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Highlights
* This paper is deal with some identities of the harmonic and the hyperharmonic Fibonacci numbers.
« By using the symmetric algorithm, we get some important identities which improve the usual results.
» By using the Riordan array, some identities for hyperharmonic Fibonacci numbers are derived.
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This paper is concerned with the combinatorial identities of the harmonic and the hyperharmonic
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1. INTRODUCTION

Harmonic numbers became popular in combinatorial problems and special functions. They are studied in
many areas of mathematics and especially are considerable for number theory. They are related to harmonic
series and Riemann zeta function. The n —th harmonic number, denoted by H,,, is defined by

where Hy = 0. Conway and Guy [1] generalized the harmonic numbers and they called the n —th
hyperharmonic number of order r, denoted by Hr(f), as

n
HD = Z HT™  (nr=1)
k=1

where H,(lo) = % and H,(ll) = H, is the n —th ordinary harmonic number.
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Fibonacci sequence is one of the most popular and useful sequence in mathematics. Therefore, this
sequence has been investigated extensively. The Euler-Seidel matrix, which is given by [2], is useful to
obtain some properties of the hyperharmonic and the r —Stirling numbers. Dil and Mez6 [3] defined the

hyper-Fibonacci numbers and the hyper-Lucas numbers. Hyper-Fibonacci numbers [3] is denoted by Fn(r),
for any r positive integer

n

EM = z EC™Y  (nr=1)
k=1

with £ = E,, Fo(r) =0, Fl(r) = 1. Also by using recurrence relation which define aX = ak_, + ak=1, the
authors introduce a symmetric algorithm. With the help of the symmetric algorithm, we can obtain some
properties of the hyperharmonic numbers, Fibonacci and Lucas numbers and incomplete Fibonacci and
Lucas numbers. Bahsi et al. [4] analyzed combinatorial properties of the hyper-Fibonacci and hyper-Lucas
numbers by using a symmetric algorithm. Recently, in [5] Mezé and Ramirez obtained new algorithm
which named the g —analogue of symmetric matrix algorithm. Moreover, the authors give several analytic
and number theoretic identities for the g —hyperharmonic numbers. For more details about these algorithms
see [6-8].

Fibonacci zeta function is defined by

- 1
() = ) =
k=1 ¥

and some combinatorial properties of this function have been studied in [9, 10]. But simple form of }.;"_, Fi
k
for finite sums of reciprocals Fibonacci numbers is not known [11].

Tuglu et al. [12] called this finite sum as the n —th harmonic Fibonacci number by

S &
oy
k=1Fk

and for any r positive integer, they introduced the n —th hyperharmonic Fibonacci number, denoted by
IF%T), by the undermentioned recurrence relations

n

P =)™ (nrz) @)
k=1

with ]F%O) = Fi ]Fgr) =0 and Fy = 0. For r = 1, in particular,

o 1
1
FV =F, = E =
k
k=1

is obtained. Tuglu and Kizilates [13-14] studied norms of some circulant and special matrices involving the
harmonic Fibonacci and the hyperharmonic Fibonacci numbers.

Riordan matrices have been studied in some combinatorial problems and identities. Shapiro et al. [15]
introduced Riordan group, which has element of Riordan matrices and defined conception of Riordan array.
A Riordan array is defined by a pair of formal power series as follows:
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R=(g(0).f()) = [dni], s 3)
with £(0) = 0, f'(0) # 0 and g(0) # 0 such that

dn e = [x™g O f ()" (4)

where [x™] denotes the coefficient operator of x™ obtained from f(x). Using this definition, for any
sequence {h,} having h(x) as its generating function, we have

ZﬁMM— "gCOR(f (). ©)

The above identity is named the fundamental theorem of Riordan arrays. The authors [16-18] studied the
harmonic numbers with related to Riordan arrays.

In this study, our aim is to get unknown combinatorial properties of the hyperharmonic and the harmonic
Fibonacci numbers. The paper is formed as follows. In section 2, we give the generating functions of the
harmonic Fibonacci and hyperharmonic Fibonacci numbers respectively. In section 3, Mez6 and Ramirez
[5] obtained unknown number theoretic identities via g —harmonic numbers with help of g —symmetric
algorithm. By using this algorithm, we give several combinatorial identities for the harmonic and
hyperharmonic Fibonacci numbers which weren't available in literature. Finally, in section 4, with aid of
concept of Riordan array, we call attention some formulas for these humbers.

2. THE GENERATING FUNCTIONS

A q —analogue of logarithm [19] is given by

[oe]

Ligy(x) =

- lal>1, %l <lql ©)

And Murty [20] showed that

o 1
D5 = @ Ply(-a) ™

n=1

1+\/—‘B_1\/_

withq = —a? and «

The following theorem is about the generating function of [F,,.

Theorem 1. Let IF,, be the n —th harmonic Fibonacci number. Then the generating function of F,, is

— _ a—
Z —ﬁL_aZ( (IX) (8)

where L_,z is as in (6).

Proof. Using the Equations (1), (6) and (7), we can obtain
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(o] (o] n
n 1 n
Z F,x" = Z Z F_k X
n=1 n=1 (kl

no:ol k:%o
Sy
n=1 k=1Fk -
1
_ _ k
1 x( B)Zak ﬁkx
- k=1
_- Z Caf
1 —g2)k —
1 xk:l( a?)k —1
a [—
=1= L_g,2(—ax)

Corollary 1. Let IF;T) be the n —th hyperharmonic Fibonacci number. Then the generating function of ]Fg)
is

Oon_ B
ZF" X = G ke (), ©)

n=1

Proof. Using the definition of the hyperharmonic Fibonacci numbers and the properties of generating
functions, we get

z Fg)xn - Z Z Z
= Fkl
n=1

n=1 \k,=1 k;=1

1
= 1—x (a - ﬁ)L—az (—(IX),
which proves the corollary.

21F1(1r+)1xn ([f)r L_g2(—ax).

Shifting indices for n and using the Equation (9), the following equation is obtained

Z]ngl i)r L_p(—ax). (10)

3. SYMMETRIC INFINITE MATRIX

In this section, we obtain some identities involving the hyperharmonic Fibonacci numbers by using the
symmetric infinite matrix.

Let (a,) and (a™) be sequences. The symmetric infinite matrix associated with these sequences fixed by
the formulas

al =a,, afy =a* (n=0)
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ak=ak_+akt (m=>1, k=1). (11)

Let aX be any entries, where k and n are row and column respectively. Then using the symmetric relation
ak can be obtained in terms of the first row's and the first column's elements as

‘ n+k—i—-1y ; = k+n—-j—-1y ,
k=2 (s e (et ) 12
i=1 j=1

(see [3] for more details).

Now we apply the symmetric infinite matrix method for lF(r) numbers. We start with a9 = lF,({ﬁ)l and ag =
F™™ =1 (n> 1, m = 0)in (3.1). Then the following matrix

SUSHI CON SO

]Fgm+1) ]Fgm+1) IFgm+1) ]F‘(l_m-l—l)

Fgm.;.z) IFgm+2) IFgm+2) ]Fz(LmH) (13)
IF.§m+3) Fgm+3) ]Fgm+3) ]Fz(ym-'-S)

is the corresponding infinite matrix.

Theorem 2. Letn = 1, m = 0andr > 0. We have

n

+ n+r—s—1
B :Z( r—1 )Fgm)' (14)

s=1

Proof. Let us take ad = FU" and a? = F{™*™ = 1 (n > 1) in (11). From (12), we obtain

n+1
r+1 n 11 n+1 P
n+r—i . n+r —s
r+1 _ i 0
an+1—z< n )a0+2( r )as
1?1
=Z(n+r ) l+1+z(n+r—s> 2+1
i=0 =
T n
n+r—i n+r—s (m)
DGV ED ) (R 3
i=0 s=0
where k = —iand b = n — s. Using the equation $_,(%) = (511) , we get
S mtky o /r+b
_ n r (m)
am_Z( n )+z( r )IF"n'lb”
k=0 b;O
n+r+1 r+b
_ (m)
_( n+1 >+Z< r )F”Tb”
b=0
n+1 +b
_ r (m)
_z< r )Fnrilb+2'
b=0

Shifting indices for n and r, we obtain
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s=1

From the definition of matrix in (13)

an-1 = ]ngmw)
hence we have

=+ 1
n n+r—s-—
F;m T):Z( r—1 )]Fgm)'
s=1

We retrieve following corollary which is obtained in [12] by using the symmetric infinite matrix method.

Corollary 2. Let IF,(I) be the n —th hyperharmonic Fibonacci number. Then the following equation hold

IF(T)_zn:(n+r—s—1)1
no r—1 E/’

s=1
Proof. This is proved by setting m = 0 in (14).
The following corollary is about the harmonic Fibonacci numbers.

Corollary 3. Let F,, be the harmonic Fibonacci number, and let s be nonnegative number. Then

n

n+r—s—1 1
Z( r—1 )IFS:IFg g
s=1

Proof. The same proof remains valid for m = 1 in Theorem 2.

Corollary 4. For the hyperharmonic Fibonacci numbers, we have

n
Z SFI™ = pF(m+D) _ plmt2),

s=1

Proof. Let r = 2 in (14). We have

n
2
Z(n +1—s)F™ = pim+2),

s=1
Then using the Equation (2), we get

n n

n
Z(n +1-— S)IF'gm) =N+ 1)2 1F§’") — ESIFgm)

s=1 s=1 s=1

(15)

(16)

(17)

(18)
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n

= (n+ DF™Y _ Z sF™.

s=1

Using (18) and recurrence relation for the hyperharmonic Fibonacci number (see Lemma 1 of Tuglu et al
[12]), we obtain

n

n
z sF™ = (n+ DETY - Z(n +1-5)F™

s=1

s=1
— (n + 1)[F.Elm+1) _ Fglm+2)
_ (m+1) _ (m+2) (m+1)
= (n+ DF, F2 4 FY
_ nIF(m+1) _ IF.(m+2)

- n n-1
which completes the proof.

Specially, if we take m = 1 in (17), we get

n+1

Z kF, = (n+ DFZ), — F. (19)

Theorem 3. Let IF;” be the n —th hyperharmonic Fibonacci number, and let F, be n —th Fibonacci number.
Then

r

1
D EP=FD - —. (20)

F,
— n+1

Proof. By considering the Equation (15), we have

T

Sar-3

k=1 k

M:

<n+k—t—1)1
Fy

=

1

Z<n+k—t—1)
Fy
> (" )
( +r—t) 1
r—=1 JF Fn+1
_IF(r)

n+1

n

’—‘]T

]

(.,
S|
oy

:m
LN

M

Fn+1

which completes the proof.

4. RIORDAN ARRAYS

In this section, observing the triangle which is obtained from (IFS)) given by (2) holds a Riordan array, we

get some properties of (]F;T)). Also, we indicate how (IF,(I)) numbers may be represented with aid of
Riordan array.
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Lemma 1. Let F” be the n —th hyperharmonic Fibonacci number, and let F = [ fukl ., e infinite
matrix, defined by

= {ngpkﬂ n—k+1=0,
™ 0 n—-k+1<0.

The Riordan representation of F is

F = (;ﬁ)r _g2(—ax), x) (21)

Proof. The matrix F can be written as

F 0 0 0
F O FY 0 0
F F FP o
FO P O FO

a-p

Using (10), we can see that 0" column is accounted for coefficients e L_,

2(—ax). Then from the
rule of Riordan group, we get Riordan representation of this matrix

(% _ag2(—ax), x)

which proves the lemma.

The Equation (14) can be proved by another way by using the Riordan array.

Another Proof. Let h(x) = (— = ¥ o(*t"1") x™. From (5) and (21), we have
S os+k—1 i 1
S — (T) _ a —
kZO( s—1 ) noksr = Xl T r bear (GO0 s
a—p
= [xn]m _g2(—ax)
= [xn] Z IF£LT++1S).X
(ras)
r+s
- IF‘n+1 '
Also we have
S s+ k—1 & stn—k
S - D) SsTn-— Q)
Z( s—1 )Fnrk“ s—1 Fi
k=0 k=1

then we obtain

s+n—k
1) _ p(r+s)
Z( s—1 )Fr _F"rﬂs'
k
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Lemma 2. Let

F= (xé_ﬁ) L-g2(=ax), 19ch)

(k+1)

be a Riordan matrix. The generic element f, , of F is F, ;.

Proof. From (4) and (10), we get

n *—B k
fue = M) L= s Lo () =)
e
=[x ]x(l O L_g2(— ax)xk
e Pt S R )

= [x"7¥] Z IF‘gf:’ll)x

(k+1) -
- IFn k+1°

Theorem 4. Let IF,(I) be the n —th hyperharmonic Fibonacci number. We have

n+1

Z 1
- (n—k+2) _
(_1)n k+1IFkn — .

=1

Fniq

Proof. Let h(x) = i = Ymo(=1)"x™. From (5), (7) and (22), we obtain

n

S Cone oo ()

— x(1- )‘“
_ o *TF _
My bt (a0 (1 =)
= L an)
‘Fn+1
And
n n+1
Z(_l)kFg{‘:{l—zl Z(_l)n—k+1IFI(€Tl—k+2)_
k=0 k=1
So, we have

n+1

1
z - (n—k+2) _
(_1)71 k+1IFkn — .
k=1

Fn+1

(22)

(23)
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Theorem 5. Let ]Fgl’") be the n —th hyperharmonic Fibonacci number, and let s be nonnegative number.
Then

n+1

(n—-k+2) _ (s+1)
Z n k+1 ]F"n = Frir (24)

Proof. Let h(x) = (1 +x)° = X5o(;;)x™. From (5) and (22), we have

D (D EE =M L e an h ()

k=0 p
=bx n]x(l x) Lo
a—p

= [x"]w —a

= [Xn] Z IF;S:ll)x

=0
— IF(s+1)

n+1 -

2(—ax ( _x)s

2(—ax)

Also, we get

n+1

n
AL AR

k=0 k=1
Finally, we obtain that

n+1

S
(n—k+2) (s+1)
Z(n—k+1)F = Bt
k=1

Corollary 5. For the hyperharmonic Fibonacci numbers, we get

n (n—k+2) _ m(n+1)
Z (k _ 1) IFkn IF‘nrfl-l '

k=1
Proof. It can be simply seen that taking s = n in (24).
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