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ON THE SEQUENCE OF GELL NUMBERS

ORHAN DISKAYA AND HAMZA MENKEN

ABSTRACT. In this paper, we consider Pell numbers. We define the gell num-
bers which generalize the Pell numbers. Moreover, we derive Binet-like for-
mula, generating function and exponential generating function for the gell
sequence. Also, we obtain the gell series and some important identities for the
gell sequence.

1. INTRODUCTION

Like the well-known Fibonacci, Pell numbers play important role in mathemat-
ics. Pell numbers too continue to amaze the mathematical community with their
applications in analysis, trigonometry and various areas of discrete mathematics,
such as number theory, graph theory, linear algebra and combinatorics. Also, the
use of such special sequences has increased significantly in applied science [4]. Pell
sequence {P,}n>0 is defined by the initial values Py = 0 and P; = 1 and the
recurrence relation

(].].) Pn+2 :2Pn+1+Pn7 TLZO
First few terms of this sequence are 0, 1,2,5,12,29, 70, 169, 408, 985, 2378. For con-
venience we take P_; = 1 and P_9 = —2. The Pell number were called in honour of

English mathematician John Pell [2, 3, 6]. The golden ratio has many applications
in engineering, physics, architecture, arts and others [5]. In similar way, the ratio
of two consecutive Pell numbers converges to

A=1+V2~ 2.4142135623,

that is called as ”silver ratio”. The silver number is the positive real root of the
characteristic equation of Pell numbers

2?22 —-1=0.
The other root is
w=1- V2
so that,
Apu=2 A—p=2v2 and Ip=—1.
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The Binet formula of Pell sequence is

Its the generating function is

B x
T 1—20— 22

Gp(z) = i P,z
n=0

and the exponential generating function is

e _ ek P,
E = = — ",
p(@) A—pu ;::o n! o
Also, the Pell series is
— P, 1
Sp_nz::otnﬂ T2 21

The more properties and applications of Pell numbers can be found in [2, 3, 4, 5, 6]

2. THE GELL NUMBERS

The gell sequence {GI,,} as a generalization of Pell sequence is defined by a two
order recurrence;

gIn+2 - 2g[n+l + gln; n Z 1

with the initial conditions GI; = a, Gl = b. The first few members of this se-
quence is given as follow ;

n |1]|2 3 4 5 6 7
Gl,|a|b|a+2b|2a+5b|5a+12b | 12a+29b | 29a + 700 | ...
Some investigations related the generalized Pell numbers were given in [1]. Here we
obtain new results.

3. MAIN RESULTS

In the present work we derive Binet-like formula, generating function and ex-
ponential generating function for the gell sequence. Also, we obtain the gell series
and some important identities for the gell sequence.

Theorem 3.1. Let GI,, be n th gell number. Then,
Gl,=aP, o+bP,_1, n>3.
Proof. We will establish this using PMI. Since,
Gls =aP +bP, =a+2b

and
QI4 :aP2+bP3 :5a+12b,
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the result is true when n = 3,4. Suppose it is true for all positive integers n < k.
Then,

Gliyo = 2G4 + Gy,
= 2aP,_1 + 20P; + aPy_o + bPr_1
= a(QPk_l + Pk_z) + b(QPk + Pk—l)

=aPy + bPy41
Thus, by the strong version of PMI, the formula works for all positive integers
n < 3. O
Theorem 3.2. (Binet-like formula) Let ¢ = ap® — by and d = aX* — bX\. Then,
cA" —du™
3.1 I, = ———, >0.
(3.1) g - n

Proof. Using 3.1 Theorem. We have,
gIn =aP,_2+bP,_
()\ _ M)gln =a (/\n—2 _ Mn—?) +b ()\n—l _ Mn—l)
B 2Ix) TR\
=" (a,u2 — bu) —u" (a)\2 — b)\)
=c\" —du”
This yields the desired formula. (]
Denote that
t=cd = (ap® — bu) (aX* — bA)
= a®(p\)? — abp® X — abu)? + b*p
=a® +ab(\ + p) — b?
=a? 4 2ab — b°.
Theorem 3.3. (Catalan’s Identity) Let GI,, denote the n th gell sequence. Then,
Gl kGl — GI2 = t(—1)""FH1 P2 n > k.
Proof. Using (3.1) we write
A= 1)*(GLusxGlnr, — GI7) = (A"F — dp™F) (A" — dp" ™) — (eA™ — dp™)?
_ 62)\271 _ Cd/\nJrklunfk _ Cdun+k)\n7k + d2'u2n
_ 62)\271 +Cd)\n/J,n _’_Cdun)\n _ d2u2n
_ —Cd)\n+k/1,n_k o Cd)\n_k,lj,n+k + 2cd>\nun

-—oor[(5)-(-5)

= —cd(An)" N — )2
= ()"t
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Theorem 3.4. (Cassini Identity) Let GI,, denote the n th gell sequence. Then,
Gl1Gln1 — GIZ = t(—1)", n=>1
Proof. Taking k =1 in the Catalan’s Identity, the proof is completed. (]

Theorem 3.5. Let GI,, denote the n th gell sequence. Then,
Glim = Ppy1 Gl + PGl m>0,n>1.
Proof. Using (3.1) we get
(A= 0)2(Prs1 Gl + PuGl1) = (V™ — 1) (eX™ — dy)
AT = ™) (e —du )
= AL gL e\ 4 gyt
+ et gyl o epman T gmtnTt
— (A" — ™) (A — )
O

Theorem 3.6. (Gelin-Cesaro Identity) Let GI, denote the n th gell sequence.
Then,

Gl 2Gl1GL, 1GI, o — GI} = —12, n>2
Proof. Using (3.1) we obtain
Gl 2Gl,1Gl, 1G5 — GI} = (Gl 120G, o) (Gl 41GI, 1) — GI}
= (t(-D)" +GL}) (~t(-1)" + GI3) — g1,
= —t*(=1)*" +GI} - GI} = —t*
O
Theorem 3.7. (d’Ocagne’s Identity) Let GI,, denote the n th gell sequence. Then,
GlnGlnt1 — Gl 1Gly, = t(=1)" Py, m2>n
Proof. Using (3.1) we have
(A= 1)?G1nGIns1 — Gly1GIL, = (eA™ — dp™) (A" — dp" )
- (c)\m'H - d,um'H) (eA™ —du™)
— @A pgym gy mantl | g2 menl
— AN g N o edp™ N — @2ttt
= (ed) [N " (A — p) = A" (A — p)]
= cd(Ap)" (A = p)(A™ 7" = p™ ")
— (1) (A — g = )

Theorem 3.8. The generating function for the nth gell numbers is

ar — bx?
1—2x — a2’

Goz(r) =
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Proof. Assume that the function

Goz(x Zg[ 2" =Gz + Gloa® + Glza® + ... + G, 2™ + . ..

n=1

be generating function of the gell numbers. Multiply both of side of the equality
by the term —2z such as

~200gz(z) = —20Na? — 2Gba® — 2G szt — .. = 2G L2 + ..
and that is multipied every side with —z2 such as
—2°Ggz(z) = —GLia® — Gla* — GIsa® — ... — GL, 2" + ...
Then, we write

(1 -2z — 2?)Ggz(z) = GLix — GPya® + (GIz — 2GI5 — GI1)a® +
+ (G, —2G1, 1 — Gl _2)x" + ...

Now, by using GI1 = a, GlIo = b, GI3 =a+ 2b, GI4 = 2a + 5b, GI5 = 5a + 12b ...
we obtain that,

ar — bx?
1—2x — a2’

Ggz(x) =
Thus, the proof is completed. O

Theorem 3.9. The exponential generating function for the nth gell numbers is

Az LT s
ce™ — det GI,
Egz(z) = ——— = —z".
Proof. we know that,
oo oo
Az __ nr
e = E ] and e = E o
n=0 n=0

Let’s multiply each side of the first equation by ¢ and the second equation by d,
divide each side of both equations into (A — p) and subtract the second equation
from the first equation we obtain

— det® N —dp™ 1 =Gl
ce € 720 [L '1’ :ZW:L’

n=0 n=0

Theorem 3.10. The Series for the nth gell numbers is

> GI, 2a a b t2 — 2t
Sor=2 i =7t @ti)Eomot

n=0
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Proof.
oo oo
gIn aPn—Q + an—l
Sg[ = Z n+l = Z {n+1
n=0 n=0
(o] o0
Pn—2 Pn—l
- “Z | +bz n+1
n=0 n=0
o0 o0
P, P,
=a Z tn+3 + tnt2
n=—2 n=-—1

2a a b = P,
=—— -1
t (tQ + t> +7;)t”+1

By using the Pell series we obtain

S, — 2a+ a+b 2 — 2t
gr =" 2 )21

4. CONCLUSION

In the present work, we consider the Pell numbers sequence. We define the gell
numbers as the generalization of Pell numbers. We give some algebraic identities
for the gell numbers. Then, we derive the Binet formula, the generating and the
exponential generating functions for the gell numbers sequence. Also, we obtain
the gell series.
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