv hj4) + (T h]3p 2):|

T(T, ijs) T(r g]l) + (Tv gj4)
r,

+...+

+

(T gje) T(T Yjss

T(r, gn) - T(r, gn) * T(r, gn) T(r, gn) e T(r, gn)
( f]1) ( afj4) T(T’ fj3p72) T(T’, gjg) T(Ta gjs)

Tk )[&h)+ T(rhe) T T b)) T he) T h)

T(T7 gj3q—1) T(Tv hjs T(Tv hjs) T(Tv hjas )} + O(log ’I“)

T he) | T(rhn) T Th) T T )
n—1 n—1 n

T f) + T (s, ) + Ollog ).

+

+... 4+

Case(ii). When n = 3m + 1, m € N. Now by Lemma 2.1, Lemma 2.2, and Lemma
2.3, for all large r, we have

N(r,1,¢) = ( - 2)

—2)+ N(r,0,g; — 2z) + N(r,0,h; — 2)] + O(log )

IA

Mﬂ
E
=
=
b’*

IN

Z (T(r, f; —2) + O(logr) +T(r,g; — z) + O(logr) + T(r, hj — 2)
J/m,g=1
+O(logr)] + O(log )

n—2

= Y [T f) + T(r.g;) + T(r,hy)] + O(logr)

j/mj=1
= {T(r, fj,) +T(r, fi) + ... +T(r, fis,_n) +T(r, fj,) +T(r, f}5)
oo+ T, fjog )} +{T(r,g5,) + T(r,g5) + -+ T(r, gjs, )
+T(r,95,) +T(r,955) + ... + T(r,gj5,_.)} +{T(r, hy,) + T(r, hy,)
o A T hyay o) +T(r ) + T(ry by ) + . 4+ T(r, by, )} + Ologr),
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where ji, j4, - .-

,J3p—2 and j2, Js, . .., jag—1 are divisors of n = 3m + 1 and are strictly

less than n, and are of the forms 3p —2 and 3¢ — 1 ( p,g € N),

Case(iii).

N(r,1,9)

R R [ N (AR
b ) )y T (T(hg))}
RIS TR R T
+m+ W]—FO(logr)

n—1

n—1 n —
T(r fo) + —T(r,gn) + ——T

6n 6n 6n (r; o) + O(logr).

When n = 3m + 2, m € N. Now by Lemma 2.1, Lemma 2.2, and Lemma
2.3, for all large r, we have

IN

IN

Z [N(r,0, f; — 2) + N(r,0,g; — z) + N(r,0,h; — z)] + O(log )

Z (T(r, f; —2) + O(logr) +T(r,g; — z) + O(logr) + T(r, hj — 2)
J/m,g=1
+O(logr)] + O(log )

n—2

Y [T f5) + T(r,95) + T(r, ;)] + O(log )

J/n.g=1

{T(r, f5.) +T(r, fi,) + ...+ T(r, fis,_n) + T(r, fi,) +T(r, fj5)

o+ T, fjog )} +{T(r,g5,) + T(r,g5,) + -+ T(r, gjs, o) + T(r, 95,)
+T(r,gj5) + ... +T(r, gjsy_ )} AT (r, by, ) +T(r, hy,)

+o T by, ) +T(r, hyy) +T(r b)) 4.+ T(r, hys, )} + O(logr),
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where j1,ja,...,J3p—2 and j2,Js, . .., jzg—1 are divisors of n = 3m + 2 and are strictly
less than n and are of the forms 3p — 2 and 3¢ — 1 (p,q € N),

T(’/‘, sz) + T(r7 fjs) + + T(T7 fj3q71) + T(T7 hj1)

= TOINTGy TTeg TT TTw T g
T et ) T [T + 7
e T T T T T
o R 30 g
+%+ T;’"é:ﬁ;)l) + O(logr)

< T ) + T g0) + T ) + Ollog ),

Thus in any case,

+ P20, gu) + " T, ) + Olog ).

T(r,g.) o T(ha)
T(r, fn) T(r, frn)

N(r.L,¢) < "o =T f) +

So from (6) and since are bounded, we have

T(r,¢) < ”6‘an(r, fu) + %T(r, ) + %T(r, ha) + O(log ) + S1(r, 6)
_ n6;1T(r, fu) + %T(r, ) + %T(r, h) + O(log r) + O(log T(r, )
-1 n=1T(r,gn) n—=1T(r,h,) OQog(T(r, frn)+ O(logr)))
< T f”)[ 6n T(rfn) 60 T(rfu) T(r, )
O(log r)}
T(r, fn)
n—-1 n-1 n—1 OQog(T(r, fr)1+ f}(if’fcr))))) O(log)
< Tl f) [T T e TG f) TG f)
1 OQog(T(r, fu)(1+ F5%7)  O(logr)] 1
< Tz T( 1) * T ) =270

for all large r.

Therefore, T'(r, ¢) < $T(r, f,) for all large r. This contradicts to (5). Hence f(z) has
infinitely many relative fix points of exact factor order n.

This proves the theorem. |
Remark. Since fix points of exact order are fix points of exact factor order, if

= ¢g(z) = h(z2) then T(r,gn) an T(r, n)
f(2) = 9(2) = h(z) then 722 and s
Theorem 3.1.

being bounded, Theorem 1.2 covers
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