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Abstract
Using invertible isometries between Hardy and Bergman spaces of the unit disk D and the corresponding spaces
of the upper half plane U, we determine explicitly the reproducing kernels for the Hardy and Bergman spaces of
U. As a consequence, we obtain the duality relations for the reflexive Hardy and Bergman spaces of the half
plane U.
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1. Introduction and Preliminary results

Let C be the complex plane. The set D = {z € C: |z| < 1}, is called the (open) unit disc. Let dA denote the area measure on I,
and for o € R, & > —1, we define a positive Borel measure dmy, on D by dimg (z) = (1 — |z|>)*dA(z). On the other hand, the
set U= {w € C: 3(w) > 0} denotes the upper half of the complex plane C, and where 3 (®) stands for the imaginary part
of ®. Also, R(w) shall denote the real part of the complex number @. For o > —1, we define a weighted measure on U by
dig (o) = (3(w))*dA(w). The Cayley transform y(z) := % maps the unit disc D conformally onto the upper half-plane

U with inverse y ! (@) = 2= mapping U conformally onto D.

For an open subset Q of C, let 57 (Q) denote the Fréchet space of analytic functions f : Q — C endowed with the topology of
uniform convergence on compact subsets of Q. Let Aut(Q) C 52 (Q) denote the group of biholomorphic maps f : Q — Q. For

1 < p < oo, the Hardy spaces of the upper half plane, H? (U), are defined as

- 1/p
HI() = {f e A0 Iy i=sop [ te+ipar) < oo}7

y>0
while the Hardy spaces of the unit disc, H” (D), by
1o
HY®) = { £ € D) 1) = s o [ Iflre)7 a0 <}
0<r<1 47 J-1

We note that every function f € H”(U) (or H” (D)) has non-tangential boundary values almost everywhere on dU (or dD). In
particular, H”-functions my be identified with their boundary values and with this convention,

Il = ([ reorar)
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and respectively,

27 . %
£ leze ) = (/0 £ d9>

On the other hand, for 1 < p < oo, & > —1, the weighted Bergman spaces of the upper half plane, L} (U, ity ), are defined by

L(U. o) = {f € A0 g = (| FOPaHa(a)) " < oo},

while the corresponding spaces of the disc, L, (D, mg), by

LE(D.m) = {f € A®): Wligiomy = ([ V@Pama(a)" < oo}.

In particular, L} (U, tg) = LP(U, pg) N2 (U) and L (D,mg) = LP(D,mq) N5 (D), where LP (U, ug) or simply LP(ly)
(L? (D, mg) or simply L” (m¢)) denotes the classical Lebesgue spaces associated with the weighted measure fLo, and respectively
mg. It is important to note that the case o = 0 yields the (unweighted) Bergman spaces.

As noted in [1] in the case of the disc, the Hardy space H?(U) behaves in many ways as the limiting case of L} (U, t¢) as
o — —17. Therefore, we shall let X denote either the Hardy space H”(U) or the weighted Bergman space L} (U, ty), and
we associate with each X, a parameter ¥ = %2, where o = —1 in the case that X = H?(U). Also, we shall let X (D) denote
the corresponding spaces of analytic functions of the unit disc D. Therefore, we formulate the growth conditions for Hardy
and Bergman spaces simultaneously in the next results; while known, we provide much simpler proofs. But first we give the
following result which gives the isometries between the spaces X and X (D).

Proposition 1.1. Let f € X, and define Syf = (y')"foy. Then Sy : X — X (D) is continuous with inverse S,,-1g =
((yfl)’)ygo v, In fact, if X = HP(U), then Sy is an isometry, and, in the case X = L (U, lg), )=
217l 30

Moreover, S,, 1 is an isometry on HP (D), and if X (D) = LL(D,my), then

stlé’HLg(uua) = Zia/P”gHLg(]DLma)‘
In particular, S;l =S8y-1in the setting of Bergman spaces as well as Hardy spaces.

al

Proof. First, we suppose that X = Lf (U, ug ). Let f € LE(U, g ), then change of variables yields
pp H H g y

1122 e Z/Ulf(w)l”(i’*(w))“dA(w)
:/le(ll/(Z))l”(s(ll/(Z)))“Ill/(Z)Isz(zx

and $(w(2)) = LW @)1 Thus [1£17 =2 ISy
For the case X = H”(U), we may identify f € X with its boundary values. Then change of variables yields

15w /|f Jrdx= [ 1FuE) Y @)l dn(z)
(WY (Foy)@Irdm().

.3]]])

where dm(e'®) = d6 denotes arc-length measure on dID. Thus ISy fll e @) = I1f 1l me v
Similarly, if g € L (D, mg), then again by change of variables, we obtain

1800y = . 18217 (1= ) dAC)
= [ e @I~y @) (v ) PdA(w),
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where (1 - |y~ (©)12)) = 2/(y~")'(@)|3 (). Thus
181 =2 [ 100711 lg0 ™ 1P(S (@) dA(0) = 2%, 18y,

If g € H?(D), then

I”lnrs = [ g7 amz) = [ lg(w ) I7I(y Y] d
oD

= ”Su/*lg”Hp(R)
O

Lemma 1.2. Let X (D) denote either HP (D) or Ly (D,mgy), 1 < p <ooand o > —1. Let y = a7+2 (¢ =—1lincase X(D) =
HP(D)). Then there exists a constant C = Cx py such that for every f € X(D) and z € D,

Cllfllx()

1O < Ty

(1.1)

Proof. We begin by showing that |f(0)| < C||f]|. Let f € HP(D). Then Vr, 0 < r < 1, the mean value property implies that
F(0) = oL [ f(re'®)dB. Thus [£(0)| < 5= |7 |£(re®)|d6 and Jensen’s inequality implies

1O < o [ )P0 < 15
Similarly, if £ € L (mg), then Vr, 0 < r < 1, [f(0)? < 5L [0 | f(re'®)|P d6. Thus
|f(0)|1’/0](1 —rZ)O‘Zrdrg/Ol(] —r? O‘Zrdr—/ NP0 = £1l.2(m,
IfaeD,let 9u(z) = {=%

isometry on X (D).
Indeed, in the Hardy space case,

(D), where Aut(ID) denotes the group of automorphisms of ID. Then Sy, f := (¢,)"f o @, is an

2n
IS0, Winioy = | P07 104 (e)ie | ab = / e\ dt.

In the Bergman space case, we note that, by the Schwarz-Pick Lemma [2, Lemma L.1.2], (1 — |z|?)|9/(z)| = 1 — |¢a(z)|* Yz € D,
and therefore a change of variables argument implies

100 gy = [ UF QDI (1= 102D 04142
= [ Ir@P-loP) @) = 11,

Thus if a € D, |9,(0)|7|f(a)| = [Se, £(0)] < C||f] or | f(a)| < %,as claimed. O

The following is an immediate consequence of the above Lemmas,

Corollary 1.3. Let X denote either H (U) or L (luy), 1 < p <eoand a > —1. Let y = aTH (o = —1in case X = HP(U)).
Then there exists a constant C = Cx such that for every f € X and z € U,

Cll fllx
(S(2))7

Proof. Let g = Sy f. Then by
then (1 — |a|*)|y/(a)| = 23(z) and

1f(2)] < (1.2)

— 1l and lgl gy = 2% I1F 2 - Nows if a =y (2),

clif|
(1= [aP)?"

implying that | f(2)| < 555 )

W (@)"f(2)] <lg(a) <
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As consequence of the growth conditions given by equations (1.1) and (1.2), both Hardy and Bergman spaces (X and X (D))

are Banach spaces. In fact, if p = 2, it turns out that these spaces are Hilbert spaces, and moreover, the Bergman space L} (-) is
a closed subspace of the classical Lebesgue space L”(-). For a detailed theory of Hardy spaces, we refer to [2, 3, 4], while for
Bergman spaces, see [4, 5, 6, 7, 8].
The reproducing kernels for Hardy and Bergman spaces of the unit disk ID are well known in literature. See for instance [3] for
Hardy spaces, and [4, 8] for Bergman spaces. The corresponding reproducing kernels for the Hardy and Bergman spaces of the
upper half plane U is not well captured in literature. In general, the theory of analytic spaces of the upper half plane is much
less complete compared to the unit disk setting. In this paper, we determine explicitly the reproducing kernels on U for the two
spaces. As a result, we also give the corresponding projections and consequently, establish some known duality properties of
these spaces. These results are part of my Ph.D. dissertation [9].

2. Reproducing Kernels on the upper half plane

Let 5% denote a Hilbert space of functions defined on an open set Q C C. We call a reproducing kernel for .77, a complex
function K : Q x Q — C such that, if we put K, (z) := K(z, ®), then the following two properties hold:

1. for every @ € Q, the function K, belongs to 77, and
2. forall f € 7 and @ € Q, we have

f(0) = (fKo)-

It is clear that the above two properties imply that such a kernel K satisfies the identity K(z,0) = K(®,z) for all z,® € Q.
Indeed

K(Z, (1)) = Kw(Z) == <Ka),KZ>
=(K;,Kp) =K,(0) = K(0,2).

The growth condition estimates ( for X and X (D)) given by equations (1.1) and (1.2) and the Riesz representation theorem for
2*, imply that H?(-) and L2(-) are reproducing kernel Hilbert spaces.

2.1 Bergman spaces of the upper half plane

For the Bergman spaces (weighted), the reproducing kernel is also called the Bergman kernel (weighted). In particular, for the
weighted Bergman spaces, we denote the weighted Bergman kernels by K p and Ky y on ID and U, respectively. If the setting
D or U is understood, we simply write K.

For Bergman spaces of the unit disc, L5 (D, mg,), @ > —1, the weighted Bergman kernel has been computed in [8] and is given
by

1

K(LD(Zv CO) =

The function K, on the unit disc D has been exhaustively studied in literature and some of its properties, for example,
boundedness have far reaching consequences in the theory of analytic functions in L} (D, m). For a comprehensive theory of
Bergman kernels and hence projections on D, see for instance [4] or [8], and references therein.

In this section, we shall present the corresponding theory of the Bergman kernels and projections on the upper half-plane U. In
the next result, we compute explicitly the weighted Bergman kernel on the upper half-plane U, which we denote by Ko = Ky v,
and is acting on the Hilbert space L2(U, ug ).

Theorem 2.1. If & > —1, then the weighted Bergman kernel of L2(U, L1y, is given by

2(X

0 e

2.2)

Proof. Let Koy, Ko be the weighted Bergman kernels of L2(U, uy) and L2(ID,mg) respectively. Then Ky is given by

equation (2.1). We need to compute K, y. The Cayley transform y(z) = % maps U conformally onto D with inverse,

v (@) = 2= It follows from Proposition 1.1 that T f (&) := 275 (y/ (€)1 f(w(&)) is an isometric surjective isomorphism
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of L2(U, g ) onto L2(ID,mq). Since L2(+) is a Hilbert space, it then follows that T is unitary, that is, 7* = 7!
For every & € D, and by writing Kope =Kap(, &) simply as Kp ¢, we have using the definition of K,

_a 142 _a (Zi)H%
Tf(E) =22y (&) "2 f(w(§)) =2 Zmﬂw(é)),
= (T, Kp &) 2mme) = T K g) 1200 )
We now compute 7' Kp . For z € U, we have
(T'Kpe) () =25 (v ' ))) ¥ Kp (v ().
But by equation (2.1),
K VN 1 _ (Z+i)2+°‘7
A o T e 3]
Therefore,
25N (W) =TAE) = (1. T " Kng) oy
_ e (=2 il+s <f 1 >
(1=8)2e \" (z—y(§)2e )/
which implies that f(y(&)) = 2% < 1, W> , and thus,

2(X
0=/ ) @<
In particular, if we write y(&) = @, then

20 .
KU,a)(Z) = W, as desired.

O

It is important to note that a similar formula has been obtained through the use of Paley-Weiener theorem which in itself
involves Fourier transform, see [5]. We consider the method applied in this paper to be more direct and simple. Since L2(U, tty)
is a closed subspace of the Hilbert space L?(U, 14 ), there exists an orthogonal projection Py : L?(U, iy) — L2(U, g ) which
we shall call the weighted Bergman projection on L?(U, ig).

Proposition 2.2. The weighted Bergman projection Py, from L>(U, lg) onto the subspace L2(U, lg) is given explicitly by

Puf(2) / Ko (2, ©) f(0) djte (o), 2.3)

where K, is the weighted Bergman kernel on the half plane given by equation (2.2).

Proof. Indeed, by the reproducing property of K, (z, ) and the self - adjointness of Py, on L*(U, iy ), we have
Pof(2) = (Pof,Ka(-:2))12(g) = (f>PaKal. 2 >>L2(ua)
= (f,Ka(-,2)) 12(40) /Ka z2,)f(®) dug(w), asclaimed.

O

At this point, it is natural to ask whether the Bergman projection Py, extends in some meaningful way to L5 (U, i) for the case
p # 2, and in that case, whether the reproducing property of Ky (z, @), (that is, P F = F) holds in L% (U, 14 ). These questions
were posed in [5]. In this section, we address these questions but first we prove some elementary results that will be useful in
the sequel.
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Proposition 2.3. Let X = H”(U) or LJ (U, ty), 1 < p < oo. Leta > 0, b € R and define T f(z) = f(az+b) for every f € X,
then |T|| <a™ 7.

Proof. If f € L (U, uy), then

S (az+b))

171 = [ \ftaz+b)7 adA(z)

:/aU|f(w)|p(3(a))) dA(w)a~ (@),

and if f € H?(U), then
ITf|5 = sup |f(ax+iay+ b)|? dx = sup |f(ax+Db+it)|P dx
y>0J — >0 J—o
1 ° NP 1 »
=_sup [ |f(s+ir)[Pds= | f]5-

a>oJ—

O

The next two Lemmas give examples of analytic functions and the conditions they must satisfy to belong to the spaces X
and X (D).

Lemma 2.4. Let X (D) denote one of the spaces HP (D) or LE(D,mgy), 1 < p <oand a > —1 (a = —1 if X(D) = H?(D)),
and let Y= (a+2)/p. Then forn € C,

(¢ —2)" € X(D) ifand only if RKn > —7v.

Proof. We first consider the Bergman space case, that is X (D) = L5 (D, mg).
Recall (9 —2)1 € LL(D,mg) & [p](e®® —2)T|P dmg(z) < oo. Now,

LI =2 dma(e) = [ (e ~2)117(1 - [2)* @A)

[ =2 (1~ )% da)

(1—]z*)*
_ /|1 PR 5 dA(2). (2.4)

It then follows immediately from [8, Lemma 3.10] that equation (2.4) is bounded if and only if —pR(n) —a —2 < 0, that is,
R(n) > —O‘T”, as desired.

For X(D) = HP(D), we use the fact that functions in H?(ID) can be identified with their boundary values. Fix 6 € R and let
f(z) = (" —2)". Then f has boundary values f(e) = (e — )1 and f € HP(DD) is equivalent to

[Ciepa = [

= / 2P%) [sin(1/2) PP dt < oo, (2.5)

(1—et=onn|” g

But the equation (2.5) holds if and only if p3R(n) > —1, as claimed. O

Lemma 2.5. Let X denote one of the spaces H? (U) or Ly (U, ug), 1 < p < and a > —1 (a = —1if X = HP(U)), and let
y=(0t+2)/p. IfceRand A, v € C, then

1. f(®) = (0 —c)*(@+i)¥ € X ifand only if R(A + V) < —y < R(A). In particular, (® — c)* & X for any A € C, and
(0+1i)Y € X ifand only if Rv < —.

2. f(®) =e"®/w° € X ifand only if 1/p < ¢ < y. In particular; ¢'® /¢ ¢ HP (U) for any c € R.
Proof. See [10, Lemma 3.2]. O

We now give the following proposition,
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Proposition 2.6. Let X = H?(U) or L (U, ). If v > 0, then
(o+iv)” € X ifand onlyif v > —7.

Proof. If f(®) = (w+iv)Y, then

flo) =" <lw+i>v =" Tg(),

v
where Th(z) = h(1z) and g(®) = (@ +i)". Now Proposition 2.3 and Lemma 2.5 immediately yield the desired result. [

To begin addressing the questions mentioned earlier in this section concerning the extension of the Bergman kernel K to
the cases p # 2, we give the following direct consequence of the above proposition.

Corollary 2.7. For fixed ® € U, the Bergman projection Py, belongs to LL(U, Ly if and only if 1 < g < .

Proof. If Ky (z,0) = % (z,w € U), then for fixed 0 € U,

(—i(z—®
Ka(z, ) = 2%%2 ((z— R(0)) + i3 (0)) " @

Therefore by Proposition 2.6, Ko (-, @) € LI(U, 1) if and only if —(a +2) < —(a +2)/q, which is equivalent to g > 1.
Moreover, if z=x+iy, y > 0, we have

2(1
(S(w)) 2’

implying that Ko (-, ) € LY (U, lg). O

|Ko(z,0)| <

We can now prove the following result;

Proposition 2.8. Let 1 < p < o, then for each f € L5 (U, ug),
1@ = [ fl0)Ke(z. @) dpa(@).

Proof. If f € L (U, ug), 1 < p < oo, then by Corollary 2.7, Ko(-,2) € L5 (Ug), % +
that

é =1 and so Holder’s inequality implies

frs /U F(©)Ka (2, 0) diia(0) = (f, Ka(,2))

is continuous; moreover, by the reproducing property,
1) = [ £(0)Kalz,0) dua(w) for all £ € L (Ha) N LE (1)

Since L5 (Ug) NL2(Ug) is dense in L5 (g ), we're done. O

The following theorem characterizes when Py, is a bounded projection from L? (U, ) onto L% (U, ), see D. Békollé,
et.al. [5] for the details.

Theorem 2.9. The Bergman projection
Pof(z) = /Uf(a))Ka(z, 0)dug(w), o>-—1,

is a bounded projection from LP (U, g ) onto L5 (U, g if and only if 1 < p < oo,

An immediate consequence of the boundedness of the Bergman projection Py on L} (U, i1g) is the duality of Bergman spaces
L% (U, ug) which we give in the following result,



Reproducing Kernels for Hardy and Bergman Spaces of the Upper Half Plane — 20/23

Corollary 2.10. Let 1 < p < e and q be conjugate to p in the sense that % + é = 1. Let (L5 (U, ug))* be the dual space of
LL(U, lg), then

(LE(U, pa))* =~ LE(U, por), @ > —1, (2.6)

under the sesquilinear pairing

(f.8) = [ F(@s(@dpa (1 € Li(1a), 8 € Li{1a)) @7
Proof. The classical duality between LP- spaces gives
(LP(U, )" = L(U, M)
By Hahn-Banach extension theorem and the boundedness of the Bergman projection Py, for 1 < p < oo, (Theorem 2.9), we have
(LE(U, Ha))" = Po(LP(U, )" = PuL?(U, pter) = LE(U, a), ~ as desired.
O

It is important to take note that under the above duality pairing, see equation (2.7), the adjoint operator is conjugate linear.
Moreover, LY (Uq) spaces for 1 < p < oo are reflexive and thus;

(L (Ba))” = (Lg(Ha))™ ~ Ly (o)

2.2 Hardy spaces of the upper half plane

The reproducing kernel for Hardy spaces is also called the Cauchy - Szeg6 kernel or simply the Szegd kernel, with the
corresponding projection called the Cauchy - Szegd projection or simply the Szegd projection. We refer to [6] or [11, Chapter
8] for a good account of the theory of the Szegt kernel and projection on Hardy spaces. Recall that functions in H? (D) have
boundary values almost everywhere in L;; (dD) and that if 1 < p < oo, then H”(D) = cl;»(9p)Clz], where C[z] denotes analytic
polynomials in z, and cl;»gp) is the LP(dD)-closure. In fact the Hilbert space H?(DD) has orthonormal basis (z),>0.

As noted in [6, Chapter 2], Cauchy’s theorem implies that the reproducing kernel for H!(DD) is given by

Sp(z, @) = (z€edD, w € D). (2.8)

-z
Therefore, the Cauchy-Szegd projection Py is given by

Pp(a) = (0.5(0.2) = [ 0(@)S5(0.3)dm(w)
B 1 2T (p(eit)
B E/o l1—e iz a,

and satisfies Ppf = f for all f € H'(ID). The following theorem whose details can be found in [6, Chapter 2] characterizes the
boundedness of the Szeg6 projection for the case when p # 1.

Theorem 2.11. If1 < p < oo, then Pp : L?(dD) — HP (D) is bounded and surjective.
In the next theorem, we establish the corresponding Cauchy-Szegd kernel on the upper half plane.
Theorem 2.12. The Cauchy - Szego kernel for H>(U) is given by
i
=&
Proof. Let T : H?(U) — H? (D) be given by T f(z) = (¥ (z))"/? f(w(z)). Then by Proposition 1.1, T is surjective isometry. In
particular, T : H*(U) — H?(DD) is unitary with 7* = T~!, and T~ 'g(®) = ((w’l)’(w))l/zg(l[/’] (®)), where v is the Cayley

transform. We wish to compute the corresponding Szegé kernel on the upper half-plane, U: Let £ € U, z = w1 (&) € D. Also,
let f € H*(U) and g = Tf. Then

Su(z,8) = (2.9)

80 = [_2(@)55(c.0)dn(@) = (&.50.2)op = (T 15500
= <f7 T*SD,Z>R'
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But we have

&+

and

Thus

_ @) (eE-0)
f(&)= (.{f—i—l)/Rf( )<2(—l)(x—'§)>d

R

Therefore, for every f € H>(U), & € U,

&)= [ 1o )i

Thus the Szego kernel for H>(U) is given by

i

SU Z7§ = z
6=
O
Corollary 2.13. The Cauchy - Szegé projection P from L*(R) onto H*(U) is given explicitly by
Po(&) = [ 0()Su(.x)dx,
where Sy is the Cauchy - Szegd kernel given by equation (2.9).
Proof. Adopting the above notation, we have
PO(&) = [ p(Su(xE)dx
—i
= d
ot (=) s
i
= X d
[ otz ds
= [ owsuExax
0

Therefore, the upper half-plane analogue of Theorem 2.11 is the following,
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Theorem 2.14. If f € H?(U), 1 < p < oo, then for every & € U,

1&) = [ F0su(Ex)dx,

and if p > 1, then the Szegd projection P : LP(R) — HP(U) given by

PO(E) = [ plSu(E. 0 dx

is bounded and surjective.

The boundedness of the Szegd projection P on LP(R) given by Theorem 2.14 immediately yields the following duality of
Hardy spaces H? (U), for 1 < p < eo.

Corollary 2.15. Let 1 < p < o and q be such that % + é = 1. Let (HP(U))* be the dual space of HP(U). Then
(H"(U))" =~ H'(U), (2.10)

via the sequilinear pairing

(.8) = [ S0sldx (f € H(U), g € HI(L)). @1
Proof. 1t is well known that
(LP(R))" = L1(R).
Now, the Hahn-Banach extension theorem together with the boundedness of the Szegd projection P for 1 < p < oo will yield,
(H7(U))" = (H"(R))" = P(L"(R))" =~ PL*(R) = H'(R) ~ H*(D).
O

Again, we take note that under the pairing in equation (2.11), the adjoint operator from .2 (X) to £ (X*) is also conjugate
linear. Since the Hardy spaces H”(U), 1 < p < oo, are reflexive Banach spaces, it follows that

(H*(U))" ~ (H?(U))" = H"(U).
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