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1. Introduction

Let C, C*, C"™*", and C" denote the sets of complex numbers, nonzero complex num-
bers, all m x n complex matrices, and all n x n complex matrices, respectively. 0, 0,,, and
I,, stand for a zero matrix of appropriate size, the zero matrix of order n, and the identity
matrix of order n, respectively. The symbol & will denote the direct sum of matrices. Let
a, f € C, a matrix A € C" is called an idempotent, an involutive, and an {«, f}—quadratic
matrix if A2 = A, A2 =1, and (A — al,) (A — BI,)) = 0, respectively. It is noteworthy
that a {0, 1}—quadratic matrix is idempotent and a {—1, 1}—quadratic matrix is involutive.
Moreover, a matrix A € C" is called a generalized {«a, f}—quadratic matrix with respect
to an idempotent matrix P € C" if (A — aP) (A — fP) = 0 and AP = PA = A hold for
a, B € C.

In [1,2,4,7,13], it has been characterized the involutiveness of the form aA + bB when
a,b € C and A,B are special types of matrices. Moreover, there are a lot of studies
related to the linear combinations including involutive matrices [4,7,9, 14] and quadratic,
generalized quadratic matrices [2,3,5,6,8,10,11]. These special types of matrices have
applications to digital image encryption (for example, [12]).

Consider a linear combination of the form

K=aA+bB, AABeC" a,becC". (1.1)

Liu et al. characterized the involutiveness of the linear combinations of the form (1.1)
when A is a quadratic or a tripotent matrix and B is an arbitrary matrix [2]. Sarduvan
and Kalayci established necessary and sufficient conditions for the idempotency of linear
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combinations of the form (1.1) when A is a quadratic matrix and B is an arbitrary matrix
[8].

This paper aims to give necessary and sufficient conditions in which a linear combination
of the form (1.1) is an involutive matrix when A is a quadratic matrix and B is an arbitrary
matrix with some certain conditions.

Now we can give the main results.

2. Main results

In this section, we will investigate the involutiveness of the linear combinations of the
form (1.1), under some certain conditions.

Theorem 2.1. Let a,b,a € C*, g € C, and a # . Moreover, let A and B € C™\ {0} be
an {a, B} —quadratic matriz and an arbitrary matriz, respectively. Furthermore, let K be
their linear combination of the form K = aA + bB. Then K is an involutive matriz and
A’BA = A’B if and only if there exists a nonsingular matriz V.€ C" such that

. OéIp 0 -1
A=V( G )Y

and B satisfies one of the following cases.
(a) a=1and g =0.

ey, 0 0 0
0 —°I,, o0 0
= b p—q ~1
B=V 0 Zy 31, 0 v
Zs 0 0 FL
being Zy € C*0=9 gnd Zg € C=P=7)X0 grbitrary.
(b) a=1,a8=1, and a # 1.
8-1
LA
B=V] o -xmL, 0 [V
0 7o 0n_p
being Zoy € C=P)XP=9) arbitrary.
(¢c) a=1,a8=-1, and a # —1.
brly, 0 0
— —B+1 -1
B=V| o " 1,, o |V,
7 0 On_p

being Zy € CP)X4 qrbitrary.
(d) 6=0,ax=1, and a # 1.

being Zy € C=P=")XP grbitrary.
(e) B=0, acc=—1, and a # —1.

being Zy € C™*P arbitrary.
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(f) =1, aa=1, and a # 1.

0, 0 Y,
B=V 0 QT_IIIIT 0 Vil?
R
being Yo € CPX("=P=1) qrbitrary.
(g) B=1,aa=—1, and a # —1.
0, Yy 0
B=V 0 QTJ?)lIT 0 V_17
0 0 _aELIIn—p—r

being Y1 € CP*" arbitrary.

Proof. From Theorem 2.1 in [5], we can write a quadratic matrix A as
A=U(al, & pL,,) U,

where p € {0,...,n} and U € C" is a nonsingular matrix. We can represent B as

B=U ( }Z( }{ > U~!, where X € CP. In view of the hypotheses A2BA = A?B and

a # 0 we can write
aX =X, BY =Y, af’Z=p%Z, BT =p[T. (2.1)
Now let us assume that K is an involutive matrix then we can write
(aod, + bX)2 + B’YZ =1,, ab(a+ )Y +b* (XY +YT) =0,
ab(a+ B)Z + b (ZX +TZ) =0, V*ZY + (afL,_, +bT)> =1,_,.
Depending on the scalar 3, we have the following cases.
(i) Let 8 # 1. From (2.1), it is seen that Y = 0. We can split this case into four cases

depending on the values of a and 5.
(i-1) Let &« =1 and B = 0. Reorganizing the equations of (2.2), it can be written

(aL, + bX)? =1,, (bT)* =1, ,, abZ+b*(ZX +TZ)=0. (2.3)

It is clear that al, + bX and 0T are involutive matrices from the first and second equations
in (2.3), respectively. Since an involutive matrix is a {—1, 1}—quadratic matrix, there exist
q€{0,...,p}, r € {0,...,n — p} and nonsingular matrices S; € C?, Sy € C"P) such

(2.2)

that
1-— —-1- 1 -1
X =S, ( ; 1,0 ; aI,,_q) S~ T=8, (bI,. ® bIn_p_r) S,7l (24)
Let us write Z as
7, 7 _
7 = sg( z; Zi )51 L (2.5)

where Z; € C"*4. Substituting (2.4) and (2.5) into the third equation in (2.3) it is obtained
that 2(Z; ® —Z4) = 0. Then Z reduces to

0 Z _
ZZSQ(Z3 02)81 1 (2.6)

where Zy € C"*(P=9) and Zs € C(»~P~")%4 are arbitrary matrices.
Let us define V := U (S; & S2). Then we get A as

A=U1,0,,) U=V (8 @87") (I,00,,)(S1®S;) V!

=V(I,®0,,) V%
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In view of (2.4) and (2.6), B is obtained that

ey, 0 0 0
0 —I,, 0 0
— b P—q -1
B=V 0 Zy 1, 0 v
Zs 0 0 FLi

which establishes part (a).
(i-2) Let « = 1 and 8 # 0. From (2.1), it is seen that T = 0. Reorganizing the equations
of (2.2), it can be written

(al, +bX)* =1,, (afL, ) =T, p, ab(1+ B)Z +H*ZX = 0. (2.7)

It is clear that aI, + bX is an involutive matrix from the first equation in (2.7), so there
exist ¢ € {0,...,p} and a nonsingular matrix S3 € C? such that

1- —1-
X = S; ( ; 1,0 aI,,_q) S5, (2.8)

Let us write Z as
Z=(2Z1 Zy)S; ', (2.9)

where Z; € C("~P)*4, Substituting (2.8) and (2.9) into the third equation in (2.7) it is
obtained that ( (af+1)Z; (af—1)Zy ) = (0 0 ). Moreover, it is clear that af €
{=1,1} from the second equation in (2.7). Then Z reduces to

Z=(0 Zy)S; ! (2.10)

when a8 =1 or
Z=(Z 0)S;! (2.11)

when aff = —1.
Let us define V:= U (S3®I,—,). Then we get A as

A=UI,&pl, ,) U=V (83_1 S Infp> (I, ® L,—p) (Ss B I,—,) V?

=V(I,® 5In,p) A%

In view of (2.8), (2.10) and (2.8), (2.11) we obtain, respectively, that
81
(5% o
B=Vl o =L, 0 |V
0 Z, 0.,
and 5
+1
e 0,
A 0 0n_yp

which establish parts (b) and (c).
(i-3) Let « # 1 and 8 = 0 From (2.1), it is seen that X = 0. Reorganizing the equations
of (2.2), it can be written

(acd,)? =1,, (bT)* =1, ,, abaZ +bTZ=0. (2.12)

It is clear that T is an involutive matrix from the second equation in (2.12), so there
exist € {0,...,n — p} and a nonsingular matrix S; € C(»P) such that

1 ~1
T=S, (bIT ® bIn_p_r> S, L. (2.13)
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Let us write Z as
_ Zy
Z—S4< o ) (2.14)
where Z; € C™*P. Substituting (2.13) and (2.14) into the third equation in (2.12) it is
obtained that < (a0 +1) Zy > = < 0 ) Moreover, it is clear that aac € {—1,1} from the

(aa — 1) Zo 0
first equation in (2.12). Then Z turns to
0
Z-S, ( ’ ) (2.15)
when ac =1 or
sos (%) 10

when aoe = —1.
Let us define V := U (I, ® S4). Then we get A as

A=U(al,®0,,) Ul =V (I,8,7") (al, ® 0, ) (I, ® S4) V!

—V(al,®0,_,) V..
In view of (2.13), (2.15) and (2.13), (2.16) we obtain, respectively, that

0, O 0
B=V| 0 1I 0 \an
Z, 0 I,

0, O 0
B=Vv| 7z, 11, 0 v-i

0 0 I, ,.,

hS]

and

Sl

which establish parts (d) and (e).

(i-4) Let @ # 1 and 5 # 0. From (2.1), it is seen that B = 0 which contradicts the
hypothesis B # 0. So, in this case there is no matrix form of B.

(ii) Let 8 = 1. From the first and third equations in (2.1), we obtain X = 0 and Z = 0,
respectively. Reorganizing the equations of (2.2), it is obtained that

(a)’T, =1,, (al,_,+bT)* =1, ,, ab(a+1)Y +b’YT =0. (2.17)
It is obvious that ac € {1, —1} and al,_, + bT is an involutive matrix from the first
and second equations in (2.17), respectively. Hence, there exist r € {0,...,n —p} and a
nonsingular matrix S € C~P) guch that
1—a —1—a _
T = s( ; | e ; In_p_r> s (2.18)

Let us write Y as
Y=(Y Y2)S7} (2.19)

where Y, € CP*". Substituting (2.18) and (2.19) into the third equation in (2.17) yields
(blaa+1)Y; b(ae—1)Y2 )= (0 0). Using ax € {1,—1}, Y obtain that
Y=(0 Yy)S! (2.20)
when aoe =1 or
Y=(Y 0)S! (2.21)
when aov = —1.
Hence, we can easily write

A=U(aL, o1, ,) U =U(L,e8)(aL, oL, ,) (Los ) U
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In view of (2.18), (2.20) and (2.18), (2.21) we obtain, respectively, that

0, O Y
B=U@,®s)| 0 21, 0 (Lost)u!
0 0 =Flip
and
0, Y, 0
B=UI,®S)[ 0 a1, 0 (Lest)u,
o o0 —fr,_ .,

which establish parts of (f) and (g) by defining V as V := U (I, @ S). So, the necessity
part of the proof is completed and the sufficiency is obvious. O

Theorem 2.2. Let a, b, « € C*, 5 € C, and o # 3. Moreover, let A and B € C™\ {0} be
an {a, B} —quadratic matriz and an arbitrary matriz, respectively. Furthermore, let K be
their linear combination of the form K = aA + bB. Then K is an involutive matriz and
A’B? = (AB)2 if and only if there exists a nonsingular matriz V.€ C" such that

al 0 _
A=V ([ P ) v! 2.22
(0 s, (222
and B satisfies one of the following cases.
(a) B=0,
gy, 0 0 0
0 =1 ., 0 0 _
- b Pq 1
B=V 0 Zo %Ir 0 vV (2.23)
73 0 0 —3Lpy

(b) B#0, ac =1, and aff = —1,

0, 0 0 Y,
B=V| o _E(I)p—q ?i 0|V (2.24)
Zs 0 0 0, pr
(¢c) B#0,ax# 1, and aff = —1,
l_b;alq —1—agI g ‘(()2
B=V 0 b o, o v-i (2.25)
0 0 0 0, ,
(d) B#0, acc=—1, and aff =1,
2, 0 0 0
B=V g qu ?){: 8 v (2.26)
0 0 0 I,
(e) B#0, ax# —1, and aff =1,
v o
B=V 0 "o 0:’ 0 vL (2.27)

0 0 0 FL,p,
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(f) B#0, ac =—1, and aff # 1,

2, 0 0 0
B 0 0,, O 0 .
B=V| | Z, 1=eip, 0 v (2.28)
0 o0 0 ) M
(g) B 7é 0; at = 17 and a’ﬁ 7é _17
0, 0 0 0
0o 1, 0 0
B=V| . b 0” 1 1-as 0 v (2.29)
Z; 0 o L,
(h) B #0, ac # £1, and af # +1,
ooy, 0 0 0
0 —laay 0 0
B=V b P s v (2.30)
0 0 2T, L ﬁo
0 0 0 5Ly pr

Here Yo € CO*(n—p=7) Y4 € Cl0—0x7 7y e C"*P~9) | Zy € CMP=7)%4 gqrbitrary matrices
and Z3Y2 = 0, Y2Z3 = 0, Z2Y3 = O, Y3Z2 =0.

Proof. We can write a quadratic matrix A as

A=U(al,®pL,,) U,

where p € {0,...,n} and U € C" is a nonsingular matrix. We can represent B as B =
U ( )Z( }{ > U~!, where X € CP. Observe that under the hypotheses A2B? = (AB)?,
a # 0, and a # 3, one has

YZ=0, YT=0, ZX =0, fZY =0. (2.31)

Let us assume that K is an involutive matrix then
(aod, + bX)? + B’YZ =1,, ab(a+B)Y +b* (XY +YT) =0,
ab(a+B)Z +b? (ZX +TZ) =0, (afl,_,+bT)? +0*ZY =1,_,,.
Now, let us separate the proof according to a and . Firstly, we use the values of 5.
(i) Let 8 = 0. Considering (2.31) and (2.32), we get
(acd, + bX)* =1,, abaY + b*XY =0,
(bT)* + b*ZY =1,_,, abaZ +b? (ZX + TZ) = 0.

(2.32)

(2.33)

It is clear that aod, + bX is an involutive matrix from the first equation in (2.33). So,
there exist g € {0,...,p} and a nonsingular matrix S; € CP such that

1- —1-
X =8, ( bao‘lq & — aO‘Ip_q> S; L. (2.34)

Let Y be written as v v
1 Yo
v-si(y ).
where Y; € C?*". Substituting (2.34) and (2.35) into the second equation in (2.33) it
is obtained that Y = 0. Considering the last result, the third equation of (2.33) turns
to (bT)> = I,_,. Thus, it is clear that bT is an involutive matrix. So, there exist
r€{0,...,n — p} and a nonsingular matrix Sy € C(»~P) such that

1 -1
T=S5, <bIT @ bIn_p_r> S, 1. (2.36)

(2.35)
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Let Z be written as

Zs Z,

where Z; € C"™*4. Substituting (2.34), (2.36), and (2.37) into the fourth equation in (2.33)
it is obtained that 2 (Zy & —Z4) = 0 in other words

Z -5, ( 203 Z02 ) S L. (2.38)

Hence, defining V := U (S @& S2), we can write A as

7 =S, ( Zi Z ) S, (2.37)

A=U(al,® B, ) UL = V(8,7 98,7 (al, & L) (S1©Sy) V!

=V (al, @ fL,_,) V.
In view of (2.34), (2.36), and (2.38), B is obtained that

l—baa . 0 0 0
0 —l-aay 0 0
— b P4 -1
B=V 0 Zo 1, 0 M
Zs 0 0 I, pr

which establishes part of (a).
(ii) Now, let 8 # 0. From the third and fourth equations in (2.31), we can write ZX = 0
and ZY = 0. Then, reorganizing the equations in (2.32), we get

(aod, +bX)* =1, (afL,_p+bT)* =1, ,,
ab(a+ )Y +?’XY =0, ab(a+B)Z+b*TZ =0.

It is clear that aal, + bX and afBl,—, + bT are involutive matrices from the first and
second equations in (2.39), respectively. So, there exist ¢ € {0,...,p}, r € {0,...,n —p}
and nonsingular matrices Sz € C?, S; € C("~P) such that

1- —1- 1- —1-
X = S; ( 1, - ao‘Ipq) S; 1, T=8, ( By aﬂlnp,) Sy L.

(2.39)

b b b
(2.40)
Defining V := U (S3 @ Sy4), we can write A as
A=U(al,®fl,,) U™l =V (857 @ 8,7") (all, L) (S5 © Sa) V!
=V (oI, & fL,_,) VL.
Now, let Y and Z be written as
_ Y: Yo -1 . 7, 7, 1
Y_83<Y3 Y4)S4 and Z—S4<Z3 Z4>Sg s (2.41)

where Y1 € C7*" and Z; € C"*?. Substituting (2.40) and (2.41) into the third and fourth
equations in (2.39), it is obtained that

(aB+1)Y1 (aB+1)Y . (aa+1)Z; (aa+1)7Z B
(65 0w @ony. ) =0 (D2 (wasnz, )= ©®)

Depending on the values of ac and af, we have the following cases.
(ii-1) Let aoc = 1 and af = —1. It is clear that Y3, Y4 and Z, Zs are zero matrices from
the equations in (2.42). Considering all of (2.31), (2.40), (2.41) and these facts, we obtain

stg(g ‘(()2)541 and zzs4<zo3 g>sgl,
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where Yy € C*(»=P=") and Zz € CP=")X4 are arbitrary matrices that satisfy the
equalities YoZ3 = 0 and Z3Y9 = 0. Therefore, we get B as

0, 0 0 Y,
0o =2I,, O 0
_ b P—q
B=V 0 0 I, 0
Zs 0 0 0y pr

V—l

(S1\)

which establishes part (b).
(ii-2) Let aav # 1 and a8 = —1. From the equations in (2.42), it is clear that Y3, Yy, and

Z are zero matrices. Thus, as in (ii-1), Y reduces to Y = S3 ( 8 \:)2 ) S, ! and then

ooy, 0 0 Y,
o =Leer . 0 0 1
= b pP—q
B=V 0 0 2, 0 v
0 0 0 0y py

So, it is completed part (c).
(ii-3) Let ac = —1 and a8 = 1. It is clear that Y, Yo and Z3, Z4 are zero matrices from
the equations in (2.42). Considering all of (2.31), (2.40), (2.41) and these facts, we obtain

where Y3 € CP~9*" and Zy € C™(P~9 are arbitrary matrices that satisfy the equalities
Y3Zo =0 and Z>Y3 = 0. Therefore, we get the matrix B as

2, 0 0 0
_ 0 0, , Y; 0 1
B=Vl o 2z, o 0 v
0 0 0 I, ,.,

which establishes part (d).
(ii4) Let aax # —1 and a8 = 1. From the equations in (2.42), it is clear that Y, Y9, and

Z are zero matrices. Thus, as in (ii-3), Y reduces to Y = S3 ( S({) g > S, ! and then
3

laay, 0 0 0
0 —lraay Y, 0 4y
— b pa
B=V 0 0 0, 0 V.
0 0 0 L,
So, it is completed part (e).
(ii-5) Let ace = —1 and aff # 1. It is obvious that Zs,Z4, and Y are zero matrices from
the equations in (2.42). Thus, as in (ii-3), Z reduces to Z = Sy ( 8 ZO2 ) S;~! and then
2, 0 0 0
0 0,, O 0 .
B=Vl o 1z by, 0 v
0 0 o L5Yr,,.,

where Zoy € C"*(P~9) is an arbitrary matrix and which completes part (f).
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(ii-6) Let acw = 1 and a8 # —1. It is obvious that Z;,Zs, and Y are zero matrices from

the equations in (2.42). Thus, as in (ii-1), Z reduces to Z = Sy ( ZO g ) S3 ! and then
3
0, O 0 0
0 21, 0 0
_ b ~P—q -1
B=Vl o "o 1= 0 v
Z: 0 0 ) P

where Zz € C("~P=")X4 is an arbitrary matrix. So, the part (g) of the proof is completed.
(ii-7) Let af # £1 and a« # £1. From the equations in (2.42), it is clear that Y = 0 and
Z = 0. Hence,

ooy, 0 0 0
0  =eeq, 0 0
— b P—q —1
B=V 0 0 1l 0 v
0 0 o 591,

which completes the part (h) of the proof. Therefore, the part of the necessity of the proof
is completed.

On the other hand, it is evident that if A and B are represented as in (2.22) and
(2.23)-(2.30) and if the scalars «, 3 satisfy the corresponding conditions, then K? = 1. [

Theorem 2.3. Let a, b, a € C*, 5 € C, and o # B. Moreover, let A and B € C™\ {0} be
an {a, B} —quadratic matriz and an arbitrary matriz, respectively. Furthermore, let K be
their linear combination of the form K = aA 4+ bB. Then K is an involutive matriz and
BAB = AB? if and only if there exists a nonsingular matriz V.€ C" such that

. CkIp 0 -1
A=V( G )Y

and B satisfies one of the following cases.
(a) ac =1 and aff = —1,

0, 0 0 Y,
o Z21,, 0 0
— b P—q -1
B=V1 o 0 2I. 0 v
Z; O 0 0, p
(b) aa # 1 and aff = —1,
Loy, 0 0 Y,
0 —lraay 0 0 _
— b P—q 1
B=V 0 0 2, 0 v
0 0 0 0, pr
(¢) ace = =1 and aff =1,
2, 0 0 0
_ 0 0,, Y3 0 1
B=Vl o 2z o 0 v
o o0 o0 -2I,,.,
(d) aa # —1 and aff =1,
l-aay, 0 0 0
0 —21,_, Y3 0 1
B=V 0 0 0, 0 v
0 0 0 FL,p,
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(e) ac = =1 and afp # 1,

I, 0 0 0
B 0 0,, O 0 5
B=Vl o z, =g 0 v
0 o0 o L,
(f) aa =1 and afp # —1,
0, O 0 0
0 FI, 0 0
_ b "P—4q -1
B=Vlio "o Lwg 0 v
Zs 0 0 ) P
(g) aa # £1 and aff # +1,
ooy, 0 0 0
o =Ly, ., o0 0
— b p—q -1
B=V 0 0 1ol 0 v
0 0 o L9,

Here Yy € CO¥(n=p=7) Yy € CP~O%7 Zy € C*0=9, Zs € C"P=7)%0 gre arbitrary
matrices and Z3Y2 = 0, Y2Z3 = 0, Z2Y3 = 0, Y3Z2 =0.

Proof. This theorem is given under the condition BAB = AB?. Premultiplying this
condition by A leads to A?B? = (AB)Q. Therefore, we get the proof if we apply Theorem
2.2. O

Lastly, let us give the following theorem.

Theorem 2.4. Leta, b, a € C*, B € C, a # B, and (o, B) ¢ {(—1,1),(1,—1)}. Moreover,
let A and B € C™\ {0} be an {«, B} —quadratic matriz and an arbitrary matriz, respectively.
Furthermore, let K be their linear combination of the form K = aA + bB. Then K is
an involutive matriz and A’BA = BA if and only if there exists a nonsingular matrix
V € C" such that . 0
— alp -1

A=V ( 0 AL, ) AY (2.43)
and B satisfies one of the following cases.
(a) B2#1,a’=1, and 3 =0.

1fbaan 0 0 Y2
0 —1—ao¢I _ Y3 0 B
— b pa 1
B=V| 0 I o vl (2.44)
0 0 0 _Tlln—p—r
being Yo € CI*(=2=7) qnd Yq € CO=DX" grbitrary.
(b) B2#1,a%2 =1, B#0, and af = 1.
1fbaoqu 0 0
B=V 0 ey, . Y, |V (2.45)
0 0 Onyp
being Yo € CP=DX(=P) grbitrary.
(c) B2#1,02=1,8#0, and af = —1.
el 0 Y,
B=V 0 e . o |V (2.46)
0 0 00 p

being Y1 € CI*("=P) arbitrary.
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(d) B2#1,a2#1, =0, and ac = 1.
0, O Y,
B=V| 0 ;L 0 v (2.47)
0 0 I,

being Yo € CPX("=P=7) arbitrary.
(e) B2#1,a%#1, =0, and ac = —1.

0, Y 0
B=V| 0 I 0 v (2.48)
0 0 I,

being Y1 € CP*" arbitrary.
(f) B> =1 and aa = 1.

0, O 0
B=V| o %7, 0 v (2.49)
Zo O ) P

being Zy € C=P=")XP grbitrary.
(g) B2 =1 and aa = —1.

0, O 0
B=V| z, 51, 0 v, (2.50)
o o L9 .,

being Zy € C™*P arbitrary.
Proof. Let us write a quadratic matrix A as
A =U(al, & BL,_,) U,
where p € {0,...,n} and U € C" is a nonsingular matrix. We can represent B as

B = U( )Z( }{ >U_1 where X € CP. In view of the hypotheses A2BA = BA and

a # 0 we can write
o*X =X, o?BY =BY, B*Z =17, B°T = 5T. (2.51)
Let us assume that K is an involutive matrix then it follows that
(aod, + bX)? + B’YZ =1,, ab(a+ )Y +b* (XY +YT) =0,
ab(a+ B)Z + b (ZX +TZ) =0, (afl, ,+bT)* +?ZY =1, ,.
The proof can be split into following cases depending on the scalar j.
(i) Let 5% # 1. From (2.51), it is seen that Z = 0. We can split this case into four cases

depending on the values of o and S.
(i-1) Let a® = 1 and B = 0. Reorganizing the equations of (2.52), it can be written

(acd, + bX)* =1, (bT)* =1, ,, aba¥ +b* (XY +YT) = 0. (2.53)

It is clear that aal, + bX and bT are involutive matrices from the first and second equa-
tions in (2.53), respectively. So, there exist ¢ € {0,...,p}, r € {0,...,n — p} and nonsin-
gular matrices S; € CP, Sy € C(=P) such that

(2.52)

1- —1- 1. -1
X =8, ( b“O‘Iq & — ‘w‘Ipq> S;7 and T = S, (bIT & bInpr> Syt (2.54)

Let us write Y as

Y, Y _
Y=S5; ( Y; Yi >s2 L (2.55)
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where Y, € C7*". Substituting (2.54) and (2.55) into the third equation in (2.53) yields
2(Y1® —Yy) =0. Then Y reduces to

Y=5; < ;’3 T)? ) S, 1, (2.56)

where Yy € C2*("P=7) and Y3 € CP~9*" are arbitrary matrices.
Let us define V := U (S; @ S2). Then we can write A as

A=U(al,®0,,) U =V (S, ©8,7") (al, ©0,,) (S1 & Sy) V!

=V (al, ®0,,) VL
In view of (2.54) and (2.56) we obtain that

1—
baan 1 a(o)z 0 Y2
0 —21, , Y3 0 _
B = b P—q 1
v 0 0 1, 0 v
0 0 0 L pr

which yields part (a).
(i-2) Let a® =1 and 8 # 0. From (2.51), it is seen that T = 0. Reorganizing the equations
of (2.52), it can be written

(aod, +bX)* =1, (afl,p)> =T, ,, ab(a+pB)Y +0*XY =0. (2.57)

It is clear that aal, + bX is an involutive matrix from the first equation in (2.57), so there
exist ¢ € {0,...,p} and a nonsingular matrix S3 € C? such that

-1 — ax
b

1—
X = Ss ( baO‘Iq o I,,_q) S5 L. (2.58)

Let us write Y as
_ Y
Y =5, < v ) , (2.59)
where Y, € C2*("=P)_ Substituting (2.58) and (2.59) into the third equation in (2.57) it

is obtained that ( Egg + B 51 > = ( 8 ) Moreover, it is clear that af € {—1,1} from
- 2

the second equation in (2.57). Then Y reduces to

Y = s, ( ;’2 ) (2.60)
when a8 =1 or
Y =S; ( 3{)1 ) (2.61)

when af = —1.
Let us define V:=U (S3 & I,_,). Then we get A as

A=U(al,®fL, ,)) U=V (8371 D Infp> (oL, ® fL,p) (S3 @I, ) V!

=V (al, ® fL,_,) V1.
In view of (2.58), (2.60) and (2.58), (2.61) we obtain, respectively, that

l—baan 0 0
B=V 0o =Leer, . Y, | VL

0 0 0p_yp
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17baan —l—a(tl)z Yl —1
B=V| o0 =gy, . o |V

0 0 0, p

and

which establish parts (b) and (c).
(i-3) Let a? # 1 and 8 = 0. From (2.51), it is seen that X = 0. Reorganizing the equations
of (2.52), it can be written

(acdy)®> =1, (bT)* =1, ,, abaY +b*YT =0. (2.62)
It is clear that 0T is an involutive matrix from the second equation in (2.62), so there
exist r € {0,...,n — p} and a nonsingular matrix S; € C(=P) such that
1 -1 1
T = S4 EIT &} TInfpfr S4 . (263)

Let us write Y as
Y=(Y1 Y2)S:, %, (2.64)

where Y; € CP*". Substituting (2.63) and (2.64) into the third equation in (2.62) it
is obtained that ( (aa+1)Y; (aa—1)Y3 ) = (0 0 ). Moreover, it is clear that
ace € {—1,1} from the first equation in (2.62). Then Y turns to

Y=(0 Yy )S;! (2.65)

when aav =1 or
Y=(Y 0)S,! (2.66)

when aov = —1.
Let us define V := U (I, ® S4). Then we get A as

A=U(al,®0,,) Ul =V (I,58,7) (al, ® 0, ) (I, ® S4) V!

— V(al, ®0,_,) V..
In view of (2.63), (2.65) and (2.63), (2.66) we obtain, respectively, that

)
0, O Y
B=V 31, 0 v

0
0 0 FHI,,,

0, Y, 0
B=V| 0 I 0 v

0 0 FI,,.,

and

which establish parts (d) and (e).
(i-4) Let a® # 1 and B # 0. From (2.51), it is seen that B = 0 which contradicts the
hypothesis B #£ 0. So, in this case there is no matrix form of B.
(ii) Let % = 1. From the first and second equations in (2.51) and considering hypotheses
(o, ) ¢ {(—1,1),(1,—1)} and « # 3, it is obvious that X = 0 and Y = 0. Reorganizing
the equations of (2.52), it can be written

ac)’L, =1, (aBl,_, +bT)°> =1, ,, ab(a+B)Z+v’TZ =0. (2.67)
P /4 p p

It is explicit that ace € {—1,1} and apI,_, + bT is an involutive matrix from the first and
second equations in (2.67). So, there exist r € {0,...,n — p} and a nonsingular matrix
S € C™P) such that

1 1
T=S5 < baﬁlr & — aﬁln_p_r> s, (2.68)
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Let us write Z as
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Z,

z (2.69)

s(%)

where Z; € C™*P. Substituting (2.68) and (2.69) into the third equation in (2.67), it is

(aac+1)7Zy

obtained that ( (ac — 1) Zo

)=

0

0 > Using aa € {—1,1}, Z obtained that

0
Z-S ( . ) (2.70)
when aox = 1 or
Z=S < Z01 ) (2.71)

when aa = —1.
Hence, we can easily write

A=U(ad,®pl, ,) U=

U (L, ®8) (al, ® AL,,) (L, S ) U,

In view of (2.68), (2.70) and (2.68), (2. 71) we obtain, respectively, that
0, 0
B=U(L,&S) 0 1 “51 0 (Lost)u!
O 71;(151”71)77‘
and
0, 0 0
B=U(L,®S)| z1 5¥I, 0 (Lest)u
o o =lefy
b n—p—r

The necessity part of the proof is completed by defining V as V:=U (I, ® S).
Now, it is evident that if A is represented as in (2.43), B is represented as in (2.44)—
(2.50) and the scalars a, 3 satisfy the corresponding conditions, then K? = 1. ]
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