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ON INTEGRAL INEQUALITIES FOR INVEX FUNCTIONS

SATISFYING LIPSCHITZIAN REQUIREMENT

SEDA KILINÇ, ABDULLAH AKKURT, AND HÜSEYIN YILDIRIM

Abstract. Some new type of integral inequalities for functions from the Lip-
schitz class are obtained. These results involve some different types of integral

averages for Lipschitzian functions. Special cases which are naturally included

in the main results of the paper are also discussed.

1. Introduction

This study is about getting for Lipschitz functions of some inequalities that are
obtained for Harmonic convex functions. At first,some basic definitions and theo-
rems related to convexity, invex set, Lipschitz functions and important inequalities
are given. Then some results in literature for lipschitz functons of invex type in-
equalities obtained for convex and harmonic convex functions are given.

In research findings of study, we have new inequalities for invex functions sat-
isfying Lipschitz functions by means of inequalities which are used for Harmonic
convex functions.

Finally, some special means applications of these inequalities are given.

2. Preliminaries

A function f : I = [a, b]→ R is said to be convex function in the classical sense, if
the following inequality holds:

(2.1) f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y),

∀x, y ∈ I, t ∈ [0, 1].
A function f such that

(2.2) |f(x)− f(y)| ≤M |x− y|
for all x and y, where M is a constant independent of x and y, is called a Lips-
chitz function. For example, any function with a bounded first derivative must be
Lipschitz.

The Hermite-Hadamard inequality provides us an estimate of the mean value of a
continuous convex function. This inequality also proves us a necessary and sufficient
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condition for a function to be convex. The classic version of this inequality reads
as:

Let f : I → R be a convex function, then,

(2.3) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f (x) ≤ f(a) + f (b)

2
,

f : I → R is said to be harmonically convex, if

(2.4) f

(
xy

tx+ (1− t) y

)
≤ tf(y) + (1− t)f(x)

for all x, y ∈ I and t ∈ [0, 1] . If this inequality is reversed, then the function f is
said to be harmonically concave.

Definition 2.1. Let I ⊂ Rbe a harmonically convex function and a, b ∈ I with
a < b, if f ∈ L [a, b] then the following inequalities hold:

(2.5) f

(
2ab

a+ b

)
≤ ab

b− a

∫ b

a

f (x)

x2
dx ≤ f (a) + f (b)

2
.

A set K is said to be invex set with respect to η (., .) if

(2.6) u+ τη (u, v) ∈ K, ∀u, v ∈ K, τ ∈ [0, 1] .

The invex set K is also called η-connected set.

Definition 2.2. [16] A function f is said to be invex with respect to arbitrary
bifunction η (., .) if

(2.7) f (u+ τη (u, v)) ≤ (1− t) f (u) + tf (v)

The function f is said to be preincave if and only if f is invex.For η (u, v) = u− v
, the invex functions becomes convex functions in the classical sense.

Definition 2.3. [12] The beta function denoted by β (m,n) is defined as;

(2.8) β (m,n) =

∫ 1

0

xm−1 (1− x)
n−1

dx.

[12] The hypergeometric function denoted by 2F1 (a, b; c; z) is defined by the integral
equality

(2.9) 2F1 (a, b; c; z) =
1

β (b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1
(1− zt)−a dt,

for c > b > 0, |z| < 1.

Corollary 2.4. [11]If we take x = a+ tη (b, a) , η (x, y) ≥ x− y and y = ab
b−tη(b,a)

in (2.2), then following inequality holds for arbitrary t ∈ [0, 1] ,also we name as
M -Lipschitzian ; ∣∣∣f (a+ tη (b, a))− f

(
ab

b−tη(b,a)

)∣∣∣
≤M

∣∣∣a+ tη (b, a)− ab
b−tη(b,a)

∣∣∣
= M

∣∣∣ (a+tη(b,a))(b−tη(b,a))−ab
b−tη(b,a)

∣∣∣
= M

∣∣∣−atη(b,a)+btη(b,a)−t2η2(b,a)
b−tη(b,a)

∣∣∣
= M

∣∣∣ t(b−a)η(b,a)−t2η2(b,a)
b−tη(b,a)

∣∣∣
≤M t(1−t)η2(b,a)

b−tη(b,a) .
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3. Main Results

In this section, we obtain some new inequalities for M -Lipschitzian functions.

Theorem 3.1. Let f : I ⊂ (0,∞)→ R be an M -Lipschitzian mapping on interval
I and a, b ∈ I with a < b. Then η (., .) : K ×K → Rn following inequality holds;∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (u) du− ab

η (b, a)

∫ ab
b−η(b,a)

a

f (u)

u2
du

∣∣∣∣∣
≤ Mη2 (b, a)

6b
2F1

(
1, 2; 4;

η (b, a)

b

)
.(3.1)

Proof. Since f is M -Lipschitzian function on interval I, ∀x, y ∈ [a, b]

|f(x)− f(y)| ≤M |x− y| .

From Corollary ??, we write∣∣∣∣f (a+ tη (b, a))− f
(

ab

b− tη (b, a)

)∣∣∣∣ ≤M t (1− t) η2 (b, a)

b− tη (b, a)
.

If we take integral the last inequality on t ∈ [0, 1] , and use property of modulus,
we get ∣∣∣∫ 1

0
f (a+ tη (b, a)) dt−

∫ 1

0
f
(

ab
b−tη(b,a)

)
dt
∣∣∣

≤
∫ 1

0

∣∣∣f (a+ tη (b, a))− f
(

ab
b−tη(b,a)

)∣∣∣ dt
≤Mη2 (b, a)

∫ 1

0
t(1−t)

b−tη(b,a)dt

= Mη2 (b, a)
∫ 1

0
t(1−t)

b[1−t η(b,a)b ]
dt

= Mη2(b,a)
b 2F1

(
1, 2; 4; η(b,a)

b

)
β (2, 2)

If we take u = a+ tη (b, a) and u = ab
b−tη(b,a) in the integrals on the left side of the

last inequality respectively, we have the following inequalities;∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
f (u) du− ab

η(b,a)

∫ ab
b−η(b,a)
a

f(u)
u2 du

∣∣∣
≤ Mη2(b,a)

6b 2F1

(
1, 2; 4; η(b,a)

b

)
this completes the proof of theorem. �

Remark 3.2 (11). If we take η (b, a) = b− a from the above Theorem 1, we obtain
then following inequality holds;∣∣∣∣∣ 1

b− a

∫ b

a

f (u) du− ab

b− a

∫ b

a

f (u)

u2
du

∣∣∣∣∣
≤ M (b− a)

2

6b
2F1

(
1, 2; 4;

b− a
b

)
.

Definition 3.3. The p logarithmic mean

Lp (a, b) =

{
a, if a = b

bp+1−ap+1

(b−a)(p+1) if a 6= b

where a, b > 0.
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Definition 3.4. The η − p logarithmic mean

Lpp,η (a, b) =

{
a, if a = b

[a+η(b,a)]p+1−ap+1

η(b,a)(p+1) if a 6= b

where a, b > 0.If we take η (b, a) = b− a, we obtain clasical p logarithmic mean.

Definition 3.5. The Geometric mean

G = G(a, b) =
√
a.b

Definition 3.6. The logarithmic mean

L1 (a, b)

{
a, if a = b
b−a

ln b−ln a if a 6= b

where a, b > 0.

Proposition 1. Let p ∈ (1,∞) \ {2}and a, b ∈ R with o < a < b. Then η (., .) :
K ×K → Rn following inequality holds;

(3.2)

∣∣∣Lpp,η (a, b)−G2Lp−2
p−2,η (a, b)

∣∣∣
≤ Mη2(b,a)

6b 2F1

(
1, 2; 4; η(b,a)

b

)
.

Proof. If the f(x) = xp convex mapping defined on interval [a, b] is applied to the
left side of the inequality in Theorem 1, the inequality∣∣∣ 1

η(b,a)

∫ a+η(b,a)

a
f (u) du− ab

η(b,a)

∫ ab
b−η(b,a)
a

f(u)
u2 du

∣∣∣
=
∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
updu− ab

η(b,a)

∫ ab
b−η(b,a)
a

up

u2 du
∣∣∣

≤ Mη2(b,a)
6b 2F1

(
1, 2; 4; η(b,a)

b

)
is obtained. If the integral is calculated,∣∣∣ 1

η(b,a)

∫ a+η(b,a)

a
updu− ab

η(b,a)

∫ ab
b−η(b,a)
a

up

u2 du
∣∣∣

=

∣∣∣∣ [a+η(b,a)]p+1−ap+1

η(b,a)(p+1) − ab
η(b,a)(p−1)

[(
ab

b−η(b,a)

)p−1

− ap−1

]∣∣∣∣
≤ Mη2(b,a)

6b 2F1

(
1, 2; 4; η(b,a)

b

)
where ∣∣∣ 1

η(b,a)

∫ a+η(b,a)

a
updu− ab

η(b,a)

∫ ab
b−η(b,a)
a

up

u2 du
∣∣∣

=
∣∣∣Lpp,η (a, b)−G2Lp−2

p−2,η (a, b)
∣∣∣

≤ Mη2(b,a)
6b 2F1

(
1, 2; 4; η(b,a)

b

)
.

�

Proposition 2. Let p ∈ (1,∞) \ {2}and a, b ∈ R with o < a < b.Then η (., .) :
K ×K → Rn following inequality holds;

(3.3)

∣∣∣L−1
η − a−2

[b−η(b,a)]−2G
−2Aη

∣∣∣
≤ Mη2(b,a)

6b 2F1

(
1, 2; 4; η(b,a)

b

)
.
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Proof. If the f(x) = 1
x convex mapping defined on interval [a, b] is applied to the

left side of the inequality in Theorem 1, the inequality∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
f (u) du− ab

η(b,a)

∫ ab
b−η(b,a)
a

f(u)
u2 du

∣∣∣
=
∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
u−1du− ab

η(b,a)

∫ ab
b−η(b,a)
a

u−1

u2 du
∣∣∣

≤ Mη2(b,a)
6b 2F1

(
1, 2; 4; η(b,a)

b

)
is obtained. If the integral is calculated,∣∣∣∣ 1

η(b,a) ln
∣∣∣a+η(b,a)

a

∣∣∣+ ab
2η(b,a)

[(
ab

b−η(b,a)

)−2

− a−2

]∣∣∣∣
≤ Mη2(b,a)

6b 2F1

(
1, 2; 4; η(b,a)

b

)
.

where ∣∣∣L−1
η − a−2

[b−η(b,a)]−2G
−2Aη

∣∣∣
≤ Mη2(b,a)

6b 2F1

(
1, 2; 4; η(b,a)

b

)
.

�

Theorem 3.7. Let f : I ⊂ R → R be an M-Lipschitzian function on interval I
and a, b, x, y ∈ I with a ≤ x < y and a < b.Then η (., .) : K ×K → Rn following
inequality holds;

(3.4)

∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
f(u)du− 1

η(y,x)

∫ x+η(y,x)

x
f(u)du

∣∣∣
≤M

{
|η(b,a)−η(y,x)|

2 + x− a
}

Proof. Since f is M-Lipschitzian function on interval I, ∀x,w ∈ [a, b]

|f(x)− f(w)| ≤M |x− w| .
Here, for arbitrary t ∈ [0, 1] , if we take

x = a+ tη (b, a) and w = x+ tη (y, x)

then
|f (a+ tη (b, a))− f (x+ tη (y, x))|
≤M |a+ tη (b, a)− x− tη (y, x)|

= M |t (η (b, a)− η (y, x)) + a− x|
M {t |η (b, a)− η (y, x)|+ x− a}

If we take integral the last inequality on t ∈ [0, 1] , and use property of modulus,
we have ∣∣∣∫ 1

0
f (a+ tη (b, a)) dt−

∫ 1

0
f (x+ tη (y, x)) dt

∣∣∣
≤
∫ 1

0
|f (a+ tη (b, a))− (x+ tη (y, x))| dt

≤M |η (b, a)− η (y, x)|
∫ 1

0
tdt+M |a− x|

∫ 1

0
dt

= M
{
|η(b,a)−η(y,x)|

2 + x− a
}

If we make the change of variable u = a + tη (b, a) and u = x + tη (y, x) in the
integrals on the left side of the last inequality respectively, we have the following
inequalities; ∣∣∣ 1

η(b,a)

∫ a+η(b,a)

a
f(u)du− 1

η(y,x)

∫ x+η(y,x)

x
f(u)du

∣∣∣
≤M

{
|η(b,a)−η(y,x)|

2 + x− a
}
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this completes the proof of the theorem. �

Remark 3.8 (11). If we take η (b, a) = b− a from the above theorem 2, we obtain
then following inequality holds;∣∣∣∣∣ 1

b− a

∫ b

a

f(u)du− 1

y − x

∫ y

x

f(u)du

∣∣∣∣∣
≤ M

{
|(b− a)− (y − x)|

2
+ x− a

}
Proposition 3. Let p > 1 and a, b, x, y ∈ R with 0 < a ≤ x < y and a < b. Then
η (., .) : K ×K → Rn following inequality holds;∣∣Lpp,η (a, b)− Lpp,η (x, y)

∣∣
≤ M

{
|η (b, a)− η (y, x)|

2
+ x− a

}
(3.5)

Proof. If the f(x) = xp convex mapping defined on interval [a, b] is applied to the
left side of the inequality in Theorem 2, the inequality∣∣∣ 1

η(b,a)

∫ a+η(b,a)

a
f(u)du− 1

η(y,x)

∫ x+η(y,x)

x
f(u)du

∣∣∣
=
∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
updu− 1

η(y,x)

∫ x+η(y,x)

x
updu

∣∣∣
=
∣∣∣ (a+η(b,a))p+1−ap+1

η(b,a)(p+1) − (x+η(y,x))p+1−xp+1

η(y,x)(p+1)

∣∣∣
≤M

{
|η(b,a)−η(y,x)|

2 + x− a
}

where ∣∣Lpp,η (a, b)− Lpp,η (x, y)
∣∣

≤M
{
|η(b,a)−η(y,x)|

2 + x− a
}
.

�

Proposition 4. Let a, b, x, y ∈ R with 0 < a ≤ x < y and a < b. Then η (., .) :
K ×K → Rn following inequality holds;

(3.6)

∣∣L−1
η (a, b)− L−1

η (x, y)
∣∣

≤M
{
|η(b,a)−η(y,x)|

2 + x− a
}
.

Proof. If the f(x) = 1
x convex mapping defined on interval [a, b] is applied to the

left side of the inequality in Theorem 2, the inequality∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
f(u)du− 1

η(y,x)

∫ x+η(y,x)

x
f(u)du

∣∣∣
=
∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
1
udu−

1
η(y,x)

∫ x+η(y,x)

x
1
udu

∣∣∣
=
∣∣∣ 1
η(b,a) ln

∣∣∣a+η(b,a)
a

∣∣∣− 1
η(y,x) ln

∣∣∣x+η(y,x)
x

∣∣∣∣∣∣
=
∣∣L−1
η (a, b)− L−1

η (x, y)
∣∣

≤M
{
|η(b,a)−η(y,x)|

2 + x− a
}
.

�
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Proposition 5. Let a, b, x, y ∈ R with 0 < a ≤ x < y and a < b. Then η (., .) :
K ×K → Rn following inequality holds;

(3.7)

∣∣∣ ea+η(b,a)−eaη(b,a) − ex+η(y,x)−ex
η(y,x)

∣∣∣
≤M

{
|η(b,a)−η(y,x)|

2 + x− a
}
.

Proof. If the f(x) = ex convex mapping defined on interval [a, b] is applied to the
left side of the inequality in Theorem 2, the inequality∣∣∣ 1

η(b,a)

∫ a+η(b,a)

a
f(u)du− 1

η(y,x)

∫ x+η(y,x)

x
f(u)du

∣∣∣
=
∣∣∣ 1
η(b,a)

∫ a+η(b,a)

a
eudu− 1

η(y,x)

∫ x+η(y,x)

x
eudu

∣∣∣
=
∣∣∣ ea+η(b,a)−eaη(b,a) − ex+η(y,x)−ex

η(y,x)

∣∣∣
≤M

{
|η(b,a)−η(y,x)|

2 + x− a
}
.

�

Theorem 3.9. Let f : I ⊂ R → R be an M-Lipschitzian function on interval I
and a, b, x, y ∈ I with a ≤ x < y and a < b.Then η (., .) : K ×K → Rn following
inequality holds;

(3.8)

∣∣∣ ab
η(b,a)

∫ ab
b+η(a,b)

a
f(u)
u2 du− xy

η(y,x)

∫ xy
y+η(x,y)

x
f(u)
u2 du

∣∣∣
≤ M

η(a,b)η(x,y)

{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |abη(x,y)−xyη(a,b)|

yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]} .
Proof. Since f is M-Lipschitzian function on interval I, ∀v, w ∈ [a, b]

|f(v)− f(w)| ≤M |v − w| .

Here, for arbitrary t ∈ [0, 1] , if we take

x =
ab

b+ tη (a, b)
and w =

xy

y + tη (x, y)

then ∣∣∣f ( ab
b+tη(a,b)

)
− f

(
xy

y+tη(x,y)

)∣∣∣
≤M

∣∣∣ ab
b+tη(a,b) −

xy
y+tη(x,y)

∣∣∣
= M

∣∣∣ab(y+tη(x,y))−xy(b+tη(a,b))
[b+tη(a,b)][y+tη(x,y)]

∣∣∣
= M

∣∣∣ by(a−x)+t(abη(x,y)−xyη(a,b))
[b+tη(a,b)][y+tη(x,y)]

∣∣∣
= M by|a−x|+t|abη(x,y)−xyη(a,b)|

[b+tη(a,b)][y+tη(x,y)]

= M
η(a,b)η(x,y)

by|a−x|+t|abη(x,y)−xyη(a,b)|
[t+ b

η(a,b) ][t+
y

η(x,y) ]
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If we take integral the last inequality on t ∈ [0, 1] , and use property of modulus,
we have

∣∣∣∫ 1

0
f
(

ab
b+tη(a,b)

)
dt−

∫ 1

0
f
(

xy
y+tη(x,y)

)
dt
∣∣∣

≤
∫ 1

0

∣∣∣f ( ab
b+tη(a,b)

)
− f

(
xy

y+tη(x,y)

)∣∣∣ dt
≤ M

η(a,b)η(x,y)

∫ 1

0
by|a−x|+t|abη(x,y)−xyη(a,b)|

[t+ b
η(a,b) ][t+

y
η(x,y) ]

dt

= M
η(a,b)η(x,y)

{
by |a− x|

∫ 1

0
dt

[t+ b
η(a,b) ][t+

y
η(x,y) ]

+ |abη (x, y)− xyη (a, b)|
∫ 1

0
tdt

[t+ b
η(a,b) ][t+

y
η(x,y) ]

}
= M

η(a,b)η(x,y)

{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |abη(x,y)−xyη(a,b)|

yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]}

If we make the change of variable u = ab
b+tη(a,b) and u = xy

y+tη(x,y) in the integrals on

the left side of the last inequality respectively, we have the following inequalities;

∣∣∣ ab
η(b,a)

∫ ab
b+η(a,b)

a
f(u)
u2 du− xy

η(y,x)

∫ xy
y+η(x,y)

x
f(u)
u2 du

∣∣∣
≤ M

η(a,b)η(x,y)

{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |abη(x,y)−xyη(a,b)|

yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]} .
this completes the proof of the theorem. �

Remark 3.10 (11). If we take η (b, a) = b−a from the above Theorem 3, we obtain
then following inequality holds;

∣∣∣ abb−a ∫ ba f(u)
u2 du− xy

y−x
∫ y
x
f(u)
u2 du

∣∣∣
≤ M

(a−b)(x−y)

×
{
by |a− x|

[
(a−b)(x−y)

b(x−y)−y(a−b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |ab(x−y)−xy(a−b)|

y(a−b)−b(x−y)

[
y (a− b) ln

∣∣∣xy ∣∣∣− b (x− y) ln
∣∣a
b

∣∣]} .
Proposition 6. Let p > 1 and a, b, x, y ∈ R with 0 < a ≤ x < y and a < b. Then
η (., .) : K ×K → Rn following inequality holds;

(3.9)

∣∣∣∣ ab
η(b,a)(p−1)

[(
ab

b+η(a,b)

)p−1

− ap−1

]
− xy

η(y,x)(p−1)

[(
xy

y+η(x,y)

)p−1

− xp−1

]∣∣∣∣
≤ M

η(a,b)η(x,y)

{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |abη(x,y)−xyη(a,b)|

yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]} .
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Proof. If the f(x) = xp convex mapping defined on interval [a, b] is applied to the
left side of the inequality in Theorem 3, the inequality∣∣∣ ab

η(b,a)

∫ ab
b+η(a,b)

a
f(u)
u2 du− xy

η(y,x)

∫ xy
y+η(x,y)

x
f(u)
u2 du

∣∣∣
=
∣∣∣ ab
η(b,a)

∫ ab
b+η(a,b)

a
up

u2 du− xy
η(y,x)

∫ xy
y+η(x,y)

x
up

u2 du
∣∣∣

=

∣∣∣∣ ab
η(b,a)(p−1)

[(
ab

b+η(a,b)

)p−1

− ap−1

]
− xy

η(y,x)(p−1)

[(
xy

y+η(x,y)

)p−1

− xp−1

]∣∣∣∣
≤ M

η(a,b)η(x,y)

{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
|abη(x,y)−xyη(a,b)|
yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]} .
�

Proposition 7. Let a, b, x, y ∈ R with 0 < a ≤ x < y and a < b. Then η (., .) :
K ×K → Rn following inequality holds;

(3.10)

∣∣∣∣ ab
η(b,a)(−2)

[(
ab

b+η(a,b)

)−2

− a−2

]
− xy

η(y,x)(−2)

[(
xy

y+η(x,y)

)−2

− x−2

]∣∣∣∣
≤ M

η(a,b)η(x,y)

{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |abη(x,y)−xyη(a,b)|

yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]} .
Proof. If the f(x) = 1

x convex mapping defined on interval [a, b] is applied to the
left side of the inequality in Theorem 3, the inequality∣∣∣ ab

η(b,a)

∫ ab
b+η(a,b)

a
f(u)
u2 du− xy

η(y,x)

∫ xy
y+η(x,y)

x
f(u)
u2 du

∣∣∣
=
∣∣∣ ab
η(b,a)

∫ ab
b+η(a,b)

a
u−1

u2 du− xy
η(y,x)

∫ xy
y+η(x,y)

x
u−1

u2 du
∣∣∣

=

∣∣∣∣ ab
η(b,a)(−2)

[(
ab

b+η(a,b)

)−2

− a−2

]
− xy

η(y,x)(−2)

[(
xy

y+η(x,y)

)−2

− x−2

]∣∣∣∣
≤ M

η(a,b)η(x,y)

×
{
by |a− x|

[
η(a,b)η(x,y)

bη(x,y)−yη(a,b)

(
ln
∣∣∣η(x,y)+y

y

∣∣∣− ln
∣∣∣η(a,b)+b

b

∣∣∣)]
+ |abη(x,y)−xyη(a,b)|

yη(a,b)−bη(x,y)

[
yη (a, b) ln

∣∣∣η(x,y)+y
y

∣∣∣− bη (x, y) ln
∣∣∣η(a,b)+b

b

∣∣∣]} .
�
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