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SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR
(¢,p, 1) -PREINVEX FUNCTIONS

SEDA KILING! AND HUSEYIN YILDIRIM®

ABSTRACT. In the present paper, a new class of convex functions isintroduced
which is called (¢, p, u)—preinvex functions.With the help of this new class
we prove some of Hermite-Hadamard type inequalities for (¢, p, u)—preinvex
functions.

1. INTRODUCTION AND PRELIMINARES

Fractional calculus (see [8], [9], [14]) arise in the mathematical modeling of var-
ious problems in sciences and engineering such as mathematics, physics, chemistry
and biology.

Fractional integral operators are studied by lots of authors (see [1], [15], [18],
[21], [26]) with many applications in differents fields. (see [5], [6]). Also, these
operators have allow to extended results about integral inequalities of many types
(see [1], [12], [13] ), for instance, Hermite-Hadamard integral inequalities (see [3],
(6], [7))-

Currently, several extensions and generalizations are inroduced by many re-
searchers for classical convexity (see [15], [17], [18], [24]). A significant general-
izations of convex functions are invex functions introduced by Hanson (see [7]).

In recent years, generalizations of classic convexity have been considered various
study. The theory concept of is one of them, which is introduced by Hanson. This
theory has approved special attention by several authors over the years. Preinvex
function on the invex sets can be characterized by a class of variational inequalities,
called the variational-like inequalities.

The f : J C R — R be a convex function defined on an interval J of real
numbers a,b € J and a < b, if the following inequalities

1) f(58) < o J0 f ) < K,

holds,it is called Hermite-Hadamard type inequality.An important extension of con-
vex functions was the introduction of preinvex function [21].
The following definitions were introduced in [21].
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Definition 1.1. A set K, € R" is said in order to be invex set with respect to
n(.,.), if

(1.2) u+7n(v,u) € K, Yu,v e K,, 7€l0,1].

The invex set K, is also called n—connected set. n(v,u) = v — u, the invex set
reduces in order to classical convex set.

Definition 1.2. A function f : K,, — R is said in order to be preinvex with respect
to arbitrary bifunction n (.,.), if

(1.3) flu+mm @) <(1—7)f(u)+7f@), Yu,v e K,, 7€0,1].
The function f is said in order to be preconcave if and only if —f is preinvex .

For n(v,u) = v — u, the preinvex functions becomes convex functions in the
classical sense.

In [21], Noor et. al. noticed that every convex function is a preinvex function.
Clearly, every convex set is an invex set but the converse is not true.

Definition 1.3. Let 7 (.,.) : RxR — R is supposed to have the following property:
n(v+ 7 (u,v), 0+ 729 (u,0) = (11— 72) 1 (v, 0),
V7,1 €1[0,1], 71 < T2, u,v € K.

In [21], Noor et al. gave the below interesting Riemann-Liouville integral in-
equalities of Hermite-Hadamard-Noor type for preinvex function

a b,a a+n(b,a a b
f(2 Jrg( ))Sn(b{a) fa n( )f(u)dug £( );f()

We now recall some known concepts which will be helpful in obtaining some of
our main results.
[21], Beta functions B (.,.) are defined as ;

1
(1.4) B (z,y) :/ 11— 7)Y dr,
0
is Euler Beta function with
L(@)T (y)
1.5 B(z,y) = ———22.
(15) 9) = Ty

In the present paper, we introduced the notion of (¢, p, u)—preinvex Functions.
Some new and interesting estimates of the integral

HOIICORIO) , "
/ (w(a) +n(p ), ¢ (a)) =¢ )" (p(u) = ¢ (a)F fp(u)de(u),

(a)

via (¢, p, 1)—preinvex functions are obtained. Some special classical are also de-
duced from this result.

The K, = [p(u),¢(u)+n(e(),e(u))] be anonempty closed set in R™. Let
f+ K,y = R be a continuous function and let (., .) : K, x K, — R™ be a continuous
bifunction.
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2. MAIN RESULTS

We introduce notations,.... In this section, in order to obtain main results we
will introduce the some new concepts of (¢, p, u)-preinvex functions and its variant
forms.

The following definition is defined by us.

Definition 2.1. Let J be an interval ¢ (u),p(v) € J with ¢ (u) < ¢(u) +
n(e(v),¢(uw) and ¢ : J — R a continuous increasing function. Let f : K, — R
be (¢, p, 1) —preinvex function with respect to bifunction 7 (.,.), If

(2.1) flow)+mn(p(v),0 ) <P (1 —7)"[f (¢ W)+ f (¢ )],
where ¢ (u),¢ (v) € K, T €[0,1], some fixed p > 0,z > 0.

Remark 2.2. Let J be an interval ¢ (u), ¢ (v) € J with ¢ (u) < ¢ (u)+n (¢ (v),¢ (u)) and
¢ :J — R a continuous increasing function. Let f : J C R — R be a ¢ convex
function on J = [p(a), ¢ (b)]. The present study, function 7(.,.) : R xR — R is
supposed to have the following property:
(2.2)

n (e @) +mn (e W), e (v), e @)+ 72 (e ), () = (1 —72)n(p (), ¢ (v)),

where 71,75 € [0,1], ¢ (1) < ¢ (12).

1. If ; = 7 = 0, afterwards (1.4) implies that 7 (¢ (v),¢ (v)) = 0 for all
v (v) € R.
2. If 1 =0 and 75 = 7 > 0 afterwards,

n(p W), @)+ (p(u),e ) =-mn(p(u),¢v)) forall ¢ (u),¢(v) ER.
3. I n(p(u),e(v)) >0 for some (¢ (u),p(v)) € R afterwards,

(e @), e @)+ (e (u),e(v))) <0 forall 7 €[0,1], (1.4) implies that n has
not constant sign on R x R.

Theorem 2.3. If J be an interval ¢ (a) , ¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b),¢ (a)) and
¢ :J =R a continuous increasing function. Let f : K, — R be (¢, p, 1) —preinvezx
function on J = [¢ (a), ¢ (b)] with respect to bifunction n (.,.) withn (¢ (b), ¢ (a)) >

0. If feLlp(a)+n(p(®),p(a)), then the following inequality hold

optu—1f (2w(a)+n(2w(b)7w(a))>

. (@)+n(e(b).(0))
(2:3) < @) Jaey O (o (w))dip (u)

SBp+Lu+1)[f(pa)+f(e®)].

Proof. Since 7 (.,.) satisfies (1.4) and f is (¢, p, u) —preinvex function,afterwards,

i};& with ¢ (u) = ¢ (a) + 71 (¢ (b), ¢ (a)), ¢ (v) =p(a)+ (1 —7)n(p(d),¢(a)) we

(2.4) f (2¢(a)+n(§(b)7w(a))) < f(sa(a)+7n(sa(b),tp(a)))-;ﬁsi(a)-%(1—7)77(47(17)730((1))).
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Integrating both sides of the preceding inequality with respect to 7 on [0, 1], we get,
-1 1 2¢(a)+n(e(b),¢(a))
2p+p,1f0f<§9 UK )

a b a
< n(w(b ) f‘/’ )+n(e(b)p(a)) f((P (u))dgp (u)

< L (L= [f (¢ () + £ (0 (b))dr.
m f&(aa))ﬂ(%(b),@(a)) £ (w))de (u)

<SBp+1Lp+1)[f(pa)+f(»®)].

Thus the proof is complated.
If we take ¢(z) = x in Theorem 1, we obtain the results in [21]. O

Theorem 2.4. Let J be an interval ¢ (a) , ¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b),¢ (a)) and
¢ : J = R a continuous increasing function. Let f,g: K, — R be (¢, p, ) —preinvex
functions on J = [ (a) , ¢ (b)] with respect to bifunctionn (.,.), andn (¢ (b),¢ (a)) >

0.If f,g€ Lp(a) +n (e (b),¢(a))], then the following inequalities hold,

(290(‘1)"’77(;’(5)»99(‘1)))

92(p+u)~1 f (2<p(a)+n(;0(b)7w(a)) ) g

< somaa Sy T [ (w) = ¢ (@) (0 (1) 9 (@) — (p (1) = (@)]PPH)
X (s (w)g(p (w)dep ()

<B@2p+1.2u+1)[M(p(a), (b)) +N(p(a),e (D)),
where

M (¢ (a),p (b)) = f(p(a))g(p(a) + fle(b)g(e (b)),
N(p(a), ()= f(p(a)gp (b)) + fle (0)g(e(a)).

Proof. Since f and g are (¢, p, ) —preinvex function, afterwards,

¥ <2<P(a)+n(;0(b):v(a))) g (2v(a)+n(§(b)av(a))>

< [f(w(a)+Tn(w(b),s0(a)))+f(w(a)+(1ff)n(<p(b)»so(a)))}

2p+p

« [g(cp(a)+m(w(b),w(a)))+g(w(a)+(1—T)n(sa(b)yw(a)))}
2p+u

= sz (@ (@) + (0 (b), 0 (a)g(e (@) + (2 (b) , 0 (a)))
+f(p(a) +(p (), ¢ (a)gle (a) + (1 —=T)n(p (), ¢ (a)))
+f(p(a) + (1 =7)n(p(®),¢(a)) gle(a) + 0 (p(b),¢(a)))

+flpa) + (A =7)n (e (0),¢(a)g(e(a) + (1 -7)n(p (), ¢ ()]
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This implies

f (2<p(a)+n(w(b)7so(a))) <2sa(a)+n(so(b)7w(a)))
2 2

g
< soir L@ (@) + (0 (b) .0 (a))g(e (a) + 70 (¢ (b) , 0 (a)))
+f(p(a) + (L =T1)n(p(d),¢(a)gly(a)+ (1 -7)n(p ), ¢ (a)))

+2720 (1= 7 [£(12 (2)) + flsp )] [g( (@)) + 9 0]

Integraling the preceding inequality with respect to 7 on [0, 1], we get,

F (2w(a)+n(<2fo(b),so(a))) g (2¢(a)+n(§(b),w(a))>

< g e e () = 0 (@) (12 (8). 0 (@) = (o () — 0 (@)

X[ (@ (u)g(p (u))dp (u)

<SB(2p+1,2u+1)[M(p(a),o (b)) + N (p(a), ()]

The proof is completed.
If we take ¢(z) = x in Theorem 2 , we obtain the results in [21]. O

Theorem 2.5. If .J be an interval ¢ (a) , ¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b), ¢ (a)) and
¢ : J = R a continuous increasing function. Let f, g : K, — R be (¢, p, ) —preinvex
functions on J = [¢ (a) , ¢ (b)] with respect to bifunctionn (.,.), andn (¢ (b),¢ (a)) >

0.If f,g € Lp(a) +n (e (b),¢(a))], following is obtained,

ayy JELTEORD 15 (u))g (i (u))dep (u)

<SB@2p+1.2u+1)[M(p(a),o (b)) + N(p(a),p )],

where

M (p(a), ¢ () = flp(a))g(e(a)) + f(p(b)g(e (b)),
N(p(a),p (b)) = f(e(a)g(p(®)) + fle()g(e(a)).

Proof. Since f and g are (p, p, u) —preinvex functions, afterwards,

fle(a)+m(e®),e(a) <2 (1 —7)"[f(e(a)) + f(e ()],
and
gle(a)+ (e (b),¢(a) <77 (1 —7)"[g(e(a) + g(e ()]

Multiplying both sides of the preceding inequality and afterwards integrating the
resulting inequality with respect to 7 over [0, 1], we obtain,

Jo Fo (@) + (0 (b), 2 (a))g(p (@) + 1 (2 (b) , ¢ (a)))dr

<f1 % (1 7) [f(p (@) + Fl (5))] [9( (a)) + (e ()] dr.
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ie,
(a)+n(e(b),p(a))
n(cp(b) p(a)) fg;p(aa e f(QD (u))g(@ (u))d@ (u)

<SBQ@2p+1,2u+1)[M(¢(a), ¢ (b)) + N(p(a), e (b)),

which complete the proof.
If we take ¢(z) = = in Theorem 3 , we obtain the results in [21]. O

Lemma 2.6. Let J be an interval ¢ (a),¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b), ¢ (a)) and
¢ : J = R a continuous increasing function. Let f : K, — R be a (go,p ) —preinvex
function on J = [p (a),¢ (b)] so that f € Ly (a)+ 77( (b)), (a))], afterwards

Jor® (1=1)% flo (@) + 70 (0 (b) ¢ (a))dr
= o e T e ) = e @) (e @+ (e 0) e @) - ¢ (u))*
x f(p (u))dep (u).

Proof. Suppose a function f € L{p (a) +1 (¢ (b), 9 (a))],k > 1, afterwards,

B8
k

fol & (1-1)

ie. with ¢ (u) = ¢ (a) + ™ (¢ (b),¢(a)), de(u) =n(e(b),e(a))dr in the above
integral, then

fle(a)+1n(p®),¢(a)))dr

Elkey

[E@ e )pla) ( o(u)—¢(a) )% ( o(u)—¢(a) ) deo(w)

v(a) n(p(b),¢(a)) n(p(b),p(a)) n(p(b),¢(a))

_ 1 @(a)+n(e(b),0(a)) B - _ 2
R o) pa)) TP (¢ (u) = (@) " (p(a) +1 (¢ (), ¢ (a) — @ (u)*
x f(p (u))dep (u),

which complete the proof.
If we take p(z) = z, and k = 1 in Lemma 1 , we obtain the results in [21]. O

Theorem 2.7. LetJ be an interval ¢ (a) , ¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b),¢ (a)) and
¢ : J =R a continuous increasing function. Let f : K, — R be (¢, p, ) —preinvez
function on J = [¢ (a), ¢ (b)] with respect to bifunctionn (.,.) withn (¢ (b), ¢ (a)) >

0.If f € L[p(a) +n(p(b),¢(a))], afterwards

Ealle)

=2

w(a)+n(e(b).e(a))
fsa(a) (

@ (u) =@ (a)* (p(a) +n(p(b),¢(a) —¢ ()" flp(u)de (u)

< (o (0),0 (@) B($ 49+ 12+ u+1) [0 (@) + f(p ()]



109 SEDA KILING! AND HUSEYIN YILDIRIM*

Proof. Using Lemma 1, definition of Beta function the fact that f is (¢, p, ) —preinvex
function, for some fixed k > 1 we have

=R
>

a b),p(a
fj((a)Hn(w( ), (a)) (o () — ¢ (a))

(p (@) +1(p (b)), ¢ (a)) =@ (u)* fp(u)dp (u)

B
3

=nFFEL (0 (), 0 (a) fy 78 (L= 7)F f(g (a) + (¢ (b) ¢ (a))dr

<nFHER ((0), 0 (a) Jy 7HH (L= 1) E f(p (@) + flo ()] dr

=gt (0.0 (@) B (g +p+ L+t 1) [fp (@) + Fe B,

which complete the proof.
If we take p(z) = and k = 1 in Theorem 4 , we obtain the results in [21]. O

Theorem 2.8. IfJ be an interval ¢ (a), ¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b),¢ (a)) and
¢ :J = R a continuous increasing function. Let f : K,y — R be (o, p, u) —preinvex
function on J = [¢ (a) , ¢ (b)] with respect to bifunctionn (.,.), andn (¢ (b),¢ (a)) >
0.If f € L{p(a) +n (v (b),p(a))], afterwards

8

L@ LD (5 () — o (@) (g (@) + 1 (e (), 9 (0) — @ (W) (g (u))de (u)

3=

<nEHE (e (), ¢ (@) [BOrE +1, 87+ 1)

r—1
T

% [Bo+ 1,0+ 1) (160 @)™ +1£(0 0)|77 )]
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Proof. From Lemma 1, Holder inequality, definition of beta functions and the fact
that |f|™7 is (¢, p, ) —preinvex function, for some fixed r > 1, we have

JEEOLD (5 () — o (@) F (g (a) + 1 (e () ¢ (a) — ¢ (u))

<t ), p @) [ a0

X [fol 1£ (0 (a) +n (@ (b), e ()™ d’Ti|

<ntHEH (o (0), 0 (@) [BOrg + 1,87+ 1)]

x [y 7 (=) 11 (0 (@) + (0 (), (@) T dr]

3=

<nEEL (0 (), ¢ (0) [BOE + 1 fr+ 1)

r—1
T

x [y 7 (=) (15 @)™ + £ (0 0|7 | ar

3=

<nEHE (o (), ¢ (a)) [BOrE +1, Er+ 1)

r—1
I

% [Bo+1,8+1) (17 @)7T + 16 0)77)]

The proof is done.
If we take ¢(z) =z and k =1 in Theorem 5 , we obtain the results in [21]. O

Theorem 2.9. If J be an interval ¢ (a), ¢ (b) € J with ¢ (a) < ¢ (a)+n (¢ (b), ¢ (a)) and
¢ :J = R a continuous increasing function. Let f : K,y — R be (p,p, u) —preinvex
function on J = [¢ (a) , ¢ (b)] with respect to bifunctionn (.,.), andn (¢ (b),¢ (a)) >
0.If f € L{p(a) +n (¢ (b),p(a))], afterwards

8

JEe@ED (o () — o (@) (g (@) + 1 (e ()¢ (0) — @ (W) (g (u))de ()

r—1

<0t (o), 0 (@) [B(g +1,2+1)] 7

=

X [B(g+p+1,2+p+1) (e @) + 1/ ®)")]
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Proof. Using Lemma 1, Holder’s inequality, definition of beta functions and the
fact that |f|" is (¢, p, ) —preinvex function and for some fixed r > 1, then

SR (5 () — o (@) F (i (@) + 1 (0 (8) 0 (@) — 0 (W) F F(ip (w)dep (1)

r—1

<nEE (o), ¢ (a) [fy 0 -1 rfar] T

1
I3

<[t 1= e @ + (o 0, ¢ @) dr]

r—1

<nEr (o), 0 (0) B+ 1,8 +1] 7

1
r

< [Jy o (1= 0@ £ @) + £ )] 7]

r—1

—nEHE (e (1), 0 (0) [B(g +1, 4 +1] 7

3=

X |B(+p+1,2 +p+ D[ @)+ /o)

Thus the proof is completed.
If we take ¢(z) = x and k =1 in Theorem 6 , we obtain the results in [21]. O

Using different technique, we obtain the following theorem.

Theorem 2.10. If J be an interval ¢ (a),¢ (b) € J with ¢ (a)+ (cp (0),¢(a)) and

¢ : J = R a continuous increasing function. Let f : [¢ (a), ¢ (a) + 1 (0 (b),¢(a))] =
(0,00) be differentiable and (¢, p, u) —preinver function on J = [¢ (a), (b)] after-

wards,

@(a +n(p(b),0(a)) 2¢(a)+n(p(b),0(a))
Jota f@)dr 2 5o w(a))f( > )

(a)+n( Jo(a)) f(2ela)tnle®) ela) 20(a)+ b) ol
f:(a n(e exp {< f((%‘M))’n(x’%) )

Proof. Suppose a function f € L{p (a) +n (¢ (b), ¢ (a))] and fis (¢, p, ) —preinver function.
afterwards,

log f(z) —log f(y) > (L (log f(y)), n(z,y))

namely,

[@) < /£
log 7y = <f(y)’77( )>’

f(@) = f(y) exp Kf((;))’”( )>} '

Taking y = w ,in the preceding inequality, we have

/(20(@)tn(o(b) o)
flx) > f (W) exp [<§((WM))7’7($’ 2¢(a)+n(§(b)’¢(a)))>] ’

z€lp(a),p(a)+n(p®),¢(a))
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integrating the preceding inequality with respect to z on [¢ (a), ¢ (a) + 1 (v (b), ¢ (a))],
we have,

a p(b
f:j((a))Jrn (),¢(a)) f(2)dx

2 f;(aaHn ®(a)) £( 2<p(a)+n(50(b) »(a)) )

f/(w) 20(a)+ b),o(a
X exp [< f(w),ﬁ(m, v(a) 17(;?()50( ))) dx

a b),¢(a a a
> exp { f;i(a +n(p(b),p(a)) f(2<p( )+n(;@(b),</)( )))

f/(2w(nr)+n(w(b)vw(a))) 20(a)+ b),0(a
X <f(2¢<a>+n<§<b),w<a)>) n(z, — 17(;0( L ))) dx| .

Hence the proof is completed.
If we take ¢(z) = = in Theorem 7 , we obtain the results in [22]. O
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