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Abstract. The initial idea of this paper is to investigate the split complex

bi-periodic Fibonacci and Lucas numbers by using SCFLN now on. We try

to show some properties of SCFLN by taking into account the properties of
the split complex numbers. Then, we present interesting relationships between

SCFLN.

1. Introduction

The literature contains many articles that related to the special number se-
quences such as Fibonacci, Lucas, Pell ( [2, 3, 6, 8, 14, 15, 17, 18]). One of these
articles goes through to the bi-periodic Fibonacci (or, equivalently, generalized Fi-
bonacci) and the bi-periodic Lucas (or, equivalently, generalized Lucas). In [3, 6],
the authors introduced and studied bi-periodic Fibonacci {qn}∞n=0 and bi-periodic
Lucas {ln}∞n=0 sequences that depend on two real parameters used in a non-linear
(piecewise linear) recurrence relation as defined below.

qn = a1−ξ(n)bξ(n)qn−1 + qn−2, n ≥ 2 , (1)

ln = aξ(n)b1−ξ(n)ln−1 + ln−2, n ≥ 2 , (2)

where a and b are any two nonzero real numbers, q0 = 0, q1 = 1, l0 = 2, l1 = a and
the condition ξ (n) = n− 2

⌊
n
2

⌋
can be read as

ξ (n) =

{
0, n is even
1, n is odd

. (3)

Furthermore, the authors in the references [3], [6] and [18] gave so many proper-
ties on the bi-periodic Fibonacci and bi-periodic Lucas sequences as in the following:
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• The Binet formulas are given by

qn =
a1−ξ(n)

(ab)⌊
n
2 ⌋

(
αn − βn

α− β

)
(4)

and

ln =
aξ(n)

(ab)⌊
n+1
2 ⌋ (αn + βn) , (5)

where the condition ξ (n) is depend to definition in equation (3) and α, β
are roots of the characteristic equation of λ2 − abλ− ab = 0.

• The generating functions for the bi-periodic Fibonacci and the bi-periodic
Lucas sequences with odd and even subscripted are

∞∑
m=0

q2m+1x
2m+1 =

x− x3

1− (ab+ 2)x2 + x4
,

∞∑
m=0

q2mx2m =
ax2

1− (ab+ 2)x2 + x4
,

(6)
and

∞∑
m=0

l2m+1x
2m+1 =

ax+ ax3

1− (ab+ 2)x2 + x4
,

∞∑
m=0

l2mx2m =
2− (ab+ 2)x2

1− (ab+ 2)x2 + x4
. (7)

• The bi-periodic Fibonacci and the bi-peridoic Lucas sequences provide the
equations

ln = qn−1 + qn+1 (8)

(ab+ 4)qn = ln−1 + ln+1 , (9)

and

qm+n =
1

2

[
(
b

a
)ξ(m+1)ξ(n)qmln + (

b

a
)ξ(m)ξ(n+1)qnlm

]
, (10)

lm+n =
1

2

[
(a2b2 + 4ab)(

1

a2
)ξ(m+1)ξ(n+1)(

1

ab
)1−ξ(m+1)ξ(n+1)qmqn + (

b

a
)ξ(m)ξ(n)lmln

]
,

(11)
and

q−n = (−1)n−1qn , (12)

l−n = (−1)nln . (13)

On the other hand, split complex numbers have applications in different areas
of mathematics and theoretical physics. A split complex number (or hyperbolic
number, also perplex number, double number) has two real number components a
and b, and the set of split complex numbers is

H =
{
x = a+ hb : h2 = 1, a, b ∈ R

}
.
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The split complex ring H is a bidimensional Clifford algebra, look at [10] for details.
Also, split complex numbers are useful for measuring distances in the Lorentz space-
time plane (you can examine [12]). The addition and multiplication of any two split
complex numbers such as x = a+ hb, y = c+ hd are defined by

x+ y = a+ c+ h(b+ d) and xy = ac+ bd+ h(ad+ bc) .

It is clear that this algebra of split complex number is commutative. The conjugate
and norm of x are enounced by

x = a− bh, xx = a2 − b2 . (14)

For more information on split complex numbers, see for example, [4], [7], [9], [10],
[11] and [12].

Many researchs activities can be seen in resent years studies on split complex(or
hyperbolic) Fibonacci, Lucas, Jacobsthal and Tribonacci numbers (see [1], [5], [13],
[16]). For example, in [1], it was investigated some properties of the split complex

Fibonacci numbers are defined as F̃n = Fn + hFn+1 .

2. The split complex bi-periodic Fibonacci and Lucas numbers

The objective of this paper is to define split complex bi-periodic Fibonacci and
Lucas numbers(SCFLN) with a different aspect. In this part, we introduce the
SCFLN that generalize split complex Fibonacci, split complex Lucas, split complex
Pell and split complex Pell-Lucas numbers. We give some properties of the SCFLN
such as the Binet formulas, the generating functions, sums, binomial sums of the
SCFLN. We also present the Catalan, Cassini, D’Ocagne and other identities of the
SCFLN.

Definition 1. The split complex bi-periodic Fibonacci (q̃n) and Lucas (l̃n) numbers
are defined by

q̃n = qn + ha1−ξ(n)bξ(n)qn+1, q̃0 = ha, q̃1 = hab+ 1 (15)

and

l̃n = ln + haξ(n)b1−ξ(n)ln+1, l̃0 = hab+ 2, l̃1 = h(a2b+ 2a) + a (16)

where n ∈ N, h2 = 1, ξ(n) is as defined the equation (3) and qn, ln are the bi-periodic
Fibonacci and Lucas numbers, respectively.

It can be easily shown that

q̃n =

{
aq̃n−1 + q̃n−2, if n is even
bq̃n−1 + q̃n−2, if n is odd

(17)

and

l̃n =

{
bl̃n−1 + l̃n−2, if n is even

al̃n−1 + l̃n−2, if n is odd
. (18)
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From the equations (12), (13), (17) and (18), the SCFLN with negative subscripts
are defined by

q̃−n =

{
−aq̃−(n−1) + q̃−(n−2), if n is even
−bq̃−(n−1) + q̃−(n−2), if n is odd

, (19)

and

l̃−n =

{
−bl̃−(n−1) + l̃−(n−2), if n is even

−al̃−(n−1) + l̃−(n−2), if n is odd
, (20)

where n ∈ N.
After all, we give the following Table 1. This table show that the first few SCFLN

with positive and negative subscripts.

Table 1. The first few SCFLN with positive and negative sub-
scripts.

n q̃n l̃n
−4 h(a2b+ a)− a2b− 2a h(a2b+ 3a)− a2b2 + 4ab+ 2
−3 −hab+ ab+ 1 h(a2b+ 2a)− a2b− 3a
−2 ha− a −hab+ ab+ 2
−1 1 2ha− a
0 ha hab+ 2
1 hab+ 1 h(a2b+ 2a) + a
2 h(a2b+ a) + a h(a2b2 + 3ab) + ab+ 2
3 h(a2b2 + 2ab) + ab+ 1 h(a3b2 + 4a2b+ 2a) + a2b+ 3a
4 h(a3b2 + 3a2b+ a) + a2b+ 2a h(a3b3 + 5a2b2 + 5ab) + a2b2 + 4ab+ 2

Now, we give the Binet formulas for the SCFLN and so find some well-known
mathematical properties.

Theorem 1. For any integer n, the Binet formulas for the SCFLN are

q̃n =
a1−ξ(n)

(ab)⌊
n
2 ⌋

(
α̃αn − β̃βn

α− β

)
(21)

and

l̃n =
aξ(n)

(ab)⌊
n+1
2 ⌋

(
α̃αn + β̃βn

)
, (22)

where α, β are as the equation (4) and α̃ = 1 + hα, β̃ = 1 + hβ.

Proof. It can easily established by using the Definition 1 and the Equations (4),
(5). □

The generating functions of the SCFLN are given in the following theorem.
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Theorem 2. For the SCFLN, we have the generating functions

i)
∞∑

n=0
q̃nx

n =
h(abx+ a− ax2) + x+ ax2 − x3

1− (ab+ 2)x2 + x4
,

ii)
∞∑

n=0
l̃nx

n =
h(ab+ a2bx+ 2ax+ abx2 − 2ax3) + 2 + ax− abx2 − 2x2 + ax3

1− (ab+ 2)x2 + x4
.

Proof. i) Let f(x) =
∞∑

n=0
q̃nx

n. From the Definition 1, we have

f(x) =

∞∑
n=0

(ha1−ξ(n)bξ(n)qn+1 + qn)x
n

= hb

∞∑
n=0

q2n+2x
2n+1 + ha

∞∑
n=0

q2n+1x
2n +

∞∑
n=0

qnx
n.

By considering the Equation (6), we obtain

f(x) =
habx

1− (ab+ 2)x2 + x4
+

ha(1− x2)

1− (ab+ 2)x2 + x4
+

x+ ax2 − x3

1− (ab+ 2)x2 + x4
,

as needed.
ii) Similarly, we obtain equation in ii.

□

Next, we give the formulas which give the summations and binomial sums of the
SCFLN.

Theorem 3. For n ≥ 0, the following formulas are true:

i)
∑n

i=0 a
ξ(i)(ab)⌊

i
2⌋q̃i =

aξ(n)(ab)⌊
n
2 ⌋+1q̃n + aξ(n+1)(ab)⌊

n+1
2 ⌋q̃n+1 − a− ha

2ab− 1
,

ii)
∑n

i=0 a
−ξ(i)(ab)⌊

i+1
2 ⌋ l̃i =

a−ξ(n)(ab)⌊
n+1
2 ⌋+1 l̃n + a−ξ(n+1)(ab)⌊

n+2
2 ⌋ l̃n+1 − 2 + ab− 3hab

2ab− 1
,

iii)
∑n

i=0

(
n
i

)
aξ(i)(ab)⌊

i
2⌋q̃i = q̃2n,∑n

i=0

(
n
i

)
aξ(i+1)(ab)⌊

i+1
2 ⌋q̃i+1 = aq̃2n+1,

iv)
∑n

i=0

(
n
i

)
aξ(i+1)(ab)⌊

i+1
2 ⌋ l̃i = al̃2n,∑n

i=0

(
n
i

)
aξ(i)(ab)⌊

i+2
2 ⌋−1 l̃i+1 = l̃2n+1,

Proof. We will prove the parts i and iv, since the proof of the others can be done
similarly with them.
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i) The proof will be handled just the outcome of Theorem 1. Thus, we con-
sider:

n∑
i=0

aξ(i)(ab)⌊
i
2⌋q̃i =

n∑
i=0

a
α̃αi − β̃βi

α− β

=
aα̃

α− β

(
αn+1 − 1

α− 1

)
+

aβ̃

α− β

(
βn+1 − 1

β − 1

)
=

a

α− β

[
α̃(αn+1β − αn+1 − β + 1)− β̃(βn+1α− βn+1 − α+ 1)

αβ − α− β + 1

]
.

At this point, by rearragement the last equality by using the equalities
αβ = −ab and α+ β = ab, we give

n∑
i=0

aξ(i)(ab)⌊
i
2⌋q̃i =

−a2b

1− 2ab
q̃n

(ab)⌊
n
2 ⌋

a1−ξ(n)
− a

1− 2ab
q̃n+1

(ab)⌊
n+1
2 ⌋

a1−ξ(n+1)

− a

1− 2ab

β(1 + hα)− α(1 + hβ)

α− β
+

a

1− 2ab
h

=
aξ(n)(ab)⌊

n
2 ⌋+1q̃n + aξ(n+1)(ab)⌊

n+1
2 ⌋q̃n+1 − a− ha

2ab− 1
.

iv) From Theorem 1, we have

n∑
i=0

(
n

i

)
aξ(i+1)(ab)⌊

i+1
2 ⌋ l̃i =

n∑
i=0

(
n

i

)
a1−ξ(i)(ab)⌊

i+1
2 ⌋ aξ(i)

(ab)⌊
i+1
2 ⌋ (α̃α

i + β̃βi)

= aα̃(1 + α)n + aβ̃(1 + β)n.

By using the equalities ab(1 + α) = α2 and ab(1 + β) = β2, we get

n∑
i=0

(
n

i

)
aξ(i+1)(ab)⌊

i+1
2 ⌋ l̃i =

a

(ab)n
(α̃α2n + β̃β2n)

= al̃2n.

Similarly, we obtain
n∑

i=0

(
n

i

)
aξ(i)(ab)⌊

i+2
2 ⌋−1 l̃i+1 =

n∑
i=0

(
n

i

)
a

ab
(α̃αi+1 + β̃βi+1)

=
aα

ab
α̃(1 + α)n +

aβ

ab
β̃(1 + β)n

=
a

(ab)n+1
(α̃α2n+1 + β̃β2n+1)

= l̃2n+1.

□
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Theorem 4. The relations of between the SCFLN are

i)

q̃n+r =

(
b

a

)ξ(n+1)ξ(r)

qr+1

(
ha1−ξ(n)bξ(n)qn+1 + qn

)
+

(
b

a

)ξ(r+1)ξ(n)

qr

(
haξ(n)b1−ξ(n)qn + qn−1

)
,

ii)

l̃n+r =

(
b

a

)ξ(n)ξ(r)

qr+1

(
haξ(n)b1−ξ(n)ln+1 + ln

)
+

(
b

a

)ξ(n+1)ξ(r+1)

qr

(
ha1−ξ(n)bξ(n)ln + ln−1

)
,

iii) q̃−n = (−1)nq̃n−2 + (−1)n+1pn−1,

iv) l̃−n = (−1)n−1 l̃n−2 + (−1)n(ab+ 4)qn−1,

v) q̃n = l̃n+1 + l̃n−1,

vi) (ab+ 4)l̃n = q̃n+1 + q̃n−1,

where n, r ∈ N.

Proof. i) Using the Equation (1), Definition 1, Table 1 and iterative method,
it was obtained

q̃n = ha1−ξ(n)bξ(n)qn+1 + qn,

q̃n+1 = (hab+ 1)qn+1 + haξ(n)b1−ξ(n)qn,

q̃n+2 = a1−ξ(n)bξ(n)(hab+ 1 + h)qn+1 + (hab+ 1)qn,

q̃n+3 = (ha2b2 + ab+ 2hab+ 1)qn+1 + haξ(n)b1−ξ(n)(hab+ 1 + h)qn,

...

q̃n+r =

(
b

a

)ξ(n+1)ξ(r)

qr+1

(
ha1−ξ(n)bξ(n)qn+1 + qn

)
+

(
b

a

)ξ(r+1)ξ(n)

qr

(
haξ(n)b1−ξ(n)qn + qn−1

)
.

ii) Using the Equation (2), Definition 1, Table 1 and iterative method, it was
obtained

l̃n = haξ(n)b1−ξ(n)ln+1 + ln,

l̃n+1 = (hab+ 1)ln+1 + ha1−ξ(n)bξ(n)ln,

l̃n+2 = aξ(n)b1−ξ(n)(hab+ 1 + h)ln+1 + (hab+ 1)ln,
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l̃n+3 = (ha2b2 + ab+ 2hab+ 1)ln+1 + ha1−ξ(n)bξ(n)(hab+ 1 + h)ln,

...

l̃n+r =

(
b

a

)ξ(n)ξ(r)

qr+1

(
haξ(n)b1−ξ(n)ln+1 + ln

)
+

(
b

a

)ξ(n+1)ξ(r+1)

qr

(
ha1−ξ(n)bξ(n)ln + ln−1

)
.

iii) By taking account of the Definition 1, Equations (4), (12) and (19), it was
obtained

q̃−n = (−1)n−1 a
1−ξ(n)

(ab)⌊
n
2 ⌋

(
αn − βn

α− β

)
+ (−1)nh

abξ(n)

(ab)⌊
n−1
2 ⌋

(
αn−1 − βn−1

α− β

)

= (−1)n−1qn + (−1)nh
a1−ξ(n)

(ab)⌊
n
2 ⌋−1

(
αn−1 − βn−1

α− β

)
+ (−1)nqn−2 − (−1)nqn−2

= (−1)nq̃n−2 + (−1)n+1ln−1.

iv) The proof can be done quite similarly as the part iii by using the Definition
1, Equations (5), (13) and (20).

v) The result is obtained by using Definition 1 and Equation (8). That is, we
have

l̃n+1 + l̃n−1 = haξ(n+1)b1−ξ(n+1)ln+2 + ln+1 + haξ(n−1)b1−ξ(n−1)ln + ln−1

= haξ(n−1)b1−ξ(n−1)qn+1 + qn

= q̃n

as required.
vi) The proof can be done quite similarly as the part v by using Definition 1

and Equation (9).
□

Following Theorem gives Catalan’s identities for the SCFLN;

Theorem 5. For n, r ∈ N and n ≥ r, we get

i) aξ(n−r)b1−ξ(n−r)q̃n−r q̃n+r − aξ(n)b1−ξ(n)q̃2n = (−1)n+1−raξ(r)b1−ξ(r)(1 + hab− ab)q2r ,

ii)
(
b
a

)ξ(n+r)
l̃n−r l̃n+r−

(
b
a

)ξ(n)
l̃2n = (−1)n−r

(
b
a

)1−ξ(r)
(1+hab−ab)(ab+4)q2r .

Proof. i) From Theorem 1, we have

aξ(n−r)b1−ξ(n−r)q̃n−r q̃n+r =
a

(ab)n−1

(
α̃2α2n − α̃β̃αn−rβn+r − β̃α̃αn+rβn−r + β̃

2
β2n

(α− β)2

)
,

aξ(n)b1−ξ(n)q̃2n =
a

(ab)n−1

(
α̃2α2n − α̃β̃(αβ)n − β̃α̃(αβ)n + β̃

2
β2n

(α− β)2

)
.
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From the properties of split complex numbers, we write α̃β̃ = β̃α̃ =
1 + hab− ab. Then, by using equation (4), we have

aξ(n−r)b1−ξ(n−r)q̃n−r q̃n+r − aξ(n)b1−ξ(n)q̃2n = − a

(ab)n−1
(−ab)n−r(1 + hab− ab)

(
αr − βr

α− β

)2

= (−1)n+1−raξ(r)b1−ξ(r)(1 + hab− ab)q2r

ii) The proof can be done analogously to i.

□

Note that for r = 1 in Theorem 5, we obtain the following result which are
Cassini’s identities for the SCFLN.

Corollary 1. For any positive integer n, we have

i) aξ(n−1)b1−ξ(n−1)q̃n−1q̃n+1 − aξ(n)b1−ξ(n)q̃2n = a(−1)n(1 + hab− ab),

ii)
(
b
a

)ξ(n+1)
l̃n−1 l̃n+1 −

(
b
a

)ξ(n)
l̃2n = (−1)n−1(1 + hab− ab)(ab+ 4).

Note that for r = n in Theorem 5, we obtain the following result.

Corollary 2. For any positive integer n, we have

i) habq̃2n − aξ(n)b1−ξ(n)q̃2n = −aξ(n)b1−ξ(n)(1 + hab− ab)q2n,

ii) (hab+ 2)l̃2n −
(
b
a

)ξ(n)
l̃2n =

(
b
a

)1−ξ(n)
(1 + hab− ab)(ab+ 4)q2n.

Following Theorem gives D’ocagne identities for the SCFLN;

Theorem 6. For m ≥ n and m,n ∈ N, we obtain

i) aξ(mn+m)bξ(mn+n)q̃mq̃n+1 − aξ(mn+n)bξ(mn+m)q̃m+1q̃n = (−1)naξ(m−n)(1 + hab− ab)qm−n,

ii) aξ(mn+n)bξ(mn+m) l̃m l̃n+1 − aξ(mn+m)bξ(mn+n) l̃m+1 l̃n = (−1)n+1aξ(m−n)(1 + hab− ab)(ab+ 4)qm−n.

Proof. i) From Theorem 1, we have

aξ(mn+m)bξ(mn+n)q̃mq̃n+1 =
a(ab)−n

(ab)
m−n−ξ(m−n)

2

(
α̃2αm+n+1 − α̃β̃αmβn+1 − β̃α̃αn+1βm + β̃

2
βm+n+1

(α− β)2

)
,

aξ(mn+n)bξ(mn+m)q̃m+1q̃n =
a(ab)−n

(ab)
m−n−ξ(m−n)

2

(
α̃2αm+n+1 − α̃β̃αm+1βn − β̃α̃αnβm+1 + β̃

2
βm+n+1

(α− β)2

)
.

Let us label the left-hand side of the equality in i as LHS. Then, from equation
(4), we write

LHS =
a(ab)−n

(ab)⌊
m−n

2 ⌋ α̃β̃(αβ)
n

(
αm−n − βm−n

α− β

)
= (−1)naξ(m−n)(1 + hab− ab)qm−n.

ii) The proof can be done analogously to i.

□
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We give summation formulas for the SCFLN in the following theorem.

Theorem 7. For m,n ∈ Z, we have

i)
(
b
a

)ξ(m+1)ξ(n)
q̃m l̃n+

(
b
a

)ξ(m)ξ(n+1)
q̃n l̃m = 2q̃m+n+2ha1−ξ(m+n)bξ(m+n)q̃m+n+1,

ii) (ab+4)
(
b
a

)ξ(m+1)ξ(n+1)
q̃mq̃n+

(
b
a

)ξ(m)ξ(n)
l̃m l̃n = 2l̃m+n+2haξ(m+n)b1−ξ(m+n) l̃m+n+1.

Proof. i) The proof can be done analogously to ii.
ii) We must express that the proof should be examined for both cases of m

and n.
If both of m and n are even, from equations (15), (16) and (11), we find

(ab+ 4)

(
b

a

)
q̃mq̃n + l̃m l̃n = (ab+ 4)

(
b

a

)
(qmqn + haqmqn+1 + haqnqm+1 + a2qm+1qn+1)

+ lmln + hblmln+1 + hblnlm+1 + b2lm+1ln+1

= 2lm+n + 4hblm+n+1 + 2ablm+n+2

= 2l̃m+n + 2hbl̃m+n+1.

If both of m and n are odd, from equations (15), (16) and (11), we get

(ab+ 4)q̃mq̃n +

(
b

a

)
l̃m l̃n = (ab+ 4)(qmqn + hbqmqn+1 + hhqnqm+1 + b2qm+1qn+1)

+

(
b

a

)
(lmln + halmln+1 + halnlm+1 + a2lm+1ln+1)

= 2lm+n + 4hblm+n+1 + 2ablm+n+2

= 2l̃m+n + 2hbl̃m+n+1.

If one of m and n is even and the other is odd, from equations (15), (16)
and (11), we obtain

(ab+ 4)q̃mq̃n + l̃m l̃n = 2lm+n + 4halm+n+1 + 2ablm+n+2

= 2l̃m+n + 2hal̃m+n+1.

If we put the all results together, we obtain the desired equation.
□

If we take m = 0 in Theorem 7, it is easy to see the following:

Corollary 3. For n ∈ Z, we have

i) bq̃n +
(
b
a

)ξ(n)
l̃n = 2

(
b
a

)ξ(n)
q̃n+1,

ii) (ab+ 4)
(
b
a

)ξ(n+1)
q̃n + bl̃n = 2

(
b
a

)ξ(n+1)
l̃n+1.

If we take m = n in Theorem 7, it is easy to see the following:
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Corollary 4. For n ∈ Z, we have

i) q̃n l̃n = q̃2n + haq̃2n+1,

ii) (ab+ 4)
(
b
a

)1−ξ(n)
q̃2n +

(
b
a

)ξ(n)
l̃2n = 2l̃2n + 2hbl̃2n+1.

If we take m = 1 in Theorem 7, it is easy to see the following:

Corollary 5. For n ∈ Z, we have

i) q̃1 l̃n +
(
b
a

)ξ(n+1)
q̃n l̃1 = 2q̃n+1 + 2haξ(n)bξ(n+1)q̃n+2,

ii) (ab+ 4)q̃1q̃n +
(
b
a

)ξ(n)
l̃1 l̃n = 2l̃n+1 + 2haξ(n+1)bξ(n) l̃n+2.

3. Conclusion

In this paper, we define split complex bi-periodic Fibonacci and Lucas num-
bers and give some properties of these new numbers. Thus, it is obtained a new
genaralization for the split complex number sequences that have the similar recur-
rence relation. That is, in the all results of Section 2, we can express certain and
immediate relationships as follows:

• If we replace a = b = 1 in q̃n and l̃n, we get the same result in [1] for the
split complex Fibonacci and Lucas numbers.

• If we replace a = b = 2 in q̃n and l̃n, we find the split complex Pell and
Pell-Lucas numberss.

• If we replace a = b = k in q̃n and l̃n, we obtain the split complex k-Fibonacci
and k-Lucas numbers.
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flicts of interest regarding the publication of this paper.
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