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ABSTRACT. The FUt!1 — A2Fv—1 = 0 structure (v > 3) have been studied by
Kim J. B. . Later, Srivastava S.K studied on the complete lifts of (1,1)
tensor field F satisfying structure F*T1 — A2F?~1 = 0 and extended in M™
to cotangent bundle. This paper consists of two main sections. In the first
part, we find the integrability conditions by calculating Nijenhuis tensors of
the complete and horizontal lifts of F¥+1 — X\2Fv—1 = 0. Later, we get the
results of Tachibana operators applied to vector and covector fields according
to the complete and horizontal lifts of F' ((v+ 1), % (v — 1)) -structure and
the conditions of almost holomorfic vector fields in cotangent bundle T*(M™).
Finally, we have studied the purity conditions of Sasakian metric with respect
to the lifts of F*+1 — X2 F?—1 = 0—structure. In the second part, all results
obtained in the first section were investigated according to the complete and
horizontal lifts of the F+1 — X\2Fv—1 = ( structure in tangent bundle T'(M™).

1. INTRODUCTION

The investigation for the integrability of tensorial structures on manifolds and
extension to the tangent or cotangent bundle, whereas the defining tensor field
satisfies a polynomial identity has been an actively discussed research topic in the
last 50 years, initiated by the fundamental works of Kentaro Yano and his collab-
orators, see for example . Later, a lot of authors studied on the topics of the
bundle, Riemannian manifolds and F structure too .
There are a lot of structures in tangent and cotangent bundle. One of them is
the F ((v + 1) A2 (v — 1))-structure (v > 3) have been studied by Kim J. B. \\
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Later, Srivastava S.K studied on the complete lifts of (1, 1) tensor field F' satisfying
structure FU+1 — A\ F*~1 = 0 and extended in M" to cotangent bundle [21]. In this
context, a differentiable structure F?v+* + F2 =0, (F # 0,v # 0) studied by K.K.
Dube [11] and Upadhyay and Gupta have obtained some integrability conditions of
F(K,—(K — 2))—structure, satisfying FX + FX~=2 = 0,(F is a tensor field of type
(1,1)) 4.

This paper consists of two main sections. In the first part, we find the integrabil-
ity conditions by calculating Nijenhuis tensors of the complete and horizontal lifts
of F ((v+1) A2 (v — 1))-structure. Later, we get the results of Tachibana opera-
tors applied to vector and covector fields according to the complete and horizontal
lifts of Fv+1 — X\2Fv~1 = ( structure and the conditions of almost holomorfic vector
fields in cotangent bundle T*(M™). Finally, we have studied the purity conditions
of Sasakian metric with respect to the lifts of FUT1 —A2Fv~1 = ( structure. In the
second part, all results obtained in the first section were investigated according to
the complete and horizontal lifts of the F' ((v + 1), A* (v — 1))-structure in tangent
bundle T'(M™).

Let M™ be a differentiable manifold of class C"* and of dimension n and let
T*(M™) denote the cotangent bundle of M. Then T*(M™) is also a differentiable
manifold of class C*° and dimension 2n.

The following are notations and conventions that will be used in this paper.

(1) S%(M™) denotes the set of the tensor fields C* and of type (r,s) on M™.
Similarly, S%(T*(M™)) denotes the set of such tensor fields in T*(M™).

(2) The map 7 is the projection of T*(M™) onto M™.

(3) Vector fields in M™ are denoted by X, Y, Z,...and Lie differentiation by
Lx.The Lie product of vector fields X and Y is denoted by [X,Y].

(4) Suffixes a,b,c,...,hi,j... take the values 1 to n and 7 = i + n. Suffixes
A,B,C,...take the values 1 to 2n.

If Ais point in M™, then (7*)"Y(A) : M™ — T*(M") is fiber over A. Any
point p € (7*)~1(A) is denoted by the ordered pair (A, pa), where p is 1—form in
M™ and py4 is the value of p at A. Let U be a coordinate neighborhood in M™ such
that A € U. Then U induces a coordinate neighborhood (7*)~(U) in T*(M™) and
p e 1(A).

1.1. The complete lift of F'T! — \?F*~1 = () on cotangent bundle. Let M"
be an n-dimensional connected differentiable manifold of class C°*°. Let there be
given in M™ a (1,1) tensor field F of class C* satisfying [14,21]

Fv+1 _ )\2FU_1 _ O7 (1)
where A is non zero complex number. Also
1
rank (F) = 5 (rank FUT' +dim M") (2)

= (a constant every where on M™) (3)
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Let the operators [* and m™ be defined as
Fdef (F/N) ™ m* = 1— (F/N)Y,

(4)

where I denotes the identity operator on M™. Then the operators I* and m*
applied to the tangent space at a point of the manifold be complementary projection

operators.

Let F* be the component of F at A in the coordinate neighbourhood U of M™.
Then the complete lift FC of F is also a tensor field of type (1,1) in T*(M™) whose

components F7 in (%)~ (U) : M"™ — T*(M™) are given by [17]

Fih = F¢h7
Fh =0,
Fl = p,[0Ff /02" — OF* |0a"]
and )
Fih = F;ﬁ,
where (z1,22 23, ...,2") are coordinates of A in U and p4 has components

(p1, P2, 3, ---pn). Thus we can write
F! 0

K3

C _ (A _
P on o R ]

where 0; = 0/0z".
If we put
0. Fy — On Ff = 20[iFy)],

then the equation @D can be written as

. Fh 0
c _ Ay 7
P =) = [ 2p,0liFy] Fj, ]
FhrFi 0
Cy2 C Cy it o
(rep = oy = | 5 |

Squaring again we get [17]

h h
(FC)4 _ Fsz 0 Fsz 0 ,
Ly; FIF; Ly, FIF;
B FlFIFF 0
FJFFLy+ F/FiLy FLFFF/F |
FrFIF]FFEL F
(FOP = (PO (FO) = | FOEEE BT O
Qnn FrFy Fij FEy

Oy =) = ()

~NpOpFy] —A°FP

)
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Thus it follows that

(FU+1)C _ A2(F1)—1)C =0 (15)
Thus, we get the complete lift of Fv+1 — A\2Fv~! = 0—structure on the cotangent
bundle.

1.2. Horizontal lift of the structure Ft! — \>Fv~1 = ( on cotangent bun-
dle. Let F, G be two tensor field of type (1,1) on the manifold M™. If F¥ denotes
the horizontal lift of F', we have [17}[18}[25]

FAGH - GHFH = (FG + GF)". (16)
Taking F' and G identical, we get
(F)? = (F2)1. (17)
Thus, multiplying both sides by F¥ and making use of the same , we get
(F)? = (F)1. (18)
Thus it follows that
(F = (FHH, (FH)° = (F*)". (19)
Thus,
(ForhH — X2 (=P =0, (20)

In view of , we can write (FH)vT1 — \2(FH)v=1 =,
Thus, we get the horizontal lift of F+!—\? Fv~1 = 0—structure on the cotangent
bundle.

Proposition 1. Let M™ be a Riemannian manifold with metric g, V be the Levi-
Clivita connection and R be the Riemannian curvature tensor. Then the Lie bracket
of the cotangent bundle T*(M™) of M™ satisfies the following

i) W, 0] = o, (21)
i) (X", W] = (Vxw),
di) [XT YR = X, V)" +9R(X,Y) = [X,Y]" + pR(X,Y))"

for all X,Y € S§(M™) and w,0 € I (M™). (See [25] p. 238, p. 277 for more
details).
2. MAIN RESULTS

2.1. The Nijenhuis tensors of ' ((v + 1), A* (v — 1))-structure on cotangent
bundle.

Definition 2. Let F' be a tensor field of type (1,1) satisfying Fv+T — N2Fv=—1 =0
in M™. The Nijenhuis tensor of a (1,1) tensor field F' of M™ is given by

Np =[FX,FY]-F[X,FY] - F[FX, Y]+ F?[X,Y] (22)
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for any X, Y € S{(M™) [6,19,29]. The condition of Np(X,Y) = N(X,Y) =0 is
essential to integrability condition in these structures.

The Nijenhuis tensor N is defined local coordinates by
NSOk = (FfOSF) — FIOF} — 0, FLFf + 0;F; FF)on,
where X = 0,;, Y = 9;, F € S{(M").
Proposition 3. If X, Y € S{(M™), w, 6 € SY(M™) and F,G € S (M™), then [25]

[WU70U] 0, [wv7,yF] = (w o F)v, [PYFv F)/G] = V[Fv G], (23)
[Xcvwv] = (LXW)U? [Xcvﬁ)/F] = ")/(LxF), [XC,YC} = [Xv Y]C7

where wo F is a 1—form defined by (wo F)(Z) = w(FZ) for any Z € S§(M™) and
Lx the Lie derivative in direction of X.

Theorem 4. The Nijenhuis tensor N(pv+iyo(puiiyc (Xc,w“) of the complete lift
of FU*T1 wvanishes if the Lie derivative of the tensor field FV~! with respect to X is
zero and F is an almost w—structure on M (see [19] p.46).

Proof. In consequence of Definition [2| the Nijenhuis tensor of FU*! is given by
Niposnye(reme (X9, w”)
_ [(FU+1)C X©, (Fu+1) (Fv+1)c[(Fu+1) W]
- ()X, <F“+1>°‘ g (P () [
= W[(FX)T L P (wo B
_ (Fv—l)c [(Fv—lX)C + ,YLXFU—170JU]
_ (Fu—l)c (X, (w OFU71)U] + (F2v72)0 (Lxw)"}
(L) (w0 )Y (o P o (L))
— ((LFU—IX(U) o (val))v - ((o.) o (LXval))v o FvThyv
= ((Ex (wo F*)) o (F*71))" + ((Lxw) o (F*7%))"}

If the lie derivatives of the tensor field FV~! with respect to X is zero, then the
equation takes the form

= {wo (Lpo-1xF'™1)" — ((wo LxF*~1) F*71)"}

Let F be almost m—structure on M then F2 = A\?I , where I is unit tensor field.
So Fv~1 = A\?J and we get

N(FU+I)C(FU+1)C (Xc,w”) =0
The theorem is proved. O
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Theorem 5. The Nijenhuis tensor N(pviiyo(pot1ye (wv,9V> of the complete lift
of FU*! wvanishes.

Proof. Because [w",0"] = 0 and wo FV~! € 3Y(M™) on T*(M™), the Nijenhuis
tensor N(w",6") for the complete lift of F**1 is vanishes. O

2.2. Tachibana operators applied to vector and covector fields according
to lifts of F ((v+1), A (v — 1))-structure on cotangent bundle.

Definition 6. Let p € S1(M™), and S(M™) = Y ors—o SL(M™) be a tensor algebra

over R. A map ¢, |, .0 S(M™) — S(M") is called as Tachibana operator or

¢, operator on M™ if
a) ¢, is R—linear,
b) 6, : S(M™) — ST, (M™) for all v and s,
C *
¢) $,(K®L) = (¢,K) @ L+ K ® ¢, L for all K, L € S(M™),
d) ¢,xY = —(Ly@)X for all X,Y € S5(M™), where Ly is the Lie derivative
in direction of Y (see [7}9L/15]),
€)
(Poxm)Y = (d(rym))(¢X) — (d(ry (nop))) X + n((Ly¢)X)
¢X (o) = X (v n) +n((Ly 9) X)

C *
for all n € SY(M™) and XY € SE(M™), where 1y = n(Y) = n® Y, I7(M") the
module of all pure tensor fields of type (r,s) on M™ with respect to the affinor

c
field, ® is a tensor product with a contraction C' [6,/8,|19](see [22] for applied to
pure tensor field).

Remark 7. Ifr = s = 0, then from ¢),d) and e) ofDeﬁm'tion we have ¢, x (1yn) =

X (1yn) = X (1,vn) forayn € IG(M™), which is not well-defined ¢,,— operator. Dif-
ferent choices of Y and n leading to same function f =1yn do get the same values.

Consider M™ = R? with standard coordinates x,y. Let p = (1) (1) . Consider
the function f = 1. This may be written in many different ways as vy n. Indeed

taking n = dx, we may choose ¥ = 8@ orY = a@ + ma@. Now the right-hand
z y

side of ¢, x(1yn) = ¢X(1yn) — X(zv,yjy) is (¢X)1 — 0 = 0 in the first case, and
(¢X)1 — Xo = —Xuz in the second case. For X = %, the latter expression is
—1 0. Therefore, we put r+s >0 [19].
Remark 8. From d) of Deﬁm’tion@ we have
By virtue of
[fX,9Y] = fglX, Y]+ f(Xg)Y —g(Y /)X (25)



SOME NOTES ON LIFTS OF THE F ((v+1),A? (v —1))-STRUCTURE ON BUNDLES 247

Jor any f,g € SH(M™), we see that ¢,xY is linear in X, but not Y [19].

Theorem 9. Let (F“‘H)C be a tensor field of type (1,1) on T* (M™). If the
Tachibana operator ¢ puvi1yc applied to vector and covector fields according to the
structure (F““)C — N2 (F“fl)c = 0 defined by on T* (M"), then we get the
following results.

D) droinexeY? = N{((LyF) X) T + (Ly (ExF")) =7 (Lyxg P70,
i) G(pomexew’ = A{= (Lpoixw)” + (wo (LxFU™))" + ((Lxw) o FU71)),
iii) Gpoinye,w X = =X (w(LxFU™))",

iv) ¢(Fv+1)cwv9v = 0,

where the complete lifts X, YC € S (T* (M™)) of X, Y € I} (M) and the vertical
lift w¥, 0" € S (T (M™)) of w,0 € IV (M) are given, respectively.

Proof. 1)
SporyexeYC = —(Lyc (F*H)9)x°
—  —Lye (F"") S XC 4+ (F**) LyeX©
= N (FUX) ] = A2 [YO ALy U
FN(ECTHY, XD Ny (L) FU)
= N{((Ly P X) 4y (Ly (ExFP7Y) =5 (L YY)
i)
Spoenyoxew’ = —(Lyv (FUH)9)XxC
- L (Fu+1)C XC 4 (Fu+1)0 LvXC
= SN (FUX) 4y (L PP ) = A2 (R ) (Lxw)®
= —N{—(Lpo1xw)’ + (wo (LxF"™1))" + ((Lxw) o F*71)}
)
Spornyeav XC = —(Lye (FUH))w?

—Lxc (F“+1)va + (F“H)CLchV
= N (Lx (wo FU" 1)) 4 A (Lxw) o F*= 1)
= N (w(@xFh)”

i)
¢(Fu+1)cwv0” = —(Lyv (FU+1)C)wv
= —LQV (FU+1)CWV + (FU+1)CL9VOJU
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= XLy (wo F“fl)v
0
O

Proposition 10. The complete lift YC is an holomorfic vector field with respect
to the structure (F““)C —\? (F“*I)C =0, if Ly F*~' = 0.

Proof. 1)
(Lye (F*™NXC = Lye (F7) X9 = (F*7) Lye x©
= N ((LyF Y X)) + 2% (FU (Ly X))
A2y (Ly (LxFUY)) = A2 (FU~ (Ly X))©
N (L P
— N{((Ly F) X)  + 7 (Ly (LxF™Y)
=y (Lyx) )}
i)
(Lyc (F*™))w® = Lye (F)w? — (F*) Lycw?
NLy (wo F'71)” = N ((Lyw) o FV71)"
= N (w(LyF' )"
where Y € S (M) and Ly is the Lie derivative in direction of Y. O

2.3. The purity conditions of Sasakian metric with respect to (F“H)C on
T*(M™). Let F be an affinor field on M, i.e. F € 31(M"™). A tensor field ¢ of
(r,s) is called pure tensor field with respect to F' if

T T

12 12
t(FX17X27"'7XSa€7£a"'55) = t(X]_,FXQ,...,XS,é,f,-.-,5)

T

12
- t(Xl,X%"'aFXSag,Ea'“a )
, 12 r
= t(X17X27"~7XS, Fgafa?&)
3

1, 2
= t(X17X27"~7XS,£7 Ffa"'? )
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12 , T
= t(X17X27 "'7X57§7§7"'7 Fé-)
1 2 T ,
for any X1, Xs,..., X5 € S§(M™) and &€, ..., € € SY(M™), where F is the adjoint
operator of F' defined by
(FE)(X) = £(FX) = (€oF)(X)

Definition 11. A Sasakian metric °g is defined on T*(M™) by the three equations
120/

Fg(w',0") = (97w, 0))" = g~ (w, o, (26)

Sg(w’, YT =0, (27)

Sg(x, Y™ = (9(X,Y))" = g(X,Y) o (28)

For each z € M™ the scalar product g=! = (g%) is defined on the cotangent
space 7 1(z) = T (M™) by

97 (w,0) = g"wib;, (29)

where X,Y € $$(M™) and w, 6 € I9(M™). Since any tensor field of type (0,2) on
T*(M™) is completely determined by its action on vector fields of type X* and w®
(see [25], p.280), it follows that ©g is completely determined by equations ,

and .
Theorem 12. Let (T*(M™),% g) be the cotangent bundle equipped with Sasakian
metric °g and a tensor field (F'TH)C of type (1,1) defined by on T* (M™).
Sasakian metric S g is pure with respect to (FT1)C if F*=1 = A\?T and VF*~! = 0.
(I =identity tensor field of type (1,1))
Proof. We put
S(X, V) =5 g((F"T)X,Y) =% g(X, (F*T1)“Y).
If S(X,Y) = 0, for all vector fields X and Y which are of the form w”, 6" or

XH YH then S = 0. By virtue of (Fv+1)¢ — /\2(F“_1)c =0 and ,, ,
we get

i)
S, 0%) = Sg((F+) wr,0") =% g(w”, (Fo) 7 6Y),
_ Sg()\Q (F’U—l)CwU79’U) _S g(wv7)\2 (FU_l)Cev),
= N{%((wo F"™1)",0") =T g(w", (00 F*~1)")},
= X{{g7 ((woF"™"),0))" = (97" (w, (00 F"71)))" .
S(XH,Q'U) _ Sg((F‘“Ll)CXH,H”) —Sg xH, (Ferl)Ca'U)’

_ Sg(>\2 (FU_I)CXH,OU) _S g(XH7 (Fv—l)c 91})’
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= 2 Gg((Fr1X)",0%) + 0% Cgl(p [VF71] )", 0%)),
= Xg (e [VF),0)",
where VxF + F(Vx) — VEX = [VF]x (see [25] p. 279).

i)
S(xH vH) = sg((FvH)C XH yH) S g(xH (Fv+1)0 vH)
— )2 {sg((Fu—lX)H+7([VFU—1}X)7YH)
—Sg(XM (FY) A ([VEU), )
= N {Sg(F X)) 45 g(p([VET )Y )
—Sg(X, (FV71Y) ") =5 g (p([VEU],)))}
= M ((F1X),Y))" — (g (X, (F" 1Y)))
where FCXH = (FX)H +~([VF]x) for all X# € 3}(T*(M™)), F¢ € IH(T*(M"))
and [VF]x € SH(M™) (see [25], p.279). O

2.4. The structure (F**1)2 — \"(F*~1)H = () on cotangent bundle. In this
section, we find the integrability conditions by calculating Nijenhuis tensors of
the horizontal lifts of Fv+1 — \"Fv~! = 0 structure. Later, we get the results of
Tachibana operators applied to vector and covector fields according to the horizontal
lifts of the structure F*! — \"Fv~! = ( in cotangent bundle 7 (M™). Finally, we
have studied the purity conditions of Sasakian metric with respect to the lifts of
Fvtl — \"Fv=! = structure.

Theorem 13. The Nijenhuis tensors of (F“‘H)H and FU=1 denote by N and
N, respectively. Thus, taking account of the definition of the Nijenhuis tensor, the

formulas stated in Proposition and the structure (F“‘H)H —\? (F“—l)H =0,
we find the following results of computation.

i) Niporrynpornyn (X VH) = XN{(Npo-rpor (X, V)7
+{R(F*'X,F*7'Y) = R(F'7'X,Y) Fv™!
—R(X,FUYY) F" 4 R(X,Y) (F*~Y)%},

”) (Fv+1)H(Fv+1)H (XH,wV) = )\4{(w(vFU_1XFv71))U
= ((w (VxF =) o),

Z’LZ) (Fv+1)H (Fv+1)H (wU79v) = 0.

Proof. The Nijenhuis tensor N (X, Y) for the horizontal lift of F¥*! is given by
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i)

Nipoeys(peeys (X, Y1)

_ [(FUH)H xH, (Fu+1)H YH] - (Ferl)H [(Ferl)H XH yH
_ (Fu+1)H [XH, (Fu+1)H vH] 4+ (Fv+1)H (Fu+1)H [XH,YH]

— MY[FIX + Y] — AR (FUTIX, FUYY)
— (YT ([P X, Y] + 4R (FU1X,Y))
— (P ([x, Y] + 4R (X, FUY))
H(FY) X YDT 4R (X,Y) (FUY)7)

= M{(Npo-rpoor (X, V)T +4{R(F*7X, F*7'Y)
—R(FV'X,Y)F" ' = R(X,F""'Y) F*"' + R(X,Y) (F*1)*}}.

Let us suppose that the curvature tensor R of V satisfies

R(F'7'X,F'"Y)-R(F'7'X,)Y) F'"' =R (X, F'"'Y) F*" '+ R (X,Y) (F“‘1)2

and the Nijenhuis tensor of the F¥~! is zero. So, we get

]\Nf(F«;+1)H(Fu+1)H (XH,YH) =0.
i)
Niposys(penyn (X, 0)
_ [(Fv—i-l)H X (Fu+1)va] _ (Fu+1) [(Fv—i-l)H XH 0]
_ (FUH)H [XH, (Ferl) (Fu+1)H (FU+1)H [Xvav]
= A{(FX) T + (wo BT 1) — (P (Frx) T W)
_ (Fufl) [XH, (woF'ufl) ] ((F’U 1) )H (wa)v}
= M{(Vpemix (Wo FU™1)" = (Vpomixw) FU71)°
~(Vx (wo V) FU2)" 4 (V) (FV1))')
= X (Ve F)” (0 (V) F) D,
We now suppose VFV~! = 0, then we see N(FU+1)H(FU+1)H (XH,oJ”) =0.
i)
Niporny o) (@,0%)
= [(FU)wr, (FUH)0Y] — (F¥+Y) [(FU+ ), 0]
() [, (PO 0] 4 () () o0
_ )\4{[(w o Fu—1)v 7 (9 o Fu—l)v] _ F'L}—l[(w o Fv—l)” 0"

=0



252 H. CAYIR

— (P W (00 FUY) ]+ (FU1) W, 6°] = 0.
_ Because [w", 0] = 0 and wo FU~' € SY(M™) on T*(M"), the Nijenhuis tensor

N(poirym (poriyr (w¥,0%) of the horizontal lift Fv*1 vanishes. O

Proposition 14. Let (FUT)H be a tensor field of type (1,1) on T*(M™). If
the Tachibana operator ¢ puvi1yu applied to vector and covector fields according to
horizontal lifts of FV1! defined by (@ onT*(M™), then we get the following results.

i) dpornyaxn Y = N{=((Ly F*" N X)" = (pR(Y, F'7' X))’
+((PR(Y, X)) F'~1)"},

ZZ) ¢(F1;+1)HXHWU = )\2{(VFU_1Xw)“ - ((wa) o Fv—l)v}’
Z’LZ) ¢(Fu+1)HwVXH = —)\2(WO(VXFU71))U,
Z"U) ¢(F1;+1)va9v = O7

where horizontal lifts XH Y € SI(T*(M™)) of X,Y € S{(M™) and the vertical
lift w¥, 0" € SH(T*(M™)) of w,8 € IYM™) are given, respectively.
Proof. 1)
¢(Fu+1)HXHYH = —(Lyn (FUH)H)XH
= Lyu(FUYHXH ¢ (Por)H L, xH
= X{~((LyF"")X)" — (pR(Y, F*"'X))"
+H((pR(Y, X)) F"1)"}
i)
Ppoiyn xaw’ = —(Lyv (FUHHT) xH
— Ly (FUTYHXH L (potyH L L xH
— 2L (FUIXOH (R H(V gw)
= M{(Vpo-1xw)” = (Vxw) o F*7H"},
i)
Sporyuov X = —(Lxn(FH)Mw
= A (Vx(wo FU" )" + \}((Vxw)o Fv~1)Y
= f)\Q(wo(VXval))”
iv)
oy v’ = —(Lgv (FUTHH) v
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— —LGV (FUJrl)Hw’U 4 (F’U+1)HL9va
0
O
Proposition 15. The horizontal lift Y is an holomorfic vector field with respect

to the structure (F“*l)H — 2 (F“fl)H =0, If LyF*"' =0 and R (Y, valX) =
—R(Y,X)Fv~L

Proof. i)
(Lyn (Fv+1)H)XH — Ly (Ferl)H xH _ (Fv+1)H Lyn Xt
= N[V, P X)) 4R (Y, FUIX))
(P Y, X))+ AR (Y, X) FUY)
— 2Ly F* ) X)T + R (Y, FUIX)
~R(Y,X)F''}}
i)
(Lxn (Fv+1)H)wv — Lyn (F““)Hw” . (Fv—l-l)H Lynw®

= N (Vx (woF" )" =N (Vxw) F*71)"
= NM{(Vx (wo F'™1))" — (Vxw) F*"1)"}
O

Theorem 16. Let (T*(M™),° g) be the cotangent bundle equipped with Sasakian
metric g and a tensor field (FUTY) of type (1,1) defined by . Sasakian metric
Sg is pure with respect to (FVT)H if Fv=1 = X?I. (I=Identity tensor field of type
(1,1)).
Proof. We put
S(X,Y) = (PP X, V) =5 g(X, (FUTH)TY).

If S(X,Y) = 0, for all vector fields X and Y which are of the form w?, 6 or

XH YH then § = 0. By virtue of (FU+1)H — \2(Fv*=1H =0 and (26),([27), (23),

we get

i)
S(wv79v> _ Sg((Fv—i-l)va’ev) _S g(wv’ (FU+1)H9’U)
= N{%((wo F71)",0") =% g(w’, (0 F*~1)")}
= )\2{(971((0‘) o FU71),0)) — (¢! (w, (00 F“fl)))v}
i)

S (XH,QU) _ Sg((FU+1)HXH79U) S g(XH, (FU+1)H01))
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= P((FX)" 00 = g (X (wo FU )
=0
i)
S(XM YY) = Sg((Fet)! Xy ) =S g(x T, (o) y )
_ )\Q{Sg((F“_lX)H JYHY S g(xH, (F'u—ly)H)}
= Mg ((F7'X),Y))" = (g (X, (F7'Y))) "}

We now suppose FV~1 = A?I, then we get 5¢g = 0. So, °¢ is pure with respect
to (Fvt1)H, O

2.5. The structure (F*T1)¢ —\?(F*~1)¢ = 0 on tangent bundle T (M"). Let
M™ be an n-dimensional connected differentiable manifold of class C*°. Let there
be given in M™, a (1,1) tensor field F' of class C* satisfying [14}21]

FUTt— NPTt =, (30)

where A is non zero complex number. Also rank (F')

= % (rank FUT 4 dim M”)

= r(a constant every where on M™)
Let the operators {* and m™ be defined as

Fdef (F/N " m*=1—(F/AN)"!,

where I denotes the identity operator on M™. Then the operators I* and m*
applied to the tangent space at a point of the manifold be complementary projection
operators.

Let F" be the component of F at A in the coordinate neighbourhood U of M™.
Then the complete lift FC of F is also a tensor field of type (1,1) in T(M™) whose
components F7 in 7= (U) : M™ — T(M™) are given by |25

F' 0
Let F,G € S} (M™) then we have
(FG)® = FCGC. (32)
Putting F' = G we obtain
(F2)° = (F9)". (33)

Putting G = F? in and making use of we get
(F%)7 = (F°)°. (34)
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Continuing the above process of replacing G in equation by some higher degree
of I’ we obtain

(F) S = (79)T (35)
Taking complete lift on both sides of equation we get
(Fo)C =2 (F =0 (36)
which in view of the equation gives
(FO)" =X (P =0, (37)

The complete lift of a FUT1 — N2 Fv~1 = ( structure also has Fvt1 — \2Fv—1 =0
structure in tangent bundle.

Lemma 17. Let X andY be any vector fields on a Riemannian manifold (M™, g),
we have [25]

[XH’ YH] = [X7 Y]H - (R (X7 Y) u)v )
[X".v7) = (VxY)",
[vayv] = 0,

where R is the Riemannian curvature tensor of g defined by
R (Xa Y) = [vXa VY] - v[X,Y]~

In particular, we have the vertical spray u’ and the horizontal spray v on
T(M™) defined by

u =l (0;)" = w0, ult =ut (8)" = ulsy,

where §; = 9; — v/ F‘;l@g u? is also called the canonical or Liouville vector field on
T(M™).

Theorem 18. The Nijenhuis tensor N(pv+1yo(pot1yc (XC7 YC) of the complete lift
of FV*! wvanishes if the Nijenhuis tensor of the FV~! is zero.

Proof. In consequence of Definition [2[ the Nijenhuis tensor of (F”“)C is given by

N(poanyepore (X9, Y9)

_ [(FU+1)C X©, (Fv+1)0 ve] - (Fu+1)0 [(Fv-i-l)c X%, y°
_ (F’L)Jrl)c [XC, (Fu+1)c YC] + (FU+1)C (Fv+1)0 [XC,YC]

_ )\4{[(Fu—1X)C 7 (FU—1Y)C} _ (FU—I)C [(F’u—lX)vaC]
_ (val)c [XC7 (valy)c] + (val)c (val)c [XC,YC]}

_ )\4{[FU—1X7 F'L}—ly] _ -l [Fu—lX7 Y]
—FUTH X FUTY ]+ FUTURU X Y)Y

= MNpooipoa (X, 7)€
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O

Theorem 19. The Nijenhuis tensor N(pu+1yc(pot1)c (XC,YV) of the complete
lift of V1 vanishes if the Nijenhius tensor FV~1 is zero.

Proof.
N(po+ryo(potrye (XC,YU)
_ [(FU+1)C X©, (FU+1)C Y] - (Fu+1)C [(Fu+1)c XCy"]
()X () v () () Xy
_ )\4{[(FU71X)C 7 (Fuqy)v} _ (Fuq)c [(FUAX)C,Yv]
_ (Fv—l)c [x¢, (Fv—ly)”] + (FU—1)C (Fv_1)C [X,Y]")
= X[, Y] - (P [P XY
— (P X ETY]) = (PTG Y))
= MNpooipor (X, Y)Y
O

Theorem 20. The Nijenhuis tensor N(pui1yopot1yc (XY, Y") of the complete lift
of FU*1 wanishes.

Proof. Because [XV,Y"?] = 0 and FV"1X € 3}(M™), easily we get the Nijenhuis
tensor N(Fv+l)C(Fv+1)C (X”,Y”) =0. 0

2.6. The purity conditions of Sasakian metric with respect to (F**!)¢ on
T(M™).

Definition 21. The Sasaki metric ®g is a (positive definite) Riemannian metric
on the tangent bundle T(M™) which is derived from the given Riemannian metric
on M as follows:

Sg (XH,YH) - g(X,Y), (38)
Sg(XH,Yv) _ Sg(XU7YH):0,
Sg (Xv’Yv) = g(Xv Y)

for all X,V € S (M™) [20].

Theorem 22. The Sasaki metric °g is pure with respect to (F”*l)c if VEV=1 =0
and FU~' = XN°T , where I =udentity tensor field of type (1,1).

Proof. S()N(,EN/) =5 g((F”‘*‘l)C)?,?) — g()?, (F“+1)C)7) if S()N(,XN/) = 0 for all
vector fields X and Y which are of the form XV, Y or XH YH then S = 0.
i)

(o]

S(XU,YU) _ Sg((FU+1)CXU7YU) _S g(X’U’ (FU+1) YU)
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= N{((FTX)" YY) = g(X7, (FUTY) )}
= Mg (F'XY))" = (9 (X, F71Y)))

i)
S (XU YH) = Sg((Frh) T Xy ) =8 g(x, (o) Ty )
= )2 Sg(Xv7 (Fv—ly)H + (VWFU—1) YH)
= A X" (((VF" D)) Y)")
= “N(g(X,(VF" H)u)Y)")
i)
S(XH vH) = Sg((Fv-i-l)C XxH yH)_S (F”H)C vH)

— )2 Sg((Fv—l)CXH7yH) _/\2 Sg(XH (F~ 1)

— A2 Sg((Frix) T

(V,Fo- 1)XH v

_)\2 Sg()(l'l7 (FU—ly) + (VVFU 1) YH)
= X{g((F'X),Y) —g (X, (F"'Y))"}
We now suppose VFV~! = 0 and F'~! = A?I, then we get 5¢g = 0. So, °¢ is

pure with respect to (FVT1)C.

O

Theorem 23. Let (FUTHC be a tensor field of type (1,1) on T(M™). If the
Tachibana operator ¢ pvirye applied to vector fields according to complete lifts of
FVtl defined by (@ on T(M™), then we get the following results.

i) ¢(porrycxc Y
it) G(porryoxc Y
iii) GepuinyexvY©
i) Gpoinycxe Y’

N ((Ly Fr1) X)),
N ((LyEU) X),
N ((LyF= 1) X)°,
0,

where X,Y € S (M), the complete lifts X, Y € 34 (T'(M)) and the vertical

lift X°, VY € St (T (M)).

Proof. i)
SpoinyoxcYC = —(Lye (FUH)9)x¢
= N {Lye (F''X) 4+ (F*"1) Lye XY}
= X (L) x)°
i)
Spoeryoxe Y’ = —(Lyv (FUH)9)XC
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= —Lyv (F"P)Y X 4 (FUH) 9 Lyv X€
= N{—Lyv (F*'X) 4 (F*) Lyv X}
= N ((LyF) X))

i)
Sposnyex YO = —(Lye (FUH)9)x?
= —Lye (F"")9 XY 4+ (FVH) LyeX®
= N{—Lye (F*'X)" + (F" ) Lye X"}
= “N((LyF ) Xx)"
iv)

~(Lyv (F)9)x?

= —Lyv (F") X 4+ (FUH) Ly X
= 0

¢(Fu+1)cxu Y?

O

Theorem 24. The complete lift Y is an holomorfic vector field with respect to
the structure (F”*l)c -2 (val)c =0, If LyF "' =0.

Proof. 1)
(Lyc (F"™MDXC = Lye (FU) X9 = (F") Lye x©
= N {Lye (F*'X) = (F*1) Lye X}
= N ((LyF)X)°
i)
(Lye (F"™MNX" = Lye (F*)° x* = (F*™) Lye X©

= N{Lye (F*7'X)" = (F* 1) Ly X"}
= N ((LyF' 1) Xx)"
(I
2.7. The structure (F“+1)H —\? (F“_l)H = 0 on tangent bundle T (M").
Let F* be the component of F' at A in the coordinate neighbourhood U of M™.

Then the horizontal lift FH of Fis also a tensor field of type (1,1) in T(M™) whose
components F3 in 7~ Y(U) : M™ — T(M") are given by |25

F! 0
H _ nC _ _ i
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Let F, G be two tensor fields of type (1,1) on the manifold M. If F denotes the
horizontal lift of F', we have

(FGY? = FHGH (40)
Taking F' and G identical, we get

(F1)? = (F2)1" (41)
Multiplying both sides by F# and making use of the same , we get

(FHY? = (F3)H
Thus it follows that

(FH)PH = (R (42)
Taking horizontal lift on both sides of equation FUT1 — N2Fv=1 = 0 we get
(P — X2(FhP =0 (43)
In view of , we can write
(FHy»+ 32 (FH)" ™ =, (44)

Thus the horizontal lift of FvT1—\2Fv—1 = ( structure also has Fv+1 - 2Fv—1 =
structure in tangent bundle T'(M™).

Theorem 25. The Nijenhuis tensor N(po+1yupoiiyn (XH7YH) of the horizontal
lift of FVT vanishes if the Nijenhuis tensor of the FV™! is zero and

{~(R(F'7'X,FU7'Y) ) + (FU" YR (F'7'X,Y) u)

+(F (R (X ETY ) = (FU7) (RO Y) )} =0
Proof.
Neposrypotnyn (X7, YH)
_ [(FU+1)H XH, (FU+1)H YH)
_ (FU+1)H [(FU+1)H XH yH)
_ (Fv+1)H XH, (Fu+1)H yH)
+ (Fv-i-l)H (Fu+1)H [XH’YH]
= M{([F'X FY] = (FUTY) [FUTIXY
- (P [x Y] - (F’“) (F X YD*
—(R(F*7'X,FU7Y ) u)’ + (FU" YR (FP7IX,Y) )"
HECTH (R (X, P )W) (F) (R(XY))w)')
= M{(Npoipot (X, Y)T = (R(FUUX, FU71Y ) u)”
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HEUTHR(FIX, Y ) )Y + (FU YR (X, FU7Y) w)v
v—1\2 / {5 v
(P (R(X,Y) )}
O
If Npo-rpot (X,Y) = 0and {~R (FV7'X, FU='Y) ut(F*~ YR (FY71X,Y) u))+
(FU=H(R (X, PPy ) w) — (Fo1)° (R(X,Y)u)}* =0,
then we get N(pot1ym(pot1yn (XH, YH) = 0. The theorem is proved.

Where R denotes the curvature tensor of the affine connection V defined by VxV =
VyX + [X,Y] (see [25] p.88-89).

Theorem 26. The Nijenhuis tensor N poiiyu po+1yn (XH,YU) of the horizontal
lift of FU* vanishes if the Nijenhuis tensor of the F*~! is zero and VFv~! = 0.

Proof.
Neposnyrpoinyn (XH YY) = (o)) XH (For)) Ty

_ (Fu+1)H [(F“H)HXH,YU]
_ (Fv+1)H XH, (FUH)H Y]
+ (Fv+1)H (Fv+1)H [XH yv)

= AY[FVIX, Py - (FUT[FUXL YY)
(PG () Y]
F(Vioay F1X) = (7 (9 P21 X))
— (FH (Vo X))+ ((F*71) Uy X))

= A{(Npoorpor (X, V) + (Vpoory F=1) X
—(F T ((Vy ) X))

v

O

Theorem 27. The Nijenhuis tensor N(pvtiyuporiyn (XU, Y") of the horizontal
lift of V1 vanishes.

Proof. Because [XV,Y"] = 0 for X,Y € M, we get N(pvi1ynpoinym (X, YY) =
0.

Theorem 28. The Sasakian metric °g is pure with respect to (F“*l)H if Fv=1 =
N1, where I =udentity tensor field of type (1,1).

O

Proof. S()N(,?) =5 g((F”‘*‘l)H)Z,}N/) - g()?, (F“'H)HEN/) if S()?,}F;) = 0 for all
vector fields X and Y which are of the form XV, Y or XH YH then S = 0.
i)

S(XU,YU) _ Sg((FU+1)HXU,Yv) S g(XU, (FU+1)HYU)
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= N{((FTX)" YY) = g(X7, (FUTY) )}
= Mg (F'XY))" = (9 (X, F71Y)))

i)
S (X’U’YH) _ Sg((FU+1)H XV, YH) S g(Xxv, (FU+1)H yH)
= A2 Sg(xv, (Fuqy)H)
=0
iii)
S(XH,yH) = sg((FUH)H XH yH) S g(xH, (Fv+1)H yH)

)2 {(sg (FU—1X>H7yH) S g(XH7 (FU—1Y)H)}
= N {(g(F1X),Y)" — (g(X, (F~1Y) )"}
0

Theorem 29. Let (F'THH be a tensor field of type (1,1) on T(M™). If the
Tachibana operator ¢ pv+1yu applied to vector fields according to horizontal lifts of
Fvtl defined by on T(M™), then we get the following results.

i) Gy Y = =X (Ly P X) 1 (R (Y, X))
—(F N R(Y, X) )"},

i) ppornynxn Y’ = N{=((LyF* ™) X)" + ((VyF'") X)"},

iii) ¢porynxo Y = N{= ((LyF"" ") X)" = (VpoorxY)"
()",

iv) Pporynx Y’ =0,

where XY € ¢ (M), the horizontal lifts X7 Y € S} (T (M™)) and the ver-
tical lift X°, Y € S} (T (M™))

Proof. 1)
dposynxn YT = —(Lyn (Fr1))X T
= N [v,Fix)” +/\27R[ Y, FUX]
A2 (P Y, X)) -2 (P (R(Y, X ) u)
= R (LX) (R (Y FX) w)
—(FU" N R (Y, X)w))"}
i)

Sy YV = —(Lyv (F))xH
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— N[ Fx]Y 402 (vy Pex)Y
X7 (P Y, X)) = N (PP (Vv X))
MA= (B ) X))+ (Vv 271 X))

141)
¢(Fu+1)HXvYH = _(LYH (FU+1)H)XV
= >\2 [Y, F'Ule]v N )\2 (vF’U—lXY)U
+)\2 (Fv—l [Y, X])H + 22 (Fv—l (VXy))v

= N~ ((LyFU ) X)" = (VepxY)" + (FU7 (TxY))')

iv)
¢(Fv+1)HXva = —(Lyv (FU+1)H)Xu
= _AzLYU (Fv—lX)U + AQ (Fu_l)HLYUX,U
0

O

Theorem 30. The horizontal lift Y is an holomorfic vector field with respect to
(FoAO) ™ i If Ly FP=Y = 0 and F*~* = \*T for Y € M.

Proof. )
(Lyn (FU+1>H)XH — Lyn (F“H)H XH _ (Fu+1)H LynXH
— N[V, X" - AR (Y, FUIX)
-3 (P X)X () (R (Y, X w)
(L P X)T (R (VP )
HETHR(Y, X)u)"}
i)
(Lys (F*™ X" = Lyu (FUHX)" — (F**) " Lyn X"

= N[V, FUX]" = N (VporxY)” = N (FUHY, X])°
_)\2 (Fv—l (VXY))U
= N{((LyF ) X) "+ (VpoaxY)” = (F771 (VxY)"}
O
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