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On Binomial Sums and Alternating Binomial Sums of
Generalized Fibonacci Numbers with Falling
Factorials
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Abstract

In this paper, we consider and obtain binomial sums and alternating binomial sums including falling
factorial of the summation indice. For example, For integers n and m such that 0 < m < n,

" /n n " i [(2m 2m
L 2m __ —1)* n—m. = (=1)mon—m
> (1o = gt (S0 () iatacmmn-n - 2= (3.

and for positive odd integer m,

n m—1
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1. Introduction

For n > 2, define second order linear sequences {U,,} and {V,,} by
Up=pUp-1+ U, oand V,, = pV,,_1 + V;, o,

with Uy =0, U; = 1and V = 2, V; = p, respectively. When p = 1, U,, = F}, (nth Fibonacci number) and V,, = L,,
(nth Lucas number). The Binet formulae are
U, = il and V,, = " + 5",
a—p
where o, § = (p F \/E) /2 such that A = p? + 4.
2™ stands for the falling factorial defined by

2™ =z(z—-1)..(z —m+1).
Wiemann and Cooper [11] gave certain conjectures for the Melham sum

n

2m—+te
E :F2k+5 ’
k=0
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where m is a positive integer and ¢, § € {0, 1} . Ozeki [9] considered Melham’s sum and gave an explicit expansion
for it as a polynomial in F5,,11 and Prodinger [10] obtained a formula for the sum

2m+
Z Fays
where m, € and § are as before. Kilig et. al [2] considered alternating Melham’s sums for Fibonacci and Lucas
numbers of the form
> (=D P and Z D HVE

k=1

where m, ¢ and ¢ are as before.

Kili¢ and Tasdemir [7] derived various binomial-double-sums involving the Fibonacci numbers as well as
their alternating analogues and they [8] gave and computed various sum families of binomial sums namely
binomial-sums including double sums and one binomial coefficient of the forms and their alternating analogues

Z (;-)U”'thjv Z <Z> (=1)" Viigejs

0<ij<n 0<ij<n

where r and t are odd integers.
Khan and Kwong [6] obtained the sums

i()mUandZ<> Z’”UZ7

=0

for some nonnegative integer m.

Kilig et. al [3] computed the weighted binomial sums including the powers of the summation index:

i: (ZI’) Z-mUtQim—i-a and Z ( ) n-‘rt V2m+5 ,

=0

where positive integers ¢, m and ¢ € {0, 1}.
Kilig et. al [4] introduced and computed new kinds of binomial sums including falling factorial of the summation
indice. For example,

n n i .m n m __mrrn—m n—m
Z (z) (=1)" ™ Urti Vig(n—tiy = (—1)" (tHD+ (O Alr=m/2
i=0

Usk(tnttm—n) ifn=m (mod 2),

—Al/ZVk(tn+tm_n) ifn=m+1 (mod 2),

where k and t are any integers, and m is a nonnegative integer. They [5] gave closed formulze for weighted and
alternating weighted binomial sums with the generalized Fibonacci and Lucas numbers including both falling
factorials and powers of indices. Furthermore they derived closed formulee for weighted binomial sums including
odd powers of the generalized Fibonacci and Lucas numbers.

2. Some Results
In this section, firstly, we will continue our work with the following lemma:
Lemma 2.1. [1]Let n and m be integers such that 0 < m < n. For a # —1,

n

Z (Z) kmak = amn™ (14 a)""™ . (2.1)

k=0
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Now, we shall present one of our main result

Theorem 2.1. For integers n and m such that 0 < m < n, we have
"\ (n nm [ 2m _
5 (- 2 (80 (e
k=0

mom o [ 2M
s 2(m— z)VZ(ern)(m i) ( ) 2nm ( m >> s
and

3

kmU2m+1 nmA(nfsm)/2
:0

2m +1 nem
( ;) Um D Uem—2itnmn)

if n=m (mod 2),
2m+1\ ... .
A 1/2 ) < Z >U2m_2i+1‘/(2m—2i+1)(m+n) lf‘ n=m-+ ]. (mod 2)
Proof. Consider that
- n mrr2m __ 1 < n m 2k 2K\ 2m
(k)kU% = T (k)k( -5
k=0 k=0
< i (2MY  9ki n2k(2m—i)
:amz 3 1yt () ki gokcom—s
=0 !
1 (1w [ i [(2m i m—i m—i) p2ki m (2m m
= e Z <kz> k= (Z (=1 < i > (O‘Qk pEREm=I) 4 o2k Em=i) g2k ) = (=1) (m) (ap)* ) ;
k=0 i=0
and by a8 = —1 and Lemma 2.1, the above expression equals
_ 1 - i [(2m — (n 2k(2m—2i) 2k (2m—2i)
= @ 2 () (Z)Z(k>k (o +h )
=0 k=0
m 1 2m - n m 2km
0" g () 2 () as)
k=0
_ 1 - i (2m - n 4k(m—1i) 4k(m—1)
= G 0 () X (e (et s )

(L0
e

Lt gdom Z))n—m 4 gim(m=i) (1 + ﬂ4(mi))"—m>
2m n—m
— (=1 mZ
o (et
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Since a? = 872 and %2 = a2, we write

- (1) - 22 £ ()

k=0

: 2(m—i)\ "7 2(m—i) m 2
4m(m—i) o Am(m—i) L o m L (2m
e (a1 ) e (1 By ) o e (2
ni m 2m n—m m(m—1 m—i)(m—n m—i)(m—n m(m—i
AmZ(fl) ( )Vz(m N (a4 (m—i) g2(m—i)(m=n) | 2(m—i)(m—n) gdm( )>
1=0
1

m (2m\ 2"
_(_ ) <m>n Am

_ L L 2m n—mn —2(mtn)(m—i) () (m—i) — o
= Am (ZO (—1) ( p >V2(m ) (6 ntn)(m—i) 4 o —2(mn)(m—i ) _(_1) gn—m "
nm (& 2m\ . em mor o (2m
A'm (; (*]—) < >V )V2(7n+n)(m—i) - (71) 2 <m >> ,

as claimed. The proof of the binomial sum of the odd powers can be similarly done.

For example, if we take m =1,

- n n n—1
k<k)U22k =X ((A —2)" Vognyny — 2" )

and

Enj "V kU, = nAatn=3)/2 (A =3)""" Us(nin) = 3Unsa if nis odd,
o \k * A2 ((A —3)" ! Vagnyn) — 3Vn+1) if niseven.

Theorem 2.2. Let n and m be integers such that 0 < m < n. For even number m,

n m—1
n 2m\ . em m (2M\ e
E (k) kaka =n" ( E (_1) ( )Vm i Vv(m+n)(m %) +( 1) ( )2 ) s

m
k=0 =0

and for odd number m,

m—1
" /n AY2 Y (=)™ <2m>U """ Ulmtn)(m—i) If nis even,
> (k> gmy2m — pmA(n=m)/2 =0 2
= ;) (_ ) ( )U’;’:L Zn‘/(m—&-n)(m ) lfTL is odd.

Theorem 2.3. Let n and m be integers such that 0 < m < n. We have

2m+1\ .
n Z ( . U2m—2i+1V(2m—211+1)(m+n) fn=m (mod 2),
Z (n> km‘é2km+1 — nmA(nfm)/Q i=0 2Z 1
k ’ 2 m + n—m ;. J—
k=0 Al/2 ;) ( p >U2m_2i+1U(2m_21-+1)(m+n) ifn=m+1 (mod 2),
and
" /n ! fom 2m
mys2m m n—m n—m
E (k) ERVa™ = nt E ( >V 2(m )V2(m+n)(m—i) + ( m )2 :
k=0 =0

Now, we will give alternating binomial sums of the powers of generalized Fibonacci and Lucas numbers with
falling factorials.
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Theorem 2.4. Let n and m be integers such that 0 < m < n. We have

> @ REUZ = (—1)" nmAldm/2

k=0
. 2m\ . em .
_ZO (—=1)° ( )Ug(m l)‘/Q(m+n)(m—i) ifn=m (mod 2),
X =
UL i 2m\ . nem .
Al/2 ;] (1) +1 ( )UQ(m Z)UQ(ern)(mfi) ifn=m+1 (mod 2),

and

’I’L

S 2m —|— N\ e
niz < > Vv27n—21',+1U(2m+1—2i)(m+”)’

=

- n m m
(1)t () rmge -
0

k=
Proof. From Binet formula of {U,,} , we have

n n

kZ:O (-1 <Z> KU = (a_lﬁ)m kZ:O (1" <Z> o
X (i(_ni (2;71> (a2kiﬁ2k(2m—i) " a2k(2m—i)62ki) ey (27:) (aﬁ)%m> |

i=0
and applying some elementary operations, equals
om0 (7)o

> k (Z) pm (a4k(m—i) + B4k(m—i))

- () Z (1) (0 sy

Oé—

By Lemma 2.1 and o = —1, we have

o () ()

= A U (27'”) (amm_“ (1 atm0) " i (1 /34“"‘“)nm>
m i
i=0
o m n™ i i 2m 4m(m—i) a?(mfi) n—m sm(m—i) ﬂ?(mfi) n—m
= (=0 Amz(*l) (z)(a (152(77—) + 8 e
m m ‘ .
= " Zm (= ( ; ) Us(m—i) ((—1)”_m aA(mn)(m=i) +62(m+")<m*1)).

=0
Forn =m (mod 2), we get
- k m n—3n 7 - 2m n—m
>0 ()i = aym e Y 0 (M0 Ve,
k=0 =0

Forn = m + 1 (mod 2), the desired result is similarly obtained. We can prove the other claim by using same
approach. O

For positive integer n > 1 and m = 1,

z”: L2 —nAC=I2UP Wy, 10y ifnisodd,
—~ 2k = nAC=D200 " Wy, 40y if nis even,
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and for m = 2,

>t (7)o

k=0
n poan(n—1 n—2 n—2
=(-1)"p 2% ((P4 +5p° +5)"  Usiniz) — 5 (0> +3)"  Usinyo) + 10U(n+2)> .
Theorem 2.5. Let n and m be integers such that 0 < m < n. For even number m,
m—1 /9
n n > ( m) U Vim4n) (m—i) if n is even,
T ST A
k=0 Al/2 Z (—1)Z+1 ( . )U::,,_TU(m—}-n)(m—i) an is odd,
i=0 v

and for odd number m,

n m—1
N\ my,2m m n(i 2m n—m 2m n—m
S (=n* (k>kv,§ = n (Z (—1)"G+D ( i )Vmi Vimtn)(m—i) + (m)Q ) .

k=0 =0

Theorem 2.6. Let n and m be integers such that 0 < m < n. We have

and

[1]
[2]

[3]

[4]

[5]

[6]

[71

[8]

[91
[10]
[11]

= k(T 2 nom S (2mA T\
> -t () rmvgrt = cumne 3 (7 YV Ve
k=0 1=0

m—=1 /9m e ) B
- n 25 ) UsniyVatmenym—i) ifn=m (mod 2),
(7)rmvir = comumatomzd - S0

m 2 .
AVZY ( T) U;’(:n”ji)Ug(m+n)(m_i) ifn=m+1 (mod 2).
i=0
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