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Some Estimates for the Spin-Submanifold Twisted Dirac Operators

Mehmet Ergena

aEskişehir Technical University, Eskişehir, TURKEY

Abstract. In this paper, we generalize lower bound estimates for the eigenvalue estimates of the subman-
ifold twisted Dirac operator on a compact Riemannian Spin−submanifold proved by N. Ginoux and B.
Morel in 2002.

1. Introduction

Defining some structure on the compact Riemannian manifolds as Spin and Spinc
−structure to obtain

information about the topology and geometry of the manifold is the main way for mathematicians. Due
to this feature, many authors have been systematically worked on these structures [2, 3, 7, 16]. One
of the way to obtain these subtle information is the investigation the spectrum of the Dirac operator
[4, 5, 7, 10, 13, 14]. The study of Dirac operators on the submanifolds was firstly started by E. Witten
using the hypersurface Dirac operator to prove the positive energy-theorem [20]. Later on, this operator
is investigated by the mathematicians and physicists to obtain subtle information about the topology and
geometry of the manifolds. One of the ways to obtain this subtle information is done by investigating the
spectrum of the Dirac operator [4–7, 9, 10, 14].

Obtaining lower bounds to the eigenvalues of the submanifold Dirac operator firstly was given by
X. Zhang and O. Hijazi in [13] by generalized the results obtained on the hypersurfaces [12, 19]. The
fundemantal tools used to estimate the lower bound are appropriately modified spinorial Levi−Civita
connection and Schrödinger−Lichnerowicz formula.

In this paper, we will consider the generalization of the results for the the submanifolds obtained by N.
Ginoux and B. Morel in [8] coming from the result for hypersurfaces given in [17]. In doing so, as in the
papers of O. Hijazi and X. Zhang [12, 19], they started by restricted the spinor bundle of the Riemannian
Spin−manifold to a submanifold equipped with an induced Riemannian metric. Then, they lifted the
Levi−Civita connections defined on both the Riemannian Spin manifold and its submanifold onto the
spinor bundle built on these manifolds, respectively. Finally, they defined the submanifold Dirac operator
with the help of the spinorial Gauss formula. Some authors called this operator as a twisted Dirac operator
[18]. In this paper we use this naming.

Later on, N. Ginoux and B. Morel in [8] obtain an estimates for the eigenvalues of the twisted Dirac
operator on a compact Riemannian submanifold in terms of the scalar curvature, mean curvature and
Energy−Momentum tensor.
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In this paper, by defining modified spinorial Levi−Civita connections we give estimates containing all
inequalities obtained in [8] as special cases.

We would like to thank Nicolas Ginoux for his support during the prepation of this paper.

2. Twisted Dirac Operator on The Submanifolds

Let M̃ be an (m + n)−dimensional compact Riemannian Spin−manifold and M be an m−dimensional
immersed oriented Riemannian Spin−submanifold in M̃ equipped with the induced Riemannian metric.
Let NM be the normal bundle of M. As we know, the manifolds M and M̃ defines an unique Spin−structure
on the normal bundle NM [8]. Through out the whole paper SM, SMN and SM̃ denotes the spinor bundles
over the manifolds M, NM and M̃, respectively. The restricted spinor bundle S := SM̃

∣∣∣
M is identified as

follows:

S :=
{

SM ⊗ SMN, if n or m is even,
SM ⊗ SMN ⊕ SM ⊗ SMN, otherwise. (1)

On this restricted spinor bundle exist a Hermitian inner product, denoted by
(
, ), such that Clifford multiplication by

a vector of TM̃
∣∣∣
M

is skew−symmetric [15, 16].

As in [8] we denote the induced spinorial Levi−Civita connection on Γ(S) by ∇̃ and ∇

∇̃ =

{(
∇
SM ⊗ Id + Id ⊗ ∇SMN

)
⊕

(
∇
SM ⊗ Id + Id ⊗ ∇SMN

)
, if n and m are odd,(

∇
SM ⊗ Id + Id ⊗ ∇SMN

)
, otherwise.

For a fixed point x ∈ M, let (e1, ..., em, v1, ..., vn) be a positively oriented local orthonormal basis of TM̃
∣∣∣
M

such that
(e1, ..., em) (resp(v1, ..., vn)) is a positively oriented local orthonormal basis of TM (resp NM). Also we have the following
identification between the Clifford multiplication on Γ(SM) and Γ(SM̃)

∣∣∣
M

X ·M Φ =
(
X · ω⊥ ·Ψ

)
M
, (2)

where Φ = Ψ
∣∣∣
M
,Ψ ∈ Γ(SM̃), and

ω⊥ =

{
ωn, for n even,
−iωn, for n odd, (3)

here ωn denoting the complex volume form:

ωn = i[ n+1
2 ]v1 · ... · vn. (4)

The spinorial Gauss formula [1]:

∇̃iΨ = ∇iΨ +
1
2

m∑
j=1

e j · hi j ·Ψ, (5)

where Ψ ∈ Γ(S) and hi j is the component of the second fundemantal form at x. Accordingly, Dirac operators are defined
as follows:

D̃ =

m∑
i=1

ei · ∇̃i, D =

m∑
i=1

ei · ∇i, (6)

and the twisted Dirac operator which also called submanifold Dirac operator and denoted by DH is defined as

DH := (−1)nω⊥ · D̃ = (−1)nω⊥ ·D +
1
2

H · ω⊥ ·Ψ, (7)
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where H =
m∑

i=1
h(ei, ei) denotes the mean curvature vector field. Moreover, by using the fact that H · ω⊥· = (−1)n−1ω⊥ ·H

one gets D̃ = D − 1
2 H and

D = ω⊥ ·DH +
1
2

H · ω⊥ ·

= λH · ω⊥ · +
1
2

H·, (8)

where λH denotes the eigenvalue of the twisted Dirac operator DH.
Finally, for any Ψ ∈ Γ(S), we give the well−known formula called twisted Lichnerowicz formula as follows:(

D2Ψ,Ψ
)

=
(
∇
∗
∇Ψ,Ψ

)
+

1
4

(
R + RN

Ψ

)
|Ψ|2, (9)

where R is the scalar curvature of M and RN
Ψ := 2

m∑
i, j=1

(
ei · e j · Id ⊗ RN

ei ,e j
Ψ, Ψ

|Ψ|2

)
on MΨ := {x ∈ M : Ψ(x) , 0}, and RN

ei ,e j

stands for spinorial normal curvature tensor. Combining (8) and (9), we obtain∫
M
|∇Ψ|2 =

∫
M

(
λ2

H |Ψ|
2 +

1
4
‖H‖2|Ψ|2 + λHRe

(
ω⊥ ·Ψ,H ·Ψ

)
−

1
4

(R + RN
Ψ)|Ψ|2

)
.

(10)

3. Lower bounds of Eigenvalues

In this section, two estimates are given. One of them is obtained in terms of the mean curvature and modified scalar
curvature defined in [7, 12, 13] as follows:

Rp,u,Ψ = R + RN
Ψ − 4p∇u + 4∇p∇u − 4

(
1 −

1
m

)
p2
|du|2, (11)

where p and u are real valued functions defined on M̃. If p,u = 0, then Rp,u,Ψ = R + RN
Ψ. In this case all estimates

coincides with the result obtained in [8]. The other is obtained in terms of above modified scalar curvature and
Energy−Momentum tensor.

In the following theorem, we give an optimal lower bound to the eigenvalues of DH by using an appropriate
modified spinorial Levi−Civita connection.

Theorem 3.1. Let M ⊂ M̃ be a compact Riemannian Spin−submanifold of a Riemannian Spin−manifold (M̃, 1). Consider a
non−trivial eigenspinor field Ψ ∈ Γ(S) such that DHΨ = λHΨ. Assume that m ≥ 2 and

Ωp,u,Ψ = {(p,u,Ψ)|mRp,u,Ψ > (m − 1)‖H‖2 > 0}, (12)

on MΨ where p,u are real−valued functions. Then the following inequality is satisfied

λ2
H ≥

1
4

sup
Ωp,u,Ψ

In f
MΨ

(√ m
m − 1

Rp,u,Ψ − ‖H‖
)2
. (13)

Proof. Define a modified spinorial Levi−Civita connection on Γ(S) by

∇
u
i Ψ = ∇iΨ + αei

·H ·Ψ + βλHei · ω⊥ ·Ψ + p∇iuΨ + q∇ juei · e j ·Ψ (14)

for any real−valued functions α, β, p and q. Then, for any Ψ ∈ Γ(S) and for any i, 1 ≤ i ≤ n, we have

|∇
u
i Ψ|2 = |∇iΨ|

2 + 2αRe
(
∇iΨ, ei ·H ·Ψ

)
+ 2λHβRe

(
∇iΨ, ei · ω⊥ ·Ψ

)
+2pRe

(
∇iΨ,∇iuΨ

)
+ 2qRe

(
∇iΨ,∇ juei · e j ·Ψ

)
+ α2
‖H‖2|Ψ|2

+2αβλHRe
(
ei ·H ·Ψ, ei · ω⊥ ·Ψ

)
+ 2αpRe

(
ei ·H ·Ψ,∇iuΨ

)
+2αqRe

(
ei ·H ·Ψ,∇ juei · e j ·Ψ

)
+ β2λ2

H |Ψ|
2

+2βpλHRe
(
ei · ω⊥ ·Ψ,∇iuΨ

)
+ 2βqλHRe

(
ei · ω⊥ ·Ψ,∇ juei · e j ·Ψ

)
+p2
|∇iu|2|Ψ|2 + 2pqRe

(
∇iuΨ,∇ juei · e j ·Ψ

)
+q2
|du|2|Ψ|2. (15)
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Summing over i and using the fact that
(
ω⊥ ·Ψ,Ψ

)
= (−1)n

(
Ψ, ω⊥ ·Ψ

)
, we have

|∇
uΨ|2 = |∇Ψ|2 − 2αRe

(
DΨ,H ·Ψ

)
− 2λHβRe

(
DΨ, ω⊥ ·Ψ

)
+2p

m∑
i=1

∇iuRe
(
∇iΨ,Ψ

)
+ mα2

‖H‖2|Ψ|2 + 2mαβλHRe
(
H ·Ψ, ω⊥ ·Ψ

)
−2αpRe

(
H ·Ψ, du ·Ψ

)
+ 2mαqRe

(
H ·Ψ, du ·Ψ

)
+ mβ2λ2

H |Ψ|
2

−2βpλHRe
(
ω⊥ ·Ψ, du ·Ψ

)
+ 2mβqλHRe

(
ω⊥ ·Ψ, du ·Ψ

)
+ p2
|du|2|Ψ|2

−2pq|du|2|Ψ|2 + mq2
|du|2|Ψ|2. (16)

Taking q =
p
m , α =

β−1
2(mβ−1) , for β nowhere equal to 1

m and using the equality obtained in (10), we get

∫
M

(
1 + mβ2

− 2β
)
λ2

H |Ψ|
2
≥

∫
M

( (R + RN
Ψ)

4
+

(
1 −

1
m

)
p2
|du|2 − p∆u + ∇p∇u

)
−

(m2β2
− 2mβ −mβ2 + 2β − 1)

4(mβ − 1)2

)
‖H‖2

)
|Ψ|2. (17)

Using modified scalar curvature given in (11), we have

λ2
H ≥

1
4

sup
p,u,β

in f
M

( Rp,u,Ψ

1 + mβ2 − 2β
−

(m − 1)
(mβ − 1)2 ‖H‖

2
)
. (18)

Then, assuming mRp,u,Ψ > (m − 1)‖H‖2 > 0 on MΨ, we can choose β so that

(1 −mβ)2 =
(m − 1)‖H‖√
m

m−1 Rp,u,Ψ − ‖H‖
, on MΨ. (19)

Inserting (19) in (18) we get (13).

As in [8], κ1 be the lowest eigenvalue of the self−adjoint operator RN defined by

R
N : Γ(S) −→ Γ(S)

Ψ 7−→ 2
m∑

i, j=1

ei · e j · Id ⊗ RN
ei ,e j

Ψ. (20)

Considering (20), tranforms the Rp,u,Ψ as follows

Rp,κ1 ,u,Ψ = R + κ1 − 4p∇u + 4∇p∇u − 4
(
1 −

1
m

)
p2
|du|2, (21)

By using (21), Theorem (3.1) can be stengthened as follows:

Corollary 3.2. Under the same conditions as in Theorem (3.1), if m ≥ 2 and

Ω̃p,κ1 ,u,Ψ = {(p, κ1,u)|mRp,κ1 ,u,Ψ > (m − 1)‖H‖2 > 0}

on M, then

λ2
H ≥

1
4

sup
Ω̃p,κ1 ,u,Ψ

In f
MΨ

(√ m
m − 1

Rp,κ1 ,u,Ψ − ‖H‖
)2
. (22)

In this part of the paper, concerning conformal change of the Riemannian metric and using the classic arguments
given in [11–13], the optimal lower bounds is given for the square of the eigenvalue λH of the twisted submanifold
Dirac operator DH.
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Consider the conformal change of the metric 1 = e2u1 given with any real−valued function u on M̃. Let

S −→ S

Ψ 7−→ Ψ (23)

be the induced isometry between the two corresponding spinor bunbles. The Hermitian metrics defined on the
corresponding two spinor bundles S and S, respectively satisfies:(

Ψ,Φ
)

=
(
Ψ,Φ

)
1
. (24)

Also, the Clifford multiplication on S is defined as

ei·Ψ = ei ·Ψ, (25)

where ei = e−uei. Note that, 1 = e2u1
∣∣∣
M

is denoted the restriction of 1 to M. Under this restriction, the following identity
are satisfied:

D
(
e−

(m−1)
2 uΨ

)
= e−

(m+1)
2 uDΨ, (26)

where Ψ ∈ Γ(S) and D is the Dirac operator with respect to 1. Also, the corresponding mean curvature vector field is
given by

H̃ = e−2u
(
H −m1radNu

)
. (27)

Let 1radNu = 0, then with respect to 1, the corresponding twisted Dirac operator DH satisfies:

DH

(
e−

(m−1)
2 uΨ

)
= e−

(m+1)
2 uDHΨ. (28)

Finally, under the conformal change of the metric 1 = e2u1, Rp,κ1 ,u,Ψ is written as

Rp,κ1 ,u,Ψ = R + κ1 + 4
(m − 1

2
− p

)
∆u + 4∇p∇u −

((
m − 1)(m − 2) + 4(2 −m)p

+4
(
1 −

1
m

)
p2

)
|du|2. (29)

In the next theorem, we will consider the regular conformal change of the metric 1with 1radNu = 0, on M.

Theorem 3.3. Let M ⊂ M̃ be a compact Riemannian Spin−submanifold of a Riemannian Spin−manifold (M̃, 1). Consider a
non−trivial eigenspinor field Ψ ∈ Γ(S) such that DHΨ = λHΨ. For any regular conformal change of the metric 1 = e2u1 on M̃,
assume that

Ωp,κ1 ,u,Ψ = {(p, κ1,u)|mRp,κ1 ,u,Ψ > (m − 1)‖H‖2 > 0}
on MΨ. Then the following inequality is satisfied

λ2
H ≥

1
4

sup
Ωp,κ1 ,u,Ψ

In f
MΨ

(√ m
m − 1

Rp,κ1 ,u,Ψ − ‖H‖
)2
. (30)

Proof. Let Ψ ∈ Γ(S) be an eigenspinor of DH with eigenvalue λH and let φ := e−
n−1

2 uΨ. Then, by condidering DHφ =

λHe−uΦ, H̃ = e−uH,R
N
Φ = e−2uRN

Ψ and applying Φ to (17), we get∫
M

(
1 + mβ2

− 2β
)
e−2uλ2

H |Φ|
2
≥

∫
M

1
4

(
Rp,κ1 ,u,Ψ

−

(m2β2
− 2mβ −mβ2 + 2β − 1)

(mb − 1)2

)
‖H‖2

)
e−2u
|Φ|2.

(31)

As in the proof of Theorem 3.1, by considering

(1 −mβ)2 =
(m − 1)‖H‖√

m
m−1 Rp,κ1 ,u,Ψ − ‖H‖

, on MΨ, (32)

we get the desired estimates given in (30).
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In the following theorem we improve our estimation in terms of the Energy−Momentum tensor QΨ defined on MΨ as
follows:

QΨ
i j =

1
2

(
ei · ω⊥ · ∇ jΨ + e j · ω⊥ · ∇iΨ,

Ψ

|Ψ|2

)
. (33)

Theorem 3.4. Let M ⊂ M̃ be a compact Riemannian Spin−submanifold of a Riemannian Spin−manifold (M̃, 1). Consider a
non−trivial eigenspinor field Ψ ∈ Γ(S) such that DHΨ = λHΨ. Assume that m ≥ 2 and

ΩQΨ

p,κ1 ,u,Ψ
= {(p, κ1,u)|Rp,κ1 ,u,Ψ + 4|QΨ

|
2 > ‖H‖2 > 0}, (34)

on MΨ. Then the following inequality is satisfied

λ2
H ≥

1
4

sup
Ω

QΨ

p,κ1 ,u,Ψ

In f
MΨ

(√
Rp,κ1 ,u,Ψ + 4|QΨ|2 − ‖H‖

)2
. (35)

Proof. Define a modified spinorial Levi−Civita connection on Γ(S) by

∇
QΨ

i Ψ = ∇iΨ + αei
·H ·Ψ + βλHei · ω⊥ ·Ψ + p∇iuΨ + q∇ juei · e j ·Ψ

+QΨ
i j e j · ω⊥ ·Ψ, (36)

where α, β, p and q are real−valued functions. Then, for any Ψ ∈ Γ(S) and for any i, 1 ≤ i ≤ n, we have

|∇
QΨ

i Ψ|2 = |∇iΨ|
2 + 2αRe

(
∇iΨ, ei ·H ·Ψ

)
+ 2λHβRe

(
∇iΨ, ei · ω⊥ ·Ψ

)
+2pRe

(
∇iΨ,∇iuΨ

)
+ 2qRe

(
∇iΨ,∇ juei · e j ·Ψ

)
+2Re

(
∇iΨ,QΨ

i j e j · ω⊥ ·Ψ
)

+ α2
‖H‖2|Ψ|2

+2αβλHRe
(
ei ·H ·Ψ, ei · ω⊥ ·Ψ

)
+ 2αpRe

(
ei ·H ·Ψ,∇iuΨ

)
+2αqRe

(
ei ·H ·Ψ,∇ juei · e j ·Ψ

)
+ 2αRe

(
ei ·H ·Ψ,QΨ

i j e j · ω⊥ ·Ψ
)

+β2λ2
H |Ψ|

2 + 2βpλHRe
(
ei · ω⊥ ·Ψ,∇iuΨ

)
+2βqλHRe

(
ei · ω⊥ ·Ψ,∇ juei · e j ·Ψ

)
+2βλHRe

(
ei · ω⊥ ·Ψ,QΨ

i j e j · ω⊥ ·Ψ
)

+ p2
|∇iu|2|Ψ|2

+2pqRe
(
∇iuΨ,∇ juei · e j ·Ψ

)
+ 2pRe

(
∇iuΨ,QΨ

i j e j · ω⊥ ·Ψ
)

+q2
|du|2|Ψ|2 + 2qRe

(
∇uei · e j ·Ψ,QΨ

i j e j · ω⊥ ·Ψ
)

+ |QΨ
i j |

2
|Ψ|2.

(37)

Summing over i and using the fact that trQΨ = λH + 1
2 Re

(
H ·Ψ, ω⊥ ·Ψ

|Ψ|2

)
, we have

|∇
QΨ

Ψ|2 = |∇Ψ|2 − 2λHαRe
(
ω⊥ ·Ψ,H ·Ψ

)
− α‖H‖2|Ψ|2 − 2λ2

Hβ|Ψ|
2

−λHβRe
(
H ·Ψ, ω⊥ ·Ψ

)
+ 2p

m∑
i=1

Re
(
∇iΨ,∇iuΨ

)
− 2|QΨ

|
2
|Ψ|2

+mα2
‖H‖2|Ψ|2 + 2mαβλHRe

(
H ·Ψ, ω⊥ ·Ψ

)
− 2αpRe

(
H ·Ψ, du ·Ψ

)
+2mαqRe

(
H ·Ψ, du ·Ψ

)
+ 2αλHRe

(
H ·Ψ, ω⊥ ·Ψ

)
+
αRe

(
H ·Ψ, ω⊥ ·Ψ

)2

|Ψ|4
|Ψ|2 + mλ2

Hβ
2
|Ψ|2 − 2λHβpRe

(
ω⊥ ·Ψ, du ·Ψ

)
+2λHβqmRe

(
ω⊥ ·Ψ, du ·Ψ

)
+ 2λ2

Hβ|Ψ|
2 + λHβRe

(
H ·Ψ, ω⊥ ·Ψ

)
+p2
|du|2|Ψ|2 − 2pq|du|2|Ψ|2 + mq2

|du|2|Ψ|2 + |QΨ
|
2
|Ψ|2.

(38)
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Taking q =
p
m , and using the equality obtained in (10), we get∫

M
|∇

QΨ
Ψ|2 =

∫
M

((
1 + mβ2

)
λ2

H |Ψ|
2
−

1
4

(
R + RN

)
|Ψ|2 +

(
1 −

1
m

)
p2
|du|2|Ψ|2

+
(
p∆u − ∇p∇u

)
|Ψ|2 +

(
1 + 2mαβ

)
Re

(
H ·Ψ, ω⊥ ·Ψ

)
− |QΨ

|
2
|Ψ|2

+
(1

4
+ mα2

− α
)
‖H‖2|Ψ|2 +

αRe
(
H ·Ψ, ω⊥ ·Ψ

)2

|Ψ|4
|Ψ|2

)
. (39)

Using the definition given in (21) and taking α = − 1
2mβ we get∫

M

[(
1 + mβ2

)
λ2

H |Ψ|
2
≥

∫
M

(
Rp,κ1 ,u,Ψ

4
|Ψ|2 −

(1 + mβ2

4mβ2

)
‖H‖2|Ψ|2 −

1
2mβ

(
‖H‖2

−

Re
(
H ·Ψ, ω⊥ ·Ψ

)2

|Ψ|4
|Ψ|2

)
+ |QΨ

|
2
|Ψ|2

)
(40)

Since ‖H‖2 −
Re
(

H·Ψ,ω⊥ ·Ψ
)2

|Ψ|4
|Ψ|2 ≥ 0, we have

we have

λ2
H ≥

1
4

in f
M

(Rp,κ1 ,u,Ψ + 4|Q|2

1 + mβ2 −
‖H‖2

mβ2

)
. (41)

If Rp,κ1 ,u,Ψ + 4|Q|2 > ‖H‖2 > 0 on MΨ, we can choose β as

β =

√
‖H‖(

m
√

Rp,κ1 ,u,Ψ + 4|Q|2 − ‖H‖
) on MΨ.

(42)

In the next theorem, we will consider regular conformal change of the metric 1with 1radNu = 0, on M as in Theorem
(3.3).

Theorem 3.5. Let M ⊂ M̃ be a compact Riemannian Spin−submanifold of a Riemannian Spin−manifold (M̃, 1). Consider a
non−trivial eigenspinor field Ψ ∈ Γ(S) such that DHΨ = λHΨ. For any regular conformal change of the metric 1 = e2u1 on M,
assume that

Ω
QΨ

p,κ1 ,u,Ψ = {(p, κ1,u)|Rp,κ1 ,u,Ψ + 4|QΨ
|
2 > ‖H‖2 > 0}

on MΨ. Then the following inequality is satisfied

λ2
H ≥

1
4

sup
Ω

QΨ

p,κ1 ,u,Ψ

In f
MΨ

(√
Rp,κ1 ,u,Ψ + 4|Q|2 − ‖H‖

)2
. (43)

where p,u are real−valued functions.

Proof. As in Theorem (3.3, applying Φ to (40), we get∫
M

(
1 + mβ2

)
e−2uλ2

H |Φ|
2
≥

∫
M

1
4

(
Rp,κ1 ,u,Ψ + 4|QΨ

|
2
−

(1 + mβ2)
(mβ2

)
‖H‖2

)
e−2u
|Φ|2.

(44)

As in the proof of Theorem 3.3, we finally by taking

β =

√√√
‖H‖

m
(√

Rp,κ1 ,u,Ψ + 4|QΨ|2 − ‖H‖
) (45)

we obtained the desired result given in (43).
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