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Abstract

In this research paper, the nonlinear fractional relaxation equation involving the generalized Caputo deriva-
tive is reduced to an equivalent integral equation via the generalized Laplace transform. Moreover, the
upper and lower solutions method combined with some fixed point theorems, and the properties of the
Mittag-Leffler function are applied to investigate the existence and uniqueness of positive solutions for the
problem at hand. At the end, to illustrate our results, we give an example.
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1. Introduction

The fractional calculus (FC) is approximately 300 years old which is a generalization of classical calculus as
it deals with the non-integer order. One can discover that there are many definitions of fractional derivatives
that have been investigated in the literature. e.g., we refer here to the most well-known types such as
Reimann-Liouville, Caputo, Hilfer, Hadamard, and Katugampola derivative, and many others. The best
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way to deal with an assortment of fractional operators is to understand the general forms of fractional
operators that include other operators.

Fractional differential equations (FDEs) upspring in sundry areas of science and engineering. There
have been many results on existence and uniqueness of solutions for nonlinear FDEs of the following type:
evolution, functional, impulsive under various conditions can be found in the articles |4} [7], 14l [I] 16l 25] and
the references cited therein.

On the other hand, there has been much more focus paid in developing the theory of existence and
uniqueness of positive solutions for nonlinear FDEs have been investigated by using Leray-Schauder, coinci-
dence degree theory, fixed point index theory, fixed point theorems in cones and so on, we refer the readers
to [10L [T, I3) 12] 15, 23] 6, 22], 20, B30]. For instance, N. Li and C. Wang in [22] studied the existence and
uniqueness of positive solution for nonlinear FDE

{ D8+<;S(t) = f(t,0(t), 0 <t <1, (1)
»(0) =0,

where 0 < 6 < 1, D, is the standard Riemann Liouville fractional derivative of order 6, and f : [0,1] x
[0,00) — [0, 00) is continuous function.

In another paper, by using fixed point theorem on cones with the upper and lower solutions method, A.
Chidouh et al. [I5] considered the nonlinear fractional relaxation differential equation involving the standard
Caputo fractional derivative

{ DY, o(t) +wp(t) = f(t,d(1), 0<t <1, w>0 2
#(0) = ¢o > 0,

where 0 < § < 1, and f :[0,1] x [0,00) — [0, 00) is continuous function.

For recent papers on t-fractional derivative of FDEs, can be found in [2 [3] 8 9 5 211 24, 27 28] 29]
and the references cited therein.

By motivating from the above papers, in this paper, we investigate the existence and uniqueness of
positive solution of the following nonlinear fractional relaxation equation:

{ CDGY B(t) +wo(t) = f(t,6(t)), 0 <t <1, (3)
$(0) = ¢o > 0,

where 0 < 0 < 1 is a real number,w is a positive parameter, CDg’j_p is the generalized Caputo fractional
derivative (so-called ¥y —Caputo fractional derivative) of order 6, f : [0,1] x Rt — R is a given continuous,
and 1 : [0,1] — [0,1] is a strictly increasing such that 1 € C1[0,1] with ¢/(t) # 0, for all t € [0,1]. The
positive solution which we consider in this work is such that ¢(t) >0, 0 <t <1, ¢ € C|0,1] and satisfies
the problem .

To our knowledge, less work appears in the initial value problem by using of upper and lower so-
lution method. Our aim is to study the existence and uniqueness of positive solutions of the problem
through some properties of Mittag-Leffler function, generalized Laplace transform and fixed point theorems.
Moreover, the result of existence obtained through constructing the upper and lower control functions of the
nonlinear terms without any monotone requirement except for the continuity.

The paper is organized as follows: In section 2, we present some preliminaries concerning the assumpitions
and several lemmas needed throughout this paper. In section 3, initial value problem is reduced to an
equivalent integral equation via generalized Laplace transform. Further, the existence and uniqueness of
positive solutions of given problem are obtained by using the upper and lower solutions method combined
with the fixed point theorems. An example is given in the last section.

2. Preliminary results

In this section we recall some basic definitions and lemmas related to fractional calculus, Generalized
Laplace transform, Mittag-Leffler function, and fixed point theorems useful for our results. Let C[0,1] be
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the Banach space endowed with the sup norm

6]l = sup |o(t)],

te(0,1]

Consider the classical cone F defined by

E={¢€C[0,1]:¢(t) >0, 0<t<1}.

Definition 2.1. [I9] Let 6 > 0, and f : [a,b] — R be an integrable function. Then the generalized Riemann-
Liouwille fractional integral of order 6 for a function f with respect to 1 is given by

199 1 (t) = F(le) / W ()t — () F(s)ds

where ¢ : [a,b] = R is a strictly increasing function such that ¢'(t) # 0, for all t € [a,b].

Definition 2.2. [19] Let n — 1 < 0 < n, and f : [a,b] — R be an integrable function. Then the generalized
Riemann-Liouville fractional derivative of order 0 for a function f with respect to i is defined by

DU 1) = [ ) T ),

where n = [0] + 1 and ¢ as in Definition [2.1]

Definition 2.3. [19] Let n—1 < 6 < n, and f € C"'[a,b]. Then the generalized Caputo fractional derivative
of order 0 for a function [ with respect to 1 is given by

DY p(t) = DL [h) — 30 T (vt) — w(@)

k
where n = [0]+1 for 6 ¢ N, and n =6 for 6 €N, and f[k]() [ L i} f(t). Moreover, if
f € C™a,b], then ¥-Caputo fractional derivative can be written as

0, _ meep[ 1 dan
DI = L) 10

N S L _ n—6-1 ¢ln]
= g L YO0 - vy

In paricular, if 0 = n € N, we have

DY F(t) = £ ).

E910) = g (910 — v+
and
D00 = 5 gy () = (@)

In case, g(t) = [(t) — ¥ (a)]¥, then
Da+g( )=0, Vke{0,1,...,n—1}, neN.

Now, we give some concepts of generalized Laplace transform introduced by [18].
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Definition 2.4. The Laplace transform of a function f is defined by the improper integral

L{f()} = /0 T et i nat, (4)

provided that the integral in exists for all s larger than or equal to some so, where f is defined for t > 0.

Definition 2.5. Let f, 1 : [a,00) — R be real valued functions such that 1 (t) is continuous and ¢'(t) > 0
on [a,00). Then the generalized Laplace transform of f is defined by

Luls@) = [ T e O @y (1) £ (1),

for all values of s. In particular, if a = 0, ¥(0) = 0, then we have

Ly{f(t)} = /0 T Oy (1) f(t)dt

Theorem 2.1. Let f,1 : [a,00) — R be real valued functions such that 1 (t)is continuous and ¥'(t) > 0 on
[a,00) and such that the generalized Laplace transform of f exists. Then

Lyffe)y = L{f (vt +wla)) (5)
where L{f} is the usual Laplace transform of f.
Lemma 2.2. Let Re(6) > 0 and ‘S%‘ < 1. Then

LufBoA () = (@)} = 57—, (6)
and -8
Ly{[(t) = ¥ (@)]” Bpp(A (1) = ¥(a)]’} = 57— (7)

Theorem 2.2. Assume that 0 > 0, (n = [0] +1) and f(t), DYV f(t), DZ¥ f(t),..., D"~ 5¥ f(t) are continuous
function on each interval (a,00) and of ¥ (t)-exponential order, while CDzﬁbf(t) 1S piecewise continuous on
[a,t]. Then

n—1

Ly {ODIF(0)} = "L f ()} = D 8D fla), ®)

k=0

d J
where DIV = (w’(t) dt) .

Definition 2.6. The generalized convolution of f and g defined by

(e 0 = [ 51907 1000) + vla) — 6(r))) ()
where f and g are piecewise continuous functions at each interval [a,b] and of exponential order. Moreover,
we have Ly {f *y g} = Ly{f}Ly{g}-

Definition 2.7. A function u € C[0,1] N L[0,1] is said to be a solution of (3) if u satisfies the equation
CDgf}gﬁ(t) +wo(t) = f(t,9(t)), 0 <t <1, with the conditions ¢p(0) = ¢g > 0.

Definition 2.8. A function ¢ € C[0,1] is called a positive solution of the problem (3)) if ¢(t) > 0 for all
t € [0,1] and ¢ satisfies the problem @
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Definition 2.9. The two-parameter function of the Mittag-Leffler is defined by the series expansion
o n

z
E976(z)zzm, 9>0,/8€C,Z€C.
n=0

For B =1, we obtain the Mittag-Leffler function one parameter,
e n

z
EQ(Z)—ZW, 9>0,Z€C

Lemma 2.3. The generalized Mittag-Leffler function Eg g(—¢) with ¢ > 0 is completely monotonic if and
only if 0 <0 <1 and B > 0. In other words, it yields

(1" i Eaa(~9) 20, ¥ ne N,

1
Obiviously, 0 < Egg(—¢) < m where ¢>0,0<0<1 and [>0.

Lemma 2.4. Let 6,8,7> 0 and A € R. Then we have
19 [(0(8) = 0(0) " By s () = $(0))7)] = ((8) = 0(0)" 7 Byg s (0(8) = (0))"):
Moreover,
/0 ()@ (t) = ()" Ego(A (1(t) = ¥(s))")ds = [(t) = (0))* Eg o1 (A(t) — £(0)]°).
Proof. By the Definitions and Lemma 2.1} we get

15 [(@(0) = () By (A (() — (0))")
1 t , B -
= 1) J, YOO 9 [W06) v B whs) —u0))] s

o

_Lt/S —(s))?! _ A s) — n+B=11 g
= F(G)/o P'(5)(Y(t) —¥(s)) [T;F(vn—kﬁ) (¥(s) — (0))? ]d

RSP yn+B—1
= Iyt ((t) = (0))
nzo T(on+B) oF

TL

- ;:OF'WH-G—FB)
= [(t) = )P E, gy p(A (1) — (0))7 .

[Yp(t) — (0)]P 7 HAt

Lemma 2.5. Let 0,8 > 0 be arbitrary. Then for any ¢ < 0 and 01,09 € [0,1],
E979+/3(Cag) — E@ﬂ.,./g(CG?) as o1 —» 02.

Definition 2.10. Let (U, ||.||) be a Banach space and T : U — U. The operator T is a contraction operator
if there is an k € (0,1) such that u,v € U imply

|Tu — Tv| < kllu—0].
Theorem 2.3. [31] (Banach fized point theorem). Let (U,d) be a non-empty complete metric space with a
contraction mapping T : U — U. Then, T has a unique fived-point u in U.

Theorem 2.4. [31] (Schauder fized point theorem). Let U be a Banach space and let = a closed conver,
bounded subset of U. If T : = — = is a continuous map such that the set {Tu : u € Z} is relatively compact
in U. Then T has at least one fixed point.
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3. Main results

In this section, we shall prove the existence and uniqueness of positive solution for a ¥—Caputo problem
(3). Before starting and proving the main results, we introduce the following lemma:

Lemma 3.1. Let 0 < 0 < 1 and f : [0,1] x RT — RT is a continuous function, and v : [0,1] — Rt is a
strictly increasing function such that '(t) # 0, for all t € [0,1]. Then the fractional integral equation

B1) = GoBa(—uli(t) — p(O))
[ 1) = v Bag(-ul ) - ()7 6 i 0

is a solution of 19— Caputo problem (3).
Proof. One can apply the generalized Laplace transform introduced by [I8] to get the required formula

@) 0

Remark 3.1. In particular,

1. If w =0, then the v»— Caputo problem (@ has a unique solution defined by

o(t) = do + /0 Wt — ()P (r, () (7).

2. IfY(t) =t, then the v— Caputo problem (@ reduces to problem (@ which has a unique solution defined
by

o(t) = ¢oEg(—wt’)
+ [t Bt = ) 0
Transform the ¢»—Caputo problem (3)) into a fixed point equation as follows
6=To, ¢eC[0,1],
where the operator II defined by
Ho(t) = goEe(—wlv(t) — 1 (0)]")
+ /0 T(6) — $(r )P B wlb(t) — (D) (r, S (7). (10)

Now, we need the following axiom lemma to prove our results.

Lemma 3.2. The operator Il : E — E is completely continuous.

Proof. In view of Lemma [2.3] and taking into consideration that f is continuous and nonnegative function,
we obtain that the operator Il : E — FE is continuous.

Let us suppose that the function f : [0,1] X Sy — R be bounded by ¢, where S, = {¢ € E, ||¢|| < v}. Let
¢ € S,. Then, for ¢t € [0,1] and using Lemma we have

M) < |eoBo(-wlp(s) - v(0)))

T /0 [W0(t) — ()P Epp(—wb(t) — () f(r, () (r)dr
< ¢0+F(19) /0 W(E) — ()P b)) ()
s SO0 0O

ro+1)



J. Patil et al., Adv. Theory Nonlinear Anal. Appl. 4 (2020), 279-291. 285

which implies

() - v ()
ol < g0 + =

This proves that the family II(S,) = {Il¢ : ¢ € Sy} is uniformly bounded. Now we shall show that the
family II(S,) = {Il¢ : ¢ € S,} is an equicontinuous.
Consider ¢ € S,,. Then for any t1,ty € [0, 1] with t; < to, we get

[To(t) ~ (k)| < [d0Ba(—wlt(t) = w(0)]%) = boEp(—wli(tr) — w(0)]")
/0 [(t2) — $()) By p(—wl(t2) — () S (7)dr

_l’_

- /0 () — ()P By g —wltb(tr) — w(r)°) f(r, d(r)) (r)dr

< [ooBa(—wlv(tz) — v (0))") = doEo(—wli(tr) — v(0)))
v [ [0 = 0P = Wte) = w0 |t o0
togr ) 0o o
< |ooBo(—wlb(ta) = v(O))) — doBp(—wlb(tr) = v(O)))]
rres [ (W) =9 = te) — vl )/ ()t
by [ [t v v
< [soBo(—ulb(ta) — B(O)) ~ doEo(—wl(tr) — w(0)))]

+P(92i 5 ([t - v’

As t; — to and bearing in mind that the function y(t) = ¢oEg(—w[¢(t) —1(0)]%) is continuous on [0, 1], the
right side of above inequality tends to zero. Which implies that II(S,) is equicontinuous. As a consequence
of Arzela—Ascoli theorem, we can conclude that II is compact. O

Now will we define the lower and upper control functions as follows,

Definition 3.1. Let a,b € RT(b > a). Then for any ¢ € [a,b] C RY, we define the upper-control function

f(t,0) = sup f(t,n), and lower-control function f(t,7) = ¢inf<bf(t, n). It is clear that functions f(t,¢) and
a<n<o = <n<
f(t,¢) are non-decreasing on ¢ and satisfies

f(t.0) < f(t.0) < f(t,9).
Definition 3.2. Let ¢(t), ¢(t) € E and a < ¢(t) < ¢(t) < b comply with

CDYYB(t) +welt) > F(t,6(1),  0<t<1,

¢(O) > d)O’

or

o) = goBo(—wly(t) — 9 (0)])
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Then ¢(t) is called upper solution for the 1-Caputo problem (@ On the other hand, we have

DIV () +wlt) < f(t,o(1),  0<t<1,
¢(0) S ¢07

B(t) < doEp(—wl(t) —(0)]%)
- /0 [W(t) — (7)) Ego(—wlip(t) — (7)) £ (7, (7)) (7)dr.

Then ¢(t) is also called lower solution for the -Caputo problem (@)
Now, we are ready to give the main results of this paper.

Theorem 3.1. Assume that f:[0,1] x RT — R is continuous function, ¢ as in Lemma and ¢, ¢ are a
pair of upper and lower solution of @, respectively, then the 1-Caputo problem (@ has at least one positive
solution. Moreover,

o(t) < o(t) < o(t), telo,1].
Proof. Define the set K as follows

K:={¢pcE:q¢(t) <o(t) <o(t), tel0,1]}

It is clear that I is a convex, bounded, and closed subset of the Banach space E, then taking into account
Lemma we have the operator II : £ — K is completely continuous due to K C E. It is sufficient to show
that II : L — K. By the Definitions and for any ¢(t) € IC, we have ¢(t) < ¢(t) < ¢(t), it follows that

(1) = doEg(—wlip(t) — 4 (0)])
+/O [(t) = (D))" Ego(—wlto(t) — & (7)]°) f(r, (r)¥' (7)dr

< goEg(—w(v(t) — (0)]%)
+ /0 [W(t) — (7)) Ego(—wlip(t) — (7)) F(r, () (7)dr
< o). (11)

Similarly,
o(t) = doBy(—wly(t) —(0)])
+ /0 T(8) — 6 Boa(—wlit) — () F(r, S (r)ar
doEg(—wv(t) — 1(0)])
+ /0 (6) — ()P Bag(—wlb(e) - () f (7 ()Y (7)dr

> 9(t) (12)
It follows from the equations and that

v

o(t) <Tg(t) < ¢(t), 1>t >0,
which implies II¢p € K, that proves that II : X — K is compact. By means of fixed point theorem of
Schauder, IT has a fixed point in K. Hence the -Caputo problem has at least one positive solution ¢(t)
in C0,1]. O



J. Patil et al., Adv. Theory Nonlinear Anal. Appl. 4 (2020), 279-291. 287

Corollary 3.1. Let f:[0,1] x Rt — RT 4s continuous function, and there exist two constants My, My > 0
such that
My < f(t,q) < Mz, (t,<) €[0,1] xRY (13)

Then the y-Caputo problem @ has at least one positive solution ¢(t) € C|[0,1]. Moreover, for eacht € [0,1],

o(t) > ¢oBg(—wlp(t) — ¥(0)]%)
FM () — (1)) By g1 (—w[wo(t) — 1(0)]), (14)

and
o(t) < goEg(—wlip(t) — v (0)]°)
+Mo[th(t) — (7)) Eg g1 (—w[e(t) — (0)]%). (15)
Proof. From the Definitions 3.1 and equation , we have
My < f(t,¢) < f(t,s) < Mo. (16)

Now, we consider the following -Caputo problem

CDYYO(t) +we(t) = My,  0<t <1,
$(0) = ¢o >0

Then, the ¢-Caputo problem has a positive solution
B(t) = goEs(—w[v(t) —¢(0)]°)
t
Mz [ 0(0) = 9 Boal—ulb(t) — o)) ()

(17)

Using Lemma 2.4] we get
B(t) = doBo(—wlp(t) — 1(0))%) + Ma[th(t) — 1(0)]° Egpp1 (—wlib(t) — 1(0))%).
On the other hand, by (16), we conclude that
o(t) = doEe(—w[t(t) —1(0)])%)
+My /0 T(6) — () Boa(—wlit) — (I ()dr
doEg(—wlis(t) — 1 (0)]°)
+ /0 T(6) — $(r )1 B~ wlb(t) — (DI VF(r, B (r)ar

Thus, the function ¢(t) is the upper solution of the ¢-Caputo problem .
Obviously, in the same way, the 1-Caputo problem of the type

v

CDIY H(t) + we(t) = My, 0<t<l,
#(0) = ¢o > 0,

has also a positive solution
B(t) = oEy(—wlv(t) —¥(0)]%)
M /0 [(t) — ()P Ep g (—wlp(t) — (7)) (r)dr

= goBy(—wlib(t) — 1(0)]%)
FM[p(E) — 9(0)]? Eg gt (—w[to(t) — 9(0)]).
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On the opposite side, by (16]), we get
o) = goBa(—wlv(t) — (0)])
#1600 = 9P Bna(—ul ()~ 6o/ (e
< goBp(—wly(t) — ¢ (0)]%)
+ /0 T08) — 9 Eng(—wlib(2) — () (r, S ()i

Thus, the function ¢(t) is the lower solution of the v-Caputo problem . By Theorem 1' we get that
the 1-Caputo problem has at least one positive solution ¢(t) € C[0, 1], which produces the inequalities

and ((15)). O

Corollary 3.2. Assume that f:[0,1] x RT — [0, 00) is continuous function where o > 0 such that

0< (bgrfoof(t, ¢) < 4o00. (18)

Then the -Caputo problem (@ has at least one positive solution.

Proof. From the equation , suppose there exists positive constants m; and mo such that

f(tv ¢) < my, (19)
for any ¢ > mo, t € [0,1]. Consider © = maxo<t<1,0<p<m, f(t, @). It follows from equation that
o < f(t,¢) <mi+ 0O, (20)

forany ¢ > 0, t € [0, 1]. Therefore, according to Corollary the ¢)-Caputo problem has at least one
positive solution ¢ € C10,1]. which verifies the subsequent inequalities
o(t) > goEg(—wlip(t) — v (0)]°)
+0[ih(t) = (0))" Ep g1 (—wly(t) — 9(0)]%).

and

A

o(t) < oBg(—wl(t) — v(0)]%)
+(my + O) [y (t) — ¥(0)]? Eg o1 (—wlp(t) — v(0)]).
O

Corollary 3.3. Assume that f : [0,1] x RY — [0,00) is continuous function where o > 0 and there exist
two constants r1,r9 > 0, such that

max{f(t,¢) : (t,¢) € [0,1] x [0,72]} <1 T'(0 +1) — do. (21)
Then the ¥-Caputo problem @ has at least one positive solution ¢ € C0,1].
Proof. From the equation , we have
o < f(t,¢) <m0 +1) — ¢o,

for any (t,¢) € [0,1] x [0,72]. In view of Corollary we deduce directly that the 1-Caputo problem
has at least one positive solution ¢ € C[0,1]. which obeying

0<floll <r.
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The final result is based on the Banach fixed point theorem.

Theorem 3.2. Assume that f :[0,1] x RT — RY is continuous and there exist A > 0 such that
1f(ty) = fty) < Ally =yl fort €[0,1] and y,y* € RY.
Then the ¥-Caputo problem (@ has a unique positive solution provided that

_ )
Ry,4 = WA <1, (22)

where 1 as in Lemma[3.1]

Proof. Consider the operator II defined by . Then we shall prove that this operator is a contraction in
C[0,1]. Let ¢, ¢* € C[0,1]. Then by Lemmas [2.3]2.4] and for ¢ € [0, 1], we have

[MI(¢) = I(¢")[| = sup [TI(¢)(t) — TL(¢") ()]

te(0,1]
< s [ 19(0) = 6 Baol-wlé(t) ~ b1 60) — S g ()l ()
te[0,1] Jo
< S [0) ~ DO B (ol () — OIS 00) 1670
_ 0
< sup PO ZPOF 4y 4

tejon]  L(O+1)
< Rygpallér — ¢2f.

From the inequality , IT is contraction mapping. Hence, by Theorem , we can conclude that II has
a unique fixed point which is the unique positive solution of 1-Caputo problem on [0, 1]. O

4. Example
In this section, we give two examples to illuminate our results.

Example 4.1. Consider the fractional differential equation with integral boundary condition

CDE u(t) + ult) = (1) — w(0) + raa 0<tsL (23)

where 6 = 3, f(t,u) = ¥(t) — ¥(0) + 2.
i) It is easy to see that f is continuous and nonnegative function. It follows that,
1f (8 u) = f(t )] < % lu — vl = Afju = o],
for all t € [0,1] and u,v € [0,00). Set 1(t) := e'. Then we find that

e—1
Rypa=y—— <L

All assumptions of Theorem hold. Therefore, Theorem guarantees that has a unique
positive solution u(t) € C0,1].
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ii) For all (t,¢) € [0,1] x R*, we have

1 1
— < f(t <e——.
Thus, the condition (D holds with M; % and My = e — % Hence by Corollary , the problem

1' has a positive solution which verifies ¢(t) < ¢(t) < ¢(t) where

)= By (- (¢ =)+ (e= 3 ) (=1 By (€ - )
and ) 1 ) )
Q(t) = E%(— (et — 1)5) + B (et — 1)§ E%%(— (et — 1)5)

are respectively the upper and lower solutions of the problem (23]).
iii) For all (¢,¢) € [0,1] x Rt we have

0< L t,p) <e—1.
¢3>Toof( P) <e

Thus, the condition (i holds with M; = % and My = e — % Hence by Corollary , the problem
has a positive solution.

iv) Let o = 3 and 75 = 1, there exists r; € (0, +00) such that

max{/(6,6) (L.6) € 0.1 x 0, 1]} = e~ 14 > < VT 1

Thus, the condition holds with M; = % and My = e — % Hence by Corollary , the problem
has a positive solution ¢ satisfies 0 < ||¢| < 7.
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