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Abstract

The main topic of this study is to investigate rotation matrices in four dimensional Euclidean space in two
different ways. The first of these ways is Rodrigues formula and the second is Cayley formula.The most
important common point of both formulas is the use of skew symmetric matrices. However, depending on
the skew symmetric matrix used, it is possible to classify the rotation matrices by both formulas. Therefore,
it is also revealed how the rotation matrices obtained by both formulas are classified as simple, double
or isoclinic rotation. Eigenvalues of skew symmetric matrices play the major role in this classification.
With the use of all results, it is also seen which skew symmetric matrix is obtained from a given rotation
matrix by Rodrigues and Cayley formula, respectively. Finally, an algorithm for classification of rotations
is given with the help of the obtained data and explained with an example.
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1. Introduction

Linear transformations appear in many areas of mathematical sciences. Among the linear transformations,
orthogonal transformations are the well known ones. These transformations contribute to the solution of many
problems in kinematics, physics and computer graphics [1-8]. There are different types of orthogonal transforma-
tions: reflections, rotations and their various combinations. In this study, We aim to investigate the second kind of
orthogonal transformations i.e. rotations in four dimensional Euclidean space. In the literature, there are many
studies dealing with rotation matrices in three dimensional space [10-16] while there are limited studies examining
rotation matrices in higher dimensions [6-9]. Mostly, three dimensional rotation matrices have been analyzed with
the help of skew symmetric matrices [14-16]. For any given skew-symmetric matrix

0 —ai2 a3
A= a2 0 —ax |,
—ai3 a3 0

we obtain exponential of A as follows:
R = Rod(0A) = T +sin(0) A + (1 — cos(0)) A?

with the use of the property 4> = —A. The matrix R corresponds to a rotation matrix where the unit vector
u = (ag3, —a13, a12) is axis of rotation and 6 is the angle of rotation. This is called Rodrigues rotation formula which
requires to evaluate exponential of a skew-symmetric matrix 4. An uncomplicated procedure of computing e
for a given skew-symmetric matrix A is stated in [5]. Additionally, the derivative of a rotation with Rodrigues
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rotation formula is investigated in [22] by exponential coordinates. Cayley rotation formula is an admitted formula
to compose a rotation matrix by using any skew-symmetric matrix A. According to this formula,

R = Cay(A) = (I +A) (- A"
corresponds to a rotation matrix [17-19].

In this study, we investigate 4 x 4 rotation matrices by two different methods: Rodrigues formula and Cayley
formula. Both formulas use the skew symmetric matrices to determine the rotation matrices. However, we classify
the rotation matrices as simple, double or isoclinic rotations by depending on the skew symmetric matrices used. It
is essential to note that eigenvaluesof the skew symmetric matrices play the major role in this classification. Then, it
is also given how to find the skew symmetric matrix which generates a given rotation matrix by Rodrigues and
Cayley formula, respectively. Furthermore, an algorithm for classification of rotation matrices is given with the help
of the obtained data and explained with an example. This is an example of a numbered first-level heading.

2. Preliminaries

We need the axis of rotation to characterize three-dimensional rotation matrices. In four dimensional case, this
situation is very different. Instead of axis of rotations, the concept of plane of rotation is revealed. Plane (or planes)
of a given rotation help us describe the rotations in E*. Simply, the plane of rotation is the plane that transforms
itself under the rotation which is not fixed. But all vectors in the plane of rotation are transformed to other vectors
in the same plane by the rotation. We can classify the rotations depending on the number of planes of the rotation.

i. Simple Rotation: A rotation, which has one plane of rotation, is called a simple rotation. There should be a
another plane which is orthogonal to the plane of rotation. All vectors in this plane are transformed to themselves.
In this case, the rotation takes place in the plane of rotation. Consider the rotation matrix

1 0 0 0
0 1 0 0
0 0 cosaa —sina |’

0 0 sina cosa

zy-plane is the orthogonal plane to the plane of rotation and zw-plane is the plane of rotation. The points in
zw-plane are rotated through an angle «.

ii. Double Rotation: A rotation, which has two planes of rotation, is called a double rotation. The planes of rotation
are orthogonal to each other. The rotation is said to take place in both planes of rotation. There are two nonzero
angles of rotation, one for each plane of rotation. Points in the first plane rotate through ¢, while points in the
second plane rotate through 3. All other points rotate through an angle between 6 and . For example;

cosf) —sinf 0 0
sinf  cosf 0 0
0 0 cosf —sinf
0 0 sinf  cospf

is a double rotations where the plane of rotations are zy and zw planes with the angles of rotations 5 and 6,
respectively.

iii. Isoclinic Rotation: Isoclinic rotations are considered as a specific case of the double rotation. In this case, angles
of rotations should be equal. But it differs from the double rotation, since the planes of rotation are not unique but
identifiable. There are infinitely many number of orthogonal pairs of planes which are considered as planes of
rotation [21].

In the following two sections, we will need a special kind of matrix decomposition for skew symmetric matrices.
This is a well known matrix decomposition and deeply discussed in the study [3] for n dimensional case. But,
we will give the proof of this property by a different approach in four dimensional case. Firstly, it is necessary to
express the eigenvalues of 4 x 4 skew symmetric matrices to understand the decomposition. In following parts of
the paper, we denote 4 x 4 identity and zero matrix by I, and 04, respectively.



Simple, Double and Isoclinic Rotations with a Viable Algorithm 13

Let A = (ajr) € Myx4(R) be any skew-symmetric matrix. Since eigenvalue of skew symmetric matrix A is either 0
or purely imaginary, then the eigenvalues of A take the form

91i7 —gl’i, 92i7 —92’& where 91 > 0, 92 > 0 (1)
By direct computations, the eigenvalues satisfy the characteristic equation
Pa(0) = 6* + 206 + b* =0

where

1 2
a=g g aj, and b = a12a34 — a13G24 + A14023.
J<k

Hence
0 =1\ a— Va2 -1,
0y =\ a+ Va2 — b2
A skew symmetric matrix A = 0 if and only if §; = 6, = 0.

Lemma 2.1. Assume that A € My, 4(R) is a nonzero skew-symmetric matrix with the eigenvalues (1).
i) If 01 > 0, 03 > 0and 01 # 0, then we have
A=01A41+0,A,

where Ay and Ag are skew-symmetric matrices and satisfy the following properties
A1A2 = A2A1 = 04, A? = 7A1 and Ag = 7142.
Moreover, we have the unique expressions of Ay and As as follows:

1

Al = —————
LT 0,03 - 67)

(03A+ A%) and Ay = 07 A+ A®).

7 )

i) If 01 = 05 = 0, then we obtain
A% = =071

ii) If 01 = 0 and 6, = 0, then we get
A’ = —6%A.

Proof. It is clear that the skew-symmetric matrix Ais unitary diagonalizable because it a normal matrix. Therefore,
we write
A=UDU*

where D is a diagonal and U is a unitary matrix.
i) Suppose that 6; > 0, 82 > 0 and 6, # 6. We have

D= dz’ag{@li, — 912', egi, — 622}

If we define
D, = diag{i,—1,0,0} and Dy = diag{0,0,, —i},

then we get
D= 91D1 + 92D2.

Let us define the skew-symmetric matrices Ay = UD,U*and Ay = UD,U*. Thus we get

A=0,A; +0,4,. @)
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Since D} = —D; and D3 = —Ds, it follows that A7 = —A4; and A3 = —A,. By using these properties, we have

A2 = (91141 + 62142)(01141 + 02142) = 9%14% + 9%143
A% = (01 A1 + 0242)(07AT + 05A3) = =07 Ay — 0545 €)

Solving the equations (2) and (3), we find

1

A=
LT 0.3 - 63)

2A+ A Ag=—

ii) Assume that 6, = 6 = 0. Then we get
D = diag{0i, —0i,0i, —0i}
is the diagonal matrix. Therefore we have
AT = A* =U*DU.

Then we find
AAT = AA* = —A? = U*DDU.

Since DD = 6%1,, then we see that
A? = —0%14.

iii) Let #; = 0 and 6, = 6.Then we have D = diag{0,0, i, —0i}. Therefore we obtain
AT = A* =UDU".
Then we get
—A3 = AATA=UDDDU*.

Since DDD = 62D, then we see that
—A* =U(6*D)U* = §*A.

Thus, we get
A3 = —0%A.

3. Rotations by Rodrigues Formula

Rodrigues rotation formula, which is named after Olinde Rodrigues, gives an efficient method for computing
rotation matrices in three dimensional Euclidean space by exponential of skew symmetric matrices. In this part,
we will give Rodrigues rotation formula for four dimensional Euclidean space by using Lemma 2.1. We will also
use the relation between eigenvalues of a skew symmetric matrix and eigenvalues of its exponential matrix. If
{614, —6h1, 621, —62i} is the set of eigenvalues of a given skew symmetric matrix, then the eigenvalues of matrix
exponential R = e are /1%, e=%1% % and e~%°. This relation helps us to classify the rotation matrices. For details
of matrix exponential, the readers are referred to [5] and [3].

Theorem 3.1. Suppose that A = 01 A1 + 02 A5 € Myxa(R) is a nonzero skew-symmetric matrix with the eigenvalues (1)
where 01 > 0, 03 > 0and 0, # 0. Then

R = Rod(A) = e* = I, +sin0, Ay + (1 — cos 0)A? + sinhy Ay + (1 — cos 03) A2
is a rotation matrix.
Proof. We know that A; Ay = A3 Ay = 04 by i) of Lemma 2.1. Therefore, we write

ed = f1Ar+02A2 _ 01A: 0242
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The property A = —A; implies that

k Ak
AT, Z 911:11

k!
k>1
6, 603 60} 07 0f 0% 2
:[4+<1!_:5!+5!_... Al_ _54_]_@_... Al
=1y +sinf; A; + (1 —cosfy) A2
Similarly, the property A3 = — A, yields that
0% A%
6242 _ 2413
=L
k>1
0 63 63 03 , 03 03 2
[4+(1!3!+5!... A27 7E+Ifafu. A2

= Iy +sinfyAs + (1 — cos ) A%.
Using the property A;A; = A2 A; = 04, we obtain
R=[I;+sin A; + (1 — cos ) A3][I; + sin Oy Ay + (1 — cos fy) AZ]
=TIy +sinf; A; + (1 — cos 91)A% + sinf A5 4+ (1 — cos 92)143.
Since AT = —A, then we have eAleA = I,. This yields RT R = I,. We know that trace(A) = 0. Therefore, we have
det R = det e = efracelA) = 0 = 1,
O

Theorem 3.2. Assume that A € My 4(R) is a nonzero skew-symmetric matrix with the eigenvalues (1) where 61 = 63 = 6.
Then

R:RMMFwA:%mwM+@%®A
is a rotation.

Proof. By ii) of Lemma 2.1, we have A% = —#%1,. This implies that
62 62 o 6 6° 6° 68

— oA T, - h A - I, — — _
R=ce¢ —I4+A 2!14 3‘A+4'I4+5'A 6'14 7'A+8']4+
62 o 6° 1/60 6 6
(1o 4+Z _Z _... Li+-(2-Z— 4+ _—...)4
( STRAAP TR ) S (1! 3 >
1
= (cos0)I, + (5 sin 0) A.
Similar to the proof of above theorem, one can easily see that R is a rotation matrix. O

Theorem 3.3. Let A € My, 4(R) be a skew-symmetric matrix with the eigenvalues (1) where 61 = 0, 02 = 0 > 0. Then

R=Rod(A) = e = I, + SIEGA 41 ’9(;089,42

is a rotation matrix.
Proof. By iii) of Lemma 2.1, we have A% = —6? A. This implies that

1 92 92 94 94 96 96
_ A _ 2 2 2 2

1, 6 0 1 /62 6+ 65 8
=+ 20— -1+ — 1. A+ — L) A
It T TR T +02<2! nteawt )
sin 6 1 —cosf
=1 A A2,
4+ 0 + 02

Similar to proof of Theorem 3.1 and Theorem 3.2, it is easily seen that R is a rotation matrix. O
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Note that, construction of rotation matrices with Rodrigues rotation formula was discussed for four dimensional
Euclidean space under the condition ¢ = 1 in the study [20].

Remark. Note that A = 6(A4; + As) in Theorem 3.2 and A = 6 A, in Theorem 3.3, where A;, A; were defined in
Lemma 2.1. In other words, the exponential e# is continues at 0 with respect to 6.

Theorem 3.4. Let R € SO(4) be given where {e%1%, e~ %2 =12 1 0, 0, +# 7} is the set of eigenvalues of R. Then we
obtain the skew-symmetric matrix A such that R = e as follows:
i. If01 75 0, 02 7é 0 and 01 75 92, then

R2 — (R?)" —2cos65(R — RT) R (R)" —2cosb, (R — RY)
2 .

A=40
! 4 sin 01 (cos 01 — cos 62) 4 8in 65 (cos B3 — cos by)

ii. If0) = 0, = 0 £ 0, then
0

A= — R™M.

281n9(R R
iii. 01 = 0,05 = 0 # 0 then

9 T

A= S -1

Proof. i. Suppose that 6; # 05, then we have

R=1I;+sin0; Ay + (1 — cos0;)A? +sinfy Ay + (1 — cos ) A3.
Since we have AT = —A; and A} = — A, then we find

RT =1, —sin6, A + (1 — cosb;)A? —sinfy Ay + (1 — cos fy) A2

So, we obtain
R—RT:2sin01 A1+281H92 Ag. (4)

On the other hand, we get
R? = I, + 2sin0; cosf; Ay + 2sin® 91A§ + 25in 6y cos O Ay + 2sin 92A§

and
(R?)" = I, — 2sin 6, cos 61 Ay + 2sin® 6; A2 — 25in 6, cos Ay + 2sin® 6, A3,

Therefore, we find
R? - (RQ)T = 4sin#; cosfy A1 + 4sinfy cos by As. (5)

If we solve equations (4) and (5), then we obtain

R2 — (R?)" = 2cos65(R — RT)

A =
! 4sin 01 (cos 01 — cos bs)

and .
R? — (R?*)" —2cost;(R— R")

A =
2 4 8in G5 (cos O3 — cos by)

Thus, we get
R2 — (R?)" = 2cos65(R — RT) LB (R?)" —2cos (R — RT)
2 .

A =
% 4 sin 01 (cos 61 — cos 69) 4 sin O3 (cos o — cos bq)

ii. Suppose that 6; = 0, = 0, then we get

1
R = (cos )y + a(sine)A.
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Using the property AT = — A, we get
RT = (cosO)I, — 1(sin 0)A.

0
We obtain .
_ _pT
A= 2sin9(R B).
iii. Assume that §; = 0, 3 = 6, then we have then
1 1
R=1I,+ —(sin®) A+ — (1 — cos ) A*
0 62
By the property AT = — A, we obtain
4 T
A= S 1)

Remark 3.1. Let R € SO(4) be given where {e”1?, e=%17 ¢i™ ¢~} is the set of eigenvalues of R.
Case:1 If #; = 0, then we have

2
R:I4+72A2
s

Thus, we have
2

s
A% = ?(R—Ll).

2
If we denote the matrix %(R — I,) by B, then it is needed to find skew-symmetric matrix A% such that A*> = B

where B is known and A% = —72?A. Since A has the set of eigenvalues {0,0, 7i, —7i}, then we obtain that the
eigenvalues of B are 0, —72. This means that there exists an orthogonal matrix P such that

B =PKPT
where K = diag{0,0, —7%, —72}. If we choose
00 0 O
00 0 O
E= 00 0 =
0 0 —m O
then, we have
K =F?
So, we get
A% = PE?PT = PEPTPEPT.
That is
A= PEPT.
Case: 2 If 6, # 0,7, then we have
R=1,+sin0A; + (1 —cosfh)A? + 2432, (6)

By using the properties A7 = —A; and A7 = — A, we get
R— R" =2sin6 A,.

So, we have
1

~ 2sinb;

Ay R - RT).

If we substitute A; in equation (6), we get

cosf; —1
4sin® 6,

111
Agz5 5(RT+1~2—214)+ (R? — (RT)))|.
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Let us denote

11 cosbt; — 1

S |S(R"+R—-2Iy) + R? — (R")?
by C. Similar to casel, it is necessary to obtain skew-symmetric matrix A, satisfies A3 = —A, such that 43 = C
where C is known. We can find A; by same method given in case 1.
Case:3 If 6, = 7w, then we have R = —14. This case corresponds to the identity transformation. Simply, we can
choose
A=UDU*
for any unitary matrix U where D = diag{mi, —mi, 7i, —mi}. Since e = —I4.

4. Rotations by Cayley Formula

Cayley rotation formula was discovered by Arthur Cayley in 1846. This formula also express special orthogonal
matrices with skew-symmetric matrices. In this section, we will discuss Cayley rotation formula for four dimensional
Euclidean space. In this manner, we will again use Lemma 2.1.

Theorem 4.1. Suppose that A = 01 A, + 0345 € Myy4(R) is a nonzero skew-symmetric matrix with the eigenvalues (1)
where 61 > 0, 65 > 0 and 0, # 05. Then

20, 202

26, 262
A
e T T e

A
1+ 10

R=Cay(A) = (Li+ A) (L, — A) ' =L + A2 4 A2

is a rotation matrix.
Proof. We need to compute (I, — A)~! by using the properties in Lemma 2.1. It is easily seen that
A? = 07 AT + 05 A3,
A3 = —03A; — 05 A,,
AT = 017 6343
AP =03A1 + 05 A,

Therefore, we obtain

(Ii— A =1+ ) A
E>1
=Is+ (01— 03 +67 — - )Ay+ (67 — 07 + 65 — -+ ) A

+ (02— 05 +05—--)Ay+ (03 — 05+ 05 —---) A3

L S S S B WL
B T I T
By using the properties of A; and A, in Lemma 2.1, we obtain
01 67 02 63
R=(I4+61A1 +6245) | L A A A A
(4+11+22)(4+1+9% 1+1+€% 1+1+93 2+1+9§2
26, 207, 26, 203
=1 A A Ay + —=5 A5,
e Tt T T T e
By using the properties in Lemma 2.1, we get
20, 207 20, 203
R" =1, - A LS AT - A 2 A3
S R R I

Again with the use of the properties in i) of Lemma 2.1, then we can easily see that R” R = I,. On the other hand, it
is easily seen that det(Iy — A) = det(Iy + A). Thus, it is seen that R is a rotation matrix. O
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Theorem 4.2. Assume that A € Myy4(R) is a nonzero skew-symmetric matrix with the eigenvalues (1) where 61 = 5 = 6.
Then
1-6° 2

“irelt et

R =Cay(A) = (I, + A)(I, — A)~!
is a rotation matrix.

Proof. By Lemma 2.1, we have A? = —#%I,. This implies that

(14—A)‘1:I4+2Ak
k>1
=L+ A—0’I, —0®A+0*T,+0*A— 0T, —0%A + 0%, + 0BA +---
=1 =02 +0" =05 +60% )L+ (1—-6>+0*—05+6%..)A
1

Then we have

R=Cay(A) = (I + A)(Iy — A)~!

(Is + A)(Ls + A)

T 16
1 2

= 1+92(I4+A +24)
=3 (Iy — 01, + 2A)

1-6° 2
= I A.

et e

Similarly, we can easily see that R is a rotation matrix as in the proof of above theorem. O

Theorem 4.3. Let A € My, 4(R) be a nonzero skew-symmetric matrix with the eigenvalues (1) where 61 = 0,60, =0 > .
Then

2 2
= A =Li+A)L,-A) =1 A 2
R=Cay(A) = (14 + A)(1s — A) S rEAT T

is a rotation matrix.

Proof. By Lemma 2.1, we have A% = —#? A. This implies that
(Iai—A)' =1 +) A
k>1
=L+ A+ A —0PA-0?A2 L0 A+ 0*A% —0°A —05A% 1 0% A + 03 A% + ...
=P (16040 =05 +6% - YA+ (1 -0 +0* —0°40%...)A2

— 1 2

Then we have

1
R=Cay(A) = (I, + A) Iy — A) ' = (Is + A)(Iy + Tz (A+ A?))
1 0° 1 1
=1 1-— At (— + ——)A2
et et i i)
— 2 2 42
=Lttt et
Similarly, we can easily see that R is a rotation matrix as in the proof of above theorem. O

Lemma 4.1. Assume that A = 01 A1 + 0345 € M4y 4(R) is a nonzero skew-symmetric matrix with the eigenvalues (1). Then
the set of eigenvalues R = C'ay(A) is obtained as follows

(1+619)% (1 —019)% (1 + 0qi)? (1—02z’)2}
1+67 7 1467 ° 1463 ° 1463 °

{
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Proof. Tt is clear that the skew-symmetric matrix Ais unitary diagonalizable because it is a normal matrix. We write
A=UDU"
where D = diag{61i, —611, 620, —02i} and U is a unitary matrix. Therefore, we obtain
R= (I, +UDU*)(I, -UDU*)"' =U(I + D)(I — D)~'U™.

Since we have
(14 619)% (1 —617)% (1+623)% (1 — 0q9)?

I+D)I-D)'=di
D)= D) =dingC g 1 1488
then R is also diagonalizable with the set of eigenvalues
(14 61i)* (1 —617)% (1+623)% (1 — 0q0)?
1+602 7 1462 7 1463 1+632
O
Theorem 4.4. Let R € SO(4) with the set of eigenvalues
{(1 +613)% (1 —613)% (1+6940)% (1— 922')2}
1+67 7 1467 * 1463 ° 1+63 °
Then we can find the skew-symmetric matrix A such that R = Cay(A) as follows:
i.if 01 > 0,02 > 0and 01 # 0, then
(L+02)2(1+63) (o oy 2(1—03) T
A= — _ = 2/(R—
e@— \& B - (B-RY
(1+63)*(1 +67) ( 2 o 2(1—67) T )
R? —(RHT - 22" VU(p _ RTY),
16(67 — 03) e )
ii. if 01 = 0 = 0, then
1 2
A= 29 (R — RT)
iii. if 0, = 0,05 = 0 > 0, then
1 2
A= 0 p pry
4
Proof. 1. If 6; > 0, 62 > 0 and 6, # 60, then we have
B 26, 202, 26, 2%
R=1+ 1+0f‘41+ 1+efAl+ 1+0§AQ+ 1+9§A2'
Since AT = —A; and A} = —A,, then we find
40 46
_pT _ 1 2
R-R =1t gt @)
1-63 1—63
R2 _ (R2)T _ 891( 91) 892( QQ)AQ. (8)

(1+62)2 717 (1462)2
If we solve the equations (7) and (8), then we obtain
(140921 +63) (0 oy 2(1—63) T
Al = - _AT T ip d
V= Tea, g e\ W) gy B R Jan

BP0+ 6) 201 - 67)
e = G s S )]




Simple, Double and Isoclinic Rotations with a Viable Algorithm 21
That is
A= 01A1 -+ 02A2
o (1467)%(1+63) 2 o 2(1—63) T
= ooy & B - (B
L+ 05)2(A+62) (o poyr  200—61) T
TG N G A SO
The proof of ii. and iii. can be done by using Theorem 4.2 and Theorem 4.3. O

5. Classifications of Rotations

By using matrix decomposition of skew-symmetric matrices, we have given two different methods to generating
rotation matrices with skew-symmetric matrices in E* in previous sections. One of them is called Rodrigues rotation
formula and the other one is called Cayley rotation formula. The explicit form of the rotation matrices, which are

generated by these formulas, are obtained as follows;

2
R=et=1,+ Zsin@k Ay + (1 — cos 0y Az,
k=1
2200
R=(Li+A)L-A)"'=L+ Y —h Al
k

2
1467

with the set of eigenvalues
{601i’ 67911'7 6021” 67927;} ;

(1+91i)2 (1—91i)2 (1+92i)2 (1—927;)2}
1+67 7 1+67 ° 1463 ° 1463 7

{

respectively. As a conclusion of this result, we classify rotations according to the values of §; and 6, as follows:
i. If6; = 0and 65 # 0 (j # k), then formulas generates simple rotations;
ii. If 01, 65 are nonzero and 6; # 05, then formulas generates double rotations;

iii. If 6,, 6, are nonzero and 0, = 6, then formulas generates isoclinic rotations.

6. Algorithm and application

In this part, we will give an algorithm to generate rotations by Rodrigues and Cayley formulas with mathematica.
The algorithm starts to work by giving entries of the upper triangular part of the 4 x 4 skew-symmetric matrix.

Firstly, it finds the values of 6, and 6, and gives the type of rotations. Then, it obtains the skew-symmetric matrices
A; and A, and generates two different rotation matrices, namely R,..q and R.q,. This simple algorithm is given as

follows:

>f[i_,j_] = Which[i ==j, 0,1 <j, ali, j], 1 >j, -alj, il];
>A = Table[f[i, jl, {i, 4}, {j, 4}1;

>A // MatrixForm

>0, = Min[SingularValueList[A, 4]]

>0, = Max[SingularValueList[A, 4]]

>If[#; == 0, Print[This is a simple rotation],
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If[#; == 05, Print[This is an isoclinic rotation], Print[This is a double rotation]]]
>A; =1f[6, == 0, DiagonalMatrix[{0, 0, 0, 0}], 7 02 ) (62 A+MatrixPower[A,3])];
>A2 = If[el == 0, éA, W(HQA'FMatrlXPOWer[A 3])]

>A, // MatrixForm
>A, // MatrixForm
>R, oq=[IdentityMatrix[4]+5in[#; ]A+(1-Cos[6; ])MatrixPower[A,2]+5in[f2 ] Ao +(1-Cos[ 62 ])MatrixPower[As,2])];

>R,0q // MatrixForm

262 .
1 )MatrixPower[A,2]

>Rcay=[IdentityMatrix[4]+( 20, )A1 +( 1102
1

1407

+ I%f(’;‘g YAo+( 12+992§ YMatrixPower[As,2])];

>Reqy // MatrixForm

Let us give a numerical example as an application. For given values a12 =1, a13 = —1,a14 = 1, a23 = 1, a24 =0
and a34 = 1, we obtain the following skew-symmetric matrix

-1 0 1 0
A =

1 -1 0 1

-1 0 -1 0

0 1 1 1 0 1 -2 1
11 -1 0 1 2 -1 0 1 -1
Al = — and A2 = —
31 -1 -1 0 1 2 -1 0 1
-1 =2 -1 0 -1 1 =1 0

Here, we easily see that skew-symmetric matrices A; and A satisfying the properties given in (1). The rotation
matrix, which is generated by Cayley rotation formula, is given as follows:

R
“ 1 -2 -2 4
-4 -2 -2 -1
The eigenvectors of the rotation matrix corresponding to the eigenvalues 1y = i, 7, = —i,n3 = —2 + %i, n=32+ %z

are found as

1—4, 2, 1—14, 2),
1414, 2,141, 2),
1—i,4, —1—14, 1),
1+, —i, —1—1i, 1),

= (=
(=
= (
= (
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respectively. Thus, the plane of rotations are

P, = span{(-1,0,1,2),(1,2,—-1,0)},
P, = span{(1,0,—1,1),(-1,1,-1,0)}.

Note that the vectors, which are lying on the planes P, and P, transform to the other vectors lying on the planes P
and P; by the rotation, respectively. Here rotation angles are §; = 90° + 2k7 and 0, = 127° 4 2kn. Notice that, since
01, 02 are nonzero and 6, # 6, then there are two plane of rotations, the rotation matrix represent a double rotation.
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