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Abstract
In this paper, we consider and obtain binomial sums and alternating binomial sums including falling
factorial of the summation indice. For example, For integers n and m such that 0 ≤ m < n,
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and for positive odd integer m,
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1. Introduction
For n ≥ 2, define second order linear sequences {Un} and {Vn} by

Un = pUn−1 + Un−2 and Vn = pVn−1 + Vn−2,

with U0 = 0, U1 = 1 and V0 = 2, V1 = p, respectively. When p = 1, Un = Fn (nth Fibonacci number) and Vn = Ln
(nth Lucas number). The Binet formulae are

Un =
αn − βn

α− β
and Vn = αn + βn,

where α, β =
(
p∓
√

∆
)
/2 such that ∆ = p2 + 4.

xm stands for the falling factorial defined by

xm = x(x− 1)...(x−m+ 1).

Wiemann and Cooper [11] gave certain conjectures for the Melham sum
n∑
k=0

F 2m+ε
2k+δ ,
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where m is a positive integer and ε, δ ∈ {0, 1} . Ozeki [9] considered Melham’s sum and gave an explicit expansion
for it as a polynomial in F2n+1 and Prodinger [10] obtained a formula for the sum

n∑
k=0

F 2m+ε
2k+δ ,

where m, ε and δ are as before. Kılıç et. al [2] considered alternating Melham’s sums for Fibonacci and Lucas
numbers of the form

n∑
k=1

(−1)
k
F 2m+ε

2k+δ and
n∑
k=1

(−1)
k
L2m+ε

2k+δ ,

where m, ε and δ are as before.
Kılıç and Taşdemir [7] derived various binomial-double-sums involving the Fibonacci numbers as well as

their alternating analogues and they [8] gave and computed various sum families of binomial sums namely
binomial-sums including double sums and one binomial coefficient of the forms and their alternating analogues

∑
0≤i,j≤n

(
i

j

)
Uri+tj ,

∑
0≤i,j≤n

(
i

j

)
(−1)

i
Vri+tj ,

where r and t are odd integers.
Khan and Kwong [6] obtained the sums

n∑
i=0

(
n

i

)
imUi and

n∑
i=0

(
n

i

)
(−1)

i
imUi,

for some nonnegative integer m.

Kılıç et. al [3] computed the weighted binomial sums including the powers of the summation index:

n∑
i=0

(
n

i

)
imU2m+ε

ti and
n∑
i=0

(
n

i

)
im (−1)

n+i
V 2m+ε
ti ,

where positive integers t, m and ε ∈ {0, 1}.
Kılıç et. al [4] introduced and computed new kinds of binomial sums including falling factorial of the summation

indice. For example,

n∑
i=0

(
n

i

)
(−1)

i
imUktiVk(n−ti) = (−1)

kn(t+1)+m
nmUn−mkt ∆(n−m)/2

×


Uk(tn+tm−n) if n ≡ m (mod 2),

−∆1/2Vk(tn+tm−n) if n ≡ m+ 1 (mod 2),

where k and t are any integers, and m is a nonnegative integer. They [5] gave closed formulæ for weighted and
alternating weighted binomial sums with the generalized Fibonacci and Lucas numbers including both falling
factorials and powers of indices. Furthermore they derived closed formulæ for weighted binomial sums including
odd powers of the generalized Fibonacci and Lucas numbers.

2. Some Results
In this section, firstly, we will continue our work with the following lemma:

Lemma 2.1. [1]Let n and m be integers such that 0 ≤ m < n. For a 6= −1,

n∑
k=0

(
n

k

)
kmak = amnm (1 + a)

n−m
. (2.1)
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Now, we shall present one of our main result.

Theorem 2.1. For integers n and m such that 0 ≤ m < n, we have
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,

and
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Proof. Consider that
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and by αβ = −1 and Lemma 2.1, the above expression equals
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Since α2 = β−2 and β2 = α−2, we write
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as claimed. The proof of the binomial sum of the odd powers can be similarly done.

For example, if we take m = 1,
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and
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Theorem 2.2. Let n and m be integers such that 0 < m < n. For even number m,
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and for odd number m,
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Theorem 2.3. Let n and m be integers such that 0 ≤ m < n. We have
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Now, we will give alternating binomial sums of the powers of generalized Fibonacci and Lucas numbers with
falling factorials.
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Theorem 2.4. Let n and m be integers such that 0 ≤ m < n. We have
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Proof. From Binet formula of {Un} , we have
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By Lemma 2.1 and αβ = −1, we have
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For n ≡ m (mod 2), we get
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For n ≡ m + 1 (mod 2), the desired result is similarly obtained. We can prove the other claim by using same
approach.

For positive integer n > 1 and m = 1,
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and for m = 2,
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Theorem 2.5. Let n and m be integers such that 0 < m < n. For even number m,
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Theorem 2.6. Let n and m be integers such that 0 < m < n. We have
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[3] Kılıç, E., Türker Ulutaş, Y. and Ömür, N.: Formulas for weighted binomial sums with the powers of terms of binary
recurrences. Miskolc Mathematical Notes. 13 (1), 53-65 (2012).

[4] Kılıç, E., Ömür, N. and Koparal, S.: On alternating weighted binomial sums with falling factorials. Bulletin of
Mathematical Analysis and Applications. 9 (1), 58-64 (2017).

[5] Kılıç, E., Ömür, N. and Koparal, S.: Formulae for two weighted binomial identities with the falling factorials. Ars
Combinatoria. 138, 223-231 (2018).

[6] Khan, M. and Kwong, H.: Some binomial identities associated with the generalized natural number sequence. The
Fibonacci Quarterly. 49 (1), 57-65 (2011).
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