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Abstract
In this paper we introduce and study the notion of hypercyclicity for iterated function sys-
tems (IFS) of operators. We prove that for a linear IFS, hypercyclicity implies sensitivity
and if an IFS is abelian, then hypercyclicity also implies multi-sensitivity and hence thick
sensitivity. We also give some equivalent conditions for hypercyclicity as well as weakly
mixing for an IFS of operators.
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1. Introduction
An iterated function system (IFS), introduced by Hutchinson [10], is the semigroup

action generated by a finite collection of continuous self maps on a metric space. IFS
has a wide range of applications including image processing, stochastic growth models,
description of fractals, cf. [5,6]. Chaos theory has been studied extensively in recent years
and has sensitive dependence on initial conditions as its key ingredient. In a dynamical
system, if there is divergence of close orbits, then there is impossibility regarding prediction
of its dynamics and hence sensitivity is the central point of chaos theory.

When we talk about linear dynamical systems it is seen that hypercyclicity directly
implies sensitivity as compared to a general dynamical system. Therefore, for chaos theory
in linear dynamics, hypercyclicity and sensitivity become more interesting. Moreover,
we are interested in time at which the system remains chaotic and hence the study of
stronger forms of sensitivity, as initiated by Moothathoo [14], is important and has been
studied by many authors for nonautonomous systems as well as for IFS [12, 16–18]. In
[21], Wu and Zhu have studied different types of chaos including Li-Yorke chaos, Li-Yorke
sensitivity, spatio-temporal chaos and distributional chaos and proved their equivalence for
bounded operators on Banach spaces. Also, dynamical properties on operators including
weakly mixing, hypercyclicity, topological mixing and sensitivity have been studied by
many researchers, cf. [3, 4, 8, 9, 11, 15]. Over the last decade, shadowing and chaos for
iterated function systems, have gained a lot of attention by many researchers and various
interesting results have been obtained [1, 2, 7, 13,19,20,22].
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The paper is organized as follows. In Section 2, we give the prerequisites required for
remaining sections of the paper. In Section 3, we first introduce the notion of hypercyclic
iterated function systems (IFS) of operators and study its equivalence with topological
transitivity. We prove that if a linear IFS is hypercyclic, then it is sensitive. Also, if
we take IFS to be abelian, then hypercyclicity of the IFS implies multi-sensitivity and
hence thick sensitivity of the IFS. Moreover, we give examples/counterexamples of IFS of
operators satisfying hypercyclicity. In Section 4, we study weakly mixing of all orders and
hypercyclicity for IFS of operators. We give some equivalent conditions for hypercyclicity
and weakly mixing for an IFS of operators.

2. Preliminaries
Let X be a separable Fréchet space with a translation invariant metric d and Tλ : X → X

be a continuous operator, for each λ ∈ Λ, where Λ is a nonempty finite set. Then an
iterated function system (IFS) is a semigroup generated by the set consisting of finite
sequence of operators and is denoted by T = {X; Tλ|λ ∈ Λ}. An IFS is said to be linear if
X in addition have a linear structure and IFS is abelian if the members of T commute, that
is, Tλ ◦Tν = Tν ◦Tλ, for all λ, ν ∈ Λ. For any n ∈ N and for any ω = (λ0, λ1, λ2, . . .) ∈ ΛZ+ ,
where Z+ is the set of all non-negative integers, we consider the nth iterate of the IFS T

as follows:
T n

ω := Tλn−1 ◦ Tλn−2 ◦ · · · ◦ Tλ0 , n ∈ N and T 0
ω := id.

A sequence {tn}∞
n=0 is said to be an orbit of the IFS T if there exists an ω = (λ0, λ1,

λ2, . . .) ∈ ΛZ+ satisfying tn = T n
ω (t0), for every n ∈ Z+. In particular, orbit of a point

x ∈ X under T is given by OT(x) = {T n
σ (x) : n ∈ Z+, for some σ ∈ ΛZ+}.

Definition 2.1. An IFS T = {X; Tλ|λ ∈ Λ} is said to be topologically transitive if for
every pair of nonempty open subsets U and V of X, there exist an ω ∈ ΛZ+ and an n ∈ N
such that T n

ω (U) ∩ V ̸= ∅.

For any pair of nonempty open subsets U and V of X, we denote NT(U, V ) := {n ∈ N :
there exists an ω ∈ ΛZ+ such that T n

ω (U) ∩ V ̸= ∅}.

Definition 2.2. An IFS T = {X; Tλ|λ ∈ Λ} is weakly mixing if T ⊕ T is topologically
transitive, where T ⊕ T = {X ⊕ X; Tλ ⊕ Tν |λ, ν ∈ Λ} and (Tλ ⊕ Tν)(x, y) = (Tλ(x), Tν(y)).

For any x ∈ X and ϵ > 0, let B(x, ϵ) denote the open ball of radius ϵ with center
x. For any δ > 0 and any nonempty open subset U of X, let NT(U, δ) = {n ∈ N :
sup

ω∈ΛZ+ diam(T n
ω (U)) > δ}.

Definition 2.3 ([12]). An IFS T = {X; Tλ|λ ∈ Λ} is said to have
(1) sensitive dependence on initial conditions (sensitive) if for any nonempty open

subset U of X, there exists a δ > 0 (known as a sensitive constant) such that
NT(U, δ) ̸= ∅.

(2) multi-sensitivity if for any collection of nonempty open subsets U1, U2, . . . , Um of
X, there exists a δ > 0 (known as multi-sensitivity constant) such that

∩m
i=1 NT(Ui,

δ) ̸= ∅.
(3) thick sensitivity if for every nonempty open subset U of X, there exists a δ > 0

(known as a thickly sensitive constant) such that NT(U, δ) is thick, that is, for
every k ∈ N there exists an l ∈ N such that {l, l + 1, . . . , l + k} ⊆ NT(U, δ).
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3. Hypercyclic and sensitive operators for linear IFS
In this section, we introduce and study hypercyclicity for an iterated function system

T = {X; Tλ|λ ∈ Λ} of operators. We prove that if a linear IFS T is hypercyclic, then it is
sensitive. Also, if we take IFS T to be abelian, then hypercyclicity implies multi-sensitivity
and hence thick sensitivity.

Definition 3.1. An IFS T = {X; Tλ|λ ∈ Λ} of operators is said to be hypercyclic if there
exists an x ∈ X, known as hypercyclic vector, such that orbit of x under T is dense in X.
The collection of such vectors is denoted by HC(T).

First, we give a characterization for hypercyclic as well as sensitive operators for IFS.

Theorem 3.1. An IFS T = {X; Tλ|λ ∈ Λ} is hypercyclic if and only if it is topologically
transitive. Moreover, HC(T) is a dense Gδ-set if T is hypercyclic or transitive.

Proof. Let T be hypercyclic and U , V be any pair of nonempty open subsets of X. Then
by hypercyclicity, there exist a hypercyclic vector x ∈ X, σ1, σ2 ∈ ΛZ+ and m, n ∈ N
such that T m

σ1(x) ∈ U and T n
σ2(x) ∈ V . If m < n, then for k = (n − m), there exists a

σ ∈ ΛZ+ such that T k
σ (U) ∩ V ̸= ∅ and hence T is topologically transitive in this case. If

m ≥ n, then there exists a set of points {T k1
ω1 (x), T k2

ω2 (x), . . . , T kl
ωl

(x)}, where ωi ∈ ΛZ+ , for
n ≤ ki ≤ m and for i ∈ {1, 2, . . . , l}, which is not dense in V because X being Fréchet
space has no isolated points. Consequently, there exists a nonempty open subset V ′ of V
not containing the set {T k1

ω1 (x), T k2
ω2 (x), . . . , T kl

ωl
(x)}. Again as x is hypercyclic, there exist

a p ∈ N and a σ3 ∈ ΛZ+ such that T p
σ3(x) ∈ V ′. Note that p > m and we get the result as

in the previous case. Thus, the IFS T is transitive.
Conversely, let T be topologically transitive and {yi}∞

i=1 be a countable dense set (which
exists because X is separable). Then the open balls of radius 1/n with center yi, for
n, i ≥ 1, form a countable base {Uj : j ∈ N} for X. Note that x ∈ HC(T) if and only if
there exist an m ∈ Z+ and a σ ∈ ΛZ+ such that T m

σ (x) ∈ Uj , for each j ∈ N. Equivalently,
we have

HC(T) =
∞∩

j=1

∪
σ∈ΛZ+

∞∪
m=0

(T m
σ )−1 (Uj). (3.1)

Now, since T m
σ is continuous and the IFS T is topologically transitive, therefore (T m

σ )−1(Uj),
for each j ∈ N is open and dense. Thus, by Baire’s Category Theorem and (3.1), we get
that HC(T) is a dense Gδ-set. �

Theorem 3.2. Let T = {X; Tλ|λ ∈ Λ} be a linear IFS such that each Tλ is a bounded
operator on a Banach space X. The IFS T is sensitive if and only if sup{∥T k

ω ∥ : k ∈ N} =
∞, for some ω ∈ ΛZ+.

Proof. Let the IFS T be sensitive, then for any ϵ > 0 there exist an xϵ ∈ B(Θ, ϵ), an ω ∈
ΛZ+ and an nϵ ∈ N such that ∥T nϵ

ω (xϵ) − T nϵ
ω (Θ)∥ > δ, for some δ > 0, where Θ is the zero

vector in X. Since T is linear, we get that ∥T nϵ
ω (xϵ)∥ > δ, where ∥xϵ∥ < ϵ. Now, as each

Tλ is a bounded operator, T nϵ
ω is a bounded operator and hence ∥T nϵ

ω (xϵ)∥ ≤ ∥T nϵ
ω ∥ ∥xϵ∥.

Thus, ∥T nϵ
ω ∥ ≥ (∥T nϵ

ω (xϵ)∥/∥xϵ∥) > δ/ϵ, for any ϵ > 0, which implies that

sup{∥T k
ω ∥: k ∈ N} ≥ sup{∥T nϵ

ω ∥ : ϵ > 0} ≥ sup{δ/ϵ : ϵ > 0} = ∞.

Conversely, let sup{∥T k
σ ∥: k ∈ N} = ∞}, for some σ ∈ ΛZ+ , then for any r ∈ N, there

exist an nr ∈ N and a yr ∈ X such that ∥T nr
σ (yr)∥ ≥ r, where ∥yr∥= 1. Let y ∈ X and

ξ > 0 be arbitrary and put nξ = [2/ξ] + 1 and yξ = y + (ξ/2)ynξ
. Therefore, ∥yξ − y∥< ξ

and ∥T
nnξ
σ (y) − T

nnξ
σ (yξ)∥= ∥T

nnξ
σ ((ξ/2)ynξ

)∥= (ξ/2)∥T
nnξ
σ (ynξ

)∥≥ (ξ/2)nξ ≥ 1. Thus,
the IFS T is sensitive. �
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Theorem 3.3. If a linear IFS T = {X; Tλ|λ ∈ Λ} is hypercyclic, then it is sensitive.
Moreover, if IFS T is abelian, then hypercyclicity of T implies multi-sensitivity of T.
Proof. For any x ∈ X, ϵ > 0 and δ > 0, we have U = {y ∈ X : d(Θ, y) < ϵ} and
V = {y ∈ X : d(Θ, y) > δ} are nonempty open subsets of X. Since IFS T is hypercyclic,
therefore there exist an n ∈ N and an ω ∈ ΛZ+ such that T n

ω (U) ∩ V ̸= ∅. Hence,
T n

ω (z) ∈ V , where z ∈ U which implies that d(T n
ω (z), Θ) > δ. Now, since d is translation

invariant, therefore d(x, w) = d(Θ, z) < ϵ, where w = x+z and hence d(T n
ω (x), T n

ω (w)) > δ.
Thus, T is sensitive.

Next, suppose that T is abelian and hypercyclic. Let r1, r2 ∈ X be such that r1 ̸= r2
and d(r1, r2) = η > 0. Let Ui = {x ∈ X : d(x, ri) < η/4}, for i ∈ {1, 2} and V1 = {x ∈
X : d(x, Θ) < ξ}, for any ξ > 0. Since IFS T is topologically transitive, therefore there
exist an l ∈ N, a y ∈ U1 and a σ ∈ ΛZ+ such that T l

σ(y) ∈ U2. Moreover, by continuity of
T l

σ, we get an open neighborhood V2 of y such that T l
σ(V2) ⊆ U2. Let U ′ = U1 ∩ V2, then

T l
σ(U ′) ⊆ U2. Also, by linearity, we get that T l

σ(Θ) = Θ ∈ V1 and hence there exists an
open neighborhood W of Θ such that W ⊆ V1 with T l

σ(W ) ⊆ V1. Again by transitivity,
there exist an m ∈ N, a ς ∈ ΛZ+ and a z ∈ W satisfying T m

ς (z) ∈ U ′ which implies that
(T l

σ ◦ T m
ς )(z) ∈ U2. Now, as T is abelian, therefore (T m

ς ◦ T l
σ)(z) ∈ U2. For z1 = T l

σ(z) ∈ V1
and z2 = z ∈ V1, we get that T m

ς (z1) ∈ U2 and T m
ς (z2) ∈ U1. Using triangle inequality, we

get that there exist z1, z2 ∈ X and δ′ = η/2 > 0 such that
d(Θ, z1) < ξ and d(Θ, z2) < ξ =⇒ d(T m

ς (z1), T m
ς (z2)) > δ′. (3.2)

Finally, we claim that T is multi-sensitive with δ′/2 as a constant of multi-sensitivity. Let
x1, x2, . . . , xj ∈ X be any arbitrary collection of points and W1, W2, . . . , Wj be their
respective ξ-neighborhoods, for any ξ > 0. Let yi = xi + z1 and ŷi = xi + z2, for each i ∈
{1, 2, . . . , j}, then using translation invariance of d, we get that d(xi, yi) < ξ and d(xi, ŷi) <
ξ, for each i ∈ {1, 2, . . . , j}. Moreover using (3.2), we get that d(T m

ς (yi), T m
ς (ŷi)) =

d((T m
ς (xi)+T m

ς (z1)), (T m
ς (xi)+T m

ς (z2))) = d(T m
ς (z1), T m

ς (z2)) > δ′, for each i ∈ {1, 2, . . .,
j}. Thus, using the triangle inequality, we get that d(T m

ς (xi), T m
ς (yi)) > δ′/2 or d(T m

ς (ŷi),
T m

ς (xi)) > δ′/2, where yi, ŷi ∈ Wi, for each i ∈ {1, 2, . . . , j} and hence T is multi-
sensitive. �
Corollary 3.2. If an abelian linear IFS T = {X; Tλ|λ ∈ Λ} is hypercyclic, then it is
thickly sensitive.
Proof. As a consequence of Theorem 3.3, it suffices to show that multi-sensitivity implies
thick sensitivity. Let U be any nonempty open subset of X and l ∈ N. Note that by
continuity and hypercyclicity of T, we get that (T j

ωj
)−1(U) is a nonempty open subset of

X, for each j ∈ {0, 1, . . . , l} and for some ωj ∈ ΛZ+ . By multi-sensitivity of IFS T, we
get that

∩l
j=0 NT(T −j

ωj
(U), δ) is an infinite set, for some δ > 0. Therefore, we can choose

nl ≥ l such that nl ∈
∩l

j=0 NT(T −j
ωj

(U), δ) which implies that there exists an ω′ ∈ ΛZ+

such that diam(T nl
ω′ (T −j

ωj
(U))) > δ. Thus, there exists a σj ∈ ΛZ+ corresponding to each

j ∈ {0, 1, . . . , l} such that diam(T nl−j
σj

(U)) > δ and hence {nl−l, . . . , nl−1, nl} ⊆ NT(U, δ).
Consequently, NT(U, δ) is thick and IFS T is thickly sensitive. �

The following example justifies that linearity of IFS T is a necessary condition in The-
orem 3.3 and Corollary 3.2.

Example 3.1. Let S1 be the unit circle with the arc length metric. Let T = {S1; Tλ|λ ∈
Λ}, where Λ = {1, 2, 3} and T1(eiθ1) = eiθ1 , T2(eiθ2) = ei(θ2+2πα), for a fixed α ∈ R\Q
and T3(eiθ3) = ei(θ3+2πγ), for fixed γ ∈ Q. Then the IFS T is abelian and since for
λ2 = 2 ∈ Λ, we have (S1, Tλ2) is hypercyclic, therefore the IFS T = {S1; Tλ|λ ∈ Λ}
is hypercyclic. But as Tλ is isometry, for each λ ∈ Λ, we get that for eiθ, eiϕ ∈ S1,
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|T n
ω (eiθ) − T n

ω (eiϕ)| = |eiθ − eiϕ|, for each n ∈ N and for each ω ∈ ΛZ+ . So the IFS T is not
sensitive and hence not thickly sensitive.

Remark 3.1. It is interesting to note that for an abelian IFS T = {X; Tλ|λ ∈ Λ} if Λ is
an infinite set and some ω ∈ ΛZ+ is fixed, then Corollary 3.2 need not be true.

Example 3.2. For the space C of complex numbers; let H(C) be the space of en-
tire functions and the translation operators Tα : H(C) → H(C), for α ̸= 0 be given
by Tαf(z) = f(z + α). Then Tα is an invertible hypercyclic operator [9]. Consider
the IFS T = {H(C); Tλ|λ ∈ Λ}, where Λ is the sequence (n)n∈N, such that T4n(f) =
T4n−3(f) = T n

α (f) and T4n−2(f) = T4n−1(f) = T −n
α (f), then the IFS T is abelian. For

ω = {λ0, λ1, λ2, . . .} ∈ ΛZ+ , where {λi}∞
i=0 = i + 1, using hypercyclicity of (H(C), Tα) and

the fact that (Tα)4n−3
ω (f) = T n

α (f), for every n ∈ N, we get that the IFS T is hypercyclic.
One can verify that NT(U, δ), for some δ > 0 and for every nonempty open subset U of
H(C), is not a thick set because of the fact that (Tα)2m

ω (f) = f , for each m ∈ N. Thus,
the IFS T = {H(C); Tλ|λ ∈ Λ} is hypercyclic but not thickly sensitive.

Remark 3.2. Note that in an IFS T = {X; Tλ|λ ∈ Λ}, if for some λ1 ∈ Λ the dynamical
system (X, Tλ1) is hypercyclic or sensitive, then so is the IFS T. However, if we fix some
ω ∈ ΛZ+ and the set Λ is infinite, then there exists an IFS T such that Tλ, for each λ ∈ Λ
is hypercyclic and hence sensitive but the corresponding IFS T satisfies neither of these
properties as seen by the following example.

Example 3.3. Consider the IFS T = {H(C); Tλ|λ ∈ Λ}, where Λ is the sequence (n)n∈N,
as in Example 3.2. Let T2n−1(f) = Tα(f) and T2n(f) = T −1

α (f). Then (H(C), Tα) is
hypercyclic and sensitive. Moreover, we know that an operator T is hypercyclic if and
only if T −1 is hypercyclic. Thus, Tλ, for each λ ∈ Λ is hypercyclic and sensitive. But
since the orbit OT(f) = {f, Tα(f)}, for every f ∈ H(C) is a finite set, therefore the IFS
T = {H(C); Tλ |λ ∈ Λ} can be neither hypercyclic nor sensitive.

We end this section by giving an example of a linear abelian IFS T = {ℓp; Tλ|λ ∈ Λ},
for 1 ≤ p < ∞, which is hypercyclic and hence multi-sensitive and thickly sensitive.

Example 3.4. Let T = {ℓp; Tλ|λ ∈ Λ} be an IFS, where Λ = {1, 2, . . . , m} and Ti :
ℓp → ℓp, for i ∈ {1, 2, 3, . . . , m} is given by Ti(x1, x2, x3, . . .) = (i + 1)(x2, x3, x4, . . .). It
is easy to see that the IFS T is abelian. Let U and V be any nonempty open subsets
of ℓp, then we can find u ∈ U and v ∈ V such that u = (u1, u2, . . . , uk, 0, 0, 0, . . .} and
v = (v1, v2, . . . , vk, 0, 0, 0, . . .}, for some k ∈ N. For any n ≥ k and for any σ ∈ ΛZ+ , define
w ∈ ℓp by

wj =


uj , 1 ≤ j ≤ k
vj−n

β(n,σ) , n + 1 ≤ j ≤ n + k

0, otherwise,

where β(n, σ) > 1 is such that β(n, σ) → ∞ as n → ∞. Then ∥w − u∥= (∥v∥)/(β(n, σ))
→ 0 as n → ∞. Therefore, w ∈ U and T n

σ (w) = β(n, σ)(wn+1, wn+2, wn+3, . . .) =
(v1, . . . , vk, 0, 0, . . .) = v and hence T n

σ (U) ∩ V ̸= ∅, for every σ ∈ ΛZ+ and n ∈ N. Thus,
T = {ℓp; Tλ|λ ∈ Λ}, for 1 ≤ p < ∞ is hypercyclic and hence multi-sensitive and thickly
sensitive. Moreover, by Theorem 3.2, it can be directly seen that the IFS T is sensitive as
sup{∥T n

σ ∥ : n ∈ N} = ∞.
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4. Hypercyclic and weakly mixing operators for IFS
In this section, we study weakly mixing of all orders and hypercyclicity of an IFS

T = {X; Tλ|λ ∈ Λ} of operators. Moreover, we give some equivalent conditions for both
in an IFS T.

Definition 4.1. An IFS T = {X; Tλ|λ ∈ Λ} is said to be weakly mixing of order m (m ≥ 2)
if T ⊕ · · · ⊕ T︸ ︷︷ ︸

m−times

is topologically transitive, that is, for every collection of nonempty open

subsets U1, U2, . . . , Um; V1, V2, . . . , Vm of X, there exist an n ∈ N and (σ1, σ2, . . . , σm) ∈
(ΛZ+ × · · · × ΛZ+) such that (T n

σ1 ⊕ · · · ⊕ T n
σm

)(U1 ⊕ · · · ⊕ Um) ∩ (V1 ⊕ · · · ⊕ Vm) ̸= ∅. An
IFS is weakly mixing of all orders if it is weakly mixing of order m, for all m ≥ 2.

Remark 4.1. Note that in an IFS T = {X; Tλ|λ ∈ Λ}, if for some λ1 ∈ Λ the dynamical
system (X, Tλ1) is weakly mixing of all orders, then so is the IFS T. However, if we fix
some ω ∈ ΛZ+ and the set Λ is infinite, then there exists an IFS T such that Tλ, for each
λ ∈ Λ is weakly mixing of all orders but the corresponding IFS T is not weakly mixing,
which can be seen by Example 3.3.

Theorem 4.1. An abelian IFS T = {X; Tλ|λ ∈ Λ} is weakly mixing of all orders if
and only if for any pair of nonempty open subsets U and V of X, we have NT(U, U) ∩
NT(U, V ) ̸= ∅.

Proof. We need to show the sufficiency of the condition. Let U1, U2, V1, V2 be any
nonempty open subsets of X. By given condition, there exist an n ∈ N and an ω1 ∈ ΛZ+

such that T n
ω1(U1) ∩ V1 ̸= ∅ which implies that U = U1 ∩ (T n

ω1)−1(V1) is a nonempty open
subset of X. Moreover, by topological transitivity of the IFS T, we get that (T n

ω2)−1(V2)
is a nonempty open set, for some ω2 ∈ ΛZ+ . Therefore, by hypothesis, there exists an
m ∈ N such that m ∈ NT(U, U) ∩ NT(U, (T n

ω2)−1(V2)) and hence there exist u, v ∈ U and
a (σ1 × σ2) ∈ (ΛZ+ × ΛZ+) such that T m

σ1(u) ∈ U and T m
σ2(v) ∈ (T n

ω2)−1(V2) which implies
that T n

ω1 ◦ T m
σ1(u) ∈ V1 and T n

ω2 ◦ T m
σ2(v) ∈ V2. Thus, T m+n

ω (u) ∈ V1 and T m+n
σ (v) ∈ V2, for

some (ω × σ) ∈ (ΛZ+ × ΛZ+) and hence we get that NT(U1, V1) ∩ NT(U1, V2) ̸= ∅. Using
this condition, the fact that T is an abelian IFS and proceeding as above one gets that
NT(U1, V1) ∩ NT(U2, V2) ̸= ∅ implying that T is weakly mixing. Since T is abelian, using
similar arguments as given in [8, Theorem 1], we get that the IFS T = {X; Tλ|λ ∈ Λ} is
weakly mixing of all orders. �
Theorem 4.2. Let T = {X; Tλ|λ ∈ Λ} be an IFS, (Yn)n∈N be an increasing sequence of
subsets of X such that Tλ(Yn) ⊆ Yn, for each n ∈ N and for every λ ∈ Λ, and Y =

∪∞
n=1 Yn.

Then, we have:
(i) If the IFS (T �Yn) is hypercyclic, for each n ∈ N, then the IFS T = {Y ; Tλ|λ ∈ Λ}

is hypercyclic.
(ii) If the IFS (T �Yn) is weakly mixing of all orders, for each n ∈ N, then the IFS

T = {Y ; Tλ|λ ∈ Λ} is weakly mixing of all orders.

Proof. (i) Let U1 and U2 be any pair of nonempty open subsets of
∪∞

n=1 Yn, then there
are nonempty open subsets U ′

1 and U ′
2 of X such that Ui = U ′

i ∩ (
∪∞

n=1 Yn) ̸= ∅, for every
i ∈ {1, 2}. Therefore, there exist k1, k2 ∈ N such that Ui ∩ Yki

̸= ∅, for i ∈ {1, 2}. We
can assume that k1 ≤ k2 and using the fact that (Yn) is increasing, we get that Yk1 ⊆ Yk2
and hence U ′

1 ∩ Yk2 ̸= ∅. Now, since (T �Yk2
) is hypercylic, therefore there exist an n ∈ N

and an ω = {ω0, ω1, . . .} ∈ ΛZ+ satisfying T n
ω (U ′

1 ∩ Yk2)
∩

(U ′
2 ∩ Yk2) ̸= ∅. Consequently,

we get that T n
ω (U ′

1 ∩ (
∪∞

n=1 Yn))
∩

(U ′
2 ∩ (

∪∞
n=1 Yn)) ̸= ∅, that is, T n

ω (U1) ∩ U2 ̸= ∅. Thus,
the IFS T = {

∪∞
n=1 Yn; Tλ|λ ∈ Λ} is hypercyclic and the fact that

∪∞
n=1 Yn is dense in Y

gives that the IFS T = {Y ; Tλ|λ ∈ Λ} is hypercyclic.
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(ii) Let m ≥ 2 and U1, U2, . . . , Um; V1, V2, . . . , Vm be any collection of nonempty open
subsets of

∪∞
n=1 Yn, then there exist nonempty open subsets U ′

1, . . . , U ′
m; V ′

1 , . . . , V ′
m such

that Ui = U ′
i ∩ (

∪∞
n=1 Yn) ̸= ∅ and Vi = V ′

i ∩ (
∪∞

n=1 Yn) ̸= ∅, for each i ∈ {1, 2, . . . , m}.
Thus, there exist n1, n2, . . . , n2m ∈ N satisfying U ′

i ∩ Yni ̸= ∅ and V ′
i ∩ Ynj ̸= ∅, for each

i ∈ {1, 2, . . . , m} and for each j ∈ {m + 1, m + 2, . . . , 2m}. Let k = max{n1, n2, . . . , n2m},
then we get that Yni ⊆ Yk, for i ∈ {1, 2, . . . , 2m} and U ′

i ∩ Yk ̸= ∅ and V ′
i ∩ Yk ̸= ∅, for

each i ∈ {1, 2, . . . , m}. Now, as (T �Yk
) is weakly mixing of all orders, there exist an n ∈ N

and a (σ1, σ2, . . . , σm) ∈ (ΛZ+ × · · · × ΛZ+) such that (T n
σ1 ⊕ · · · ⊕ T n

σm
)((U ′

1 ∩ Yk) ⊕ · · · ⊕
(U ′

m ∩ Yk))
∩

((V ′
1 ∩ Yk) ⊕ · · · ⊕ (V ′

m ∩ Yk)) ̸= ∅. Then proceeding as in part (i), we get
that the IFS T = {Y ; Tλ|λ ∈ Λ} is weakly mixing of all orders. �

We now give the equivalence of hypercyclic operators in terms of J(x) which is defined
as follows:

J(x) = {y ∈ X : there exist a strictly increasing sequence {ln} ⊆ Z+ ,

{xn} ⊆ X, and ωln ∈ ΛZ+ such that xn → x and T ln
ωln

(xn) → y}.

Theorem 4.3. Let T = {X; Tλ|λ ∈ Λ} be an IFS, where X is a separable Banach space.
Then the following are equivalent:

(1) T is hypercyclic.
(2) J(x) = X, for every x ∈ X.
(3) F = {x ∈ X : J(x) = X} is a dense subset of X.

Moreover, if Tλ is bounded for each λ ∈ Λ, then the above equivalence is true for L(x),
where L(x) = {y : there exist a strictly increasing sequence {kn} ⊆ Z+ and σkn ∈ ΛZ+

such that T kn
σkn

(x) → y}.

Proof. (1) =⇒ (2). Let x, y ∈ X be arbitrary. Since by Theorem 3.1, HC(T) is a dense
Gδ-set, therefore there exist a sequence of hypercyclic vectors xn ⊆ HC(T), an increasing
sequence of positive integers ln and an ωln ∈ ΛZ+ such that xn → x and T ln

ωln
(xn) → y as

n → ∞ and hence y ∈ J(x). Thus, J(x) = X, for every x ∈ X.
(2) =⇒ (1). Let {uk}k∈N be a countable dense subset of X and define U

n,ω
k,l = {u ∈

X : ∥T n
ω (u) − uk∥< 1/l}, for all k, l ∈ N, n ∈ Z+ and for some ω ∈ ΛZ+ . Let v ∈ X, ϵ > 0

and k, l ∈ N be given, therefore using (2), we get that J(v) = X. Consequently, there
exist an u ∈ X, a σ ∈ ΛZ+ and an n ∈ N satisfying ∥u − v∥< ϵ and ∥T n

σ (u) − uk∥< 1/l.
Thus,

∪
ω∈ΛZ+

∪∞
n=0 U

n,ω
k,l is dense in X, for each k, l ∈ N and hence in view of Theorem

3.1 and Baire’s Category Theorem, we get that T is hypercyclic.
Clearly, (2) =⇒ (3). We show that (3) =⇒ (2). It suffices to show that if {xn}, {yn}

are sequences in X such that xn → x, yn → y and yn ∈ J(xn), for every n ∈ N, then y ∈
J(x). For n = 1, there exists an l1 ∈ N such that ∥xl1 −x∥< 1/2 and ∥yl1 −y∥< 1/2. Now,
as yl1 ∈ J(xl1), we get a k1 ∈ N, an ω1 ∈ ΛZ+ and an u1 ∈ X satisfying ∥u1 − xl1∥< 1/2
and ∥T k1

ω1 (u1) − yl1∥< 1/2. Hence, using triangle inequality, we get that ∥u1 − x∥< 1 and
∥T k1

ω1 (u1) − y∥< 1. Thus, inductively we can find a strictly increasing sequence {kn} ⊆ Z+

and {un} in X such that ∥un − x∥< 1/n and ∥T kn
ωkn

(un) − y∥< 1/n, which gives y ∈ J(x).
Therefore, J(x) = X, for every x ∈ X.

Finally, we show that the above equivalence is true for L(x) by showing that J(x) =
L(x). It suffices to show that J(x) ⊆ L(x). Let u ∈ J(x), then there exists a strictly
increasing sequence {ln} ⊆ Z+, an ωln ∈ ΛZ+ and a sequence xn → x such that T ln

ωln
(xn) →

u. Since Tλ, for each λ ∈ Λ is a bounded operator, therefore we have
∥T ln

ωln
(x) − u∥≤ ∥T ln

ω (x) − T ln
ω (xn)∥+∥T ln

ω (xn) − u∥≤ A∥xn − x∥+∥T ln
ω (xn) − u∥,

for some A > 0. Thus, as n → ∞, we get that u ∈ L(x) and hence J(x) = L(x), for every
x ∈ X. �
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Open Problems
(1) For a linear IFS, is every choatic operator weakly mixing?
(2) Let T be a linear IFS, where Tλ is a bounded operator on Banach space X, for

each λ ∈ Λ. Can we say that T is sensitive if and only if Tk, for every k ∈ N is
sensitive if and only if Tm, for some m ∈ N is sensitive?

(3) Does Theorem 4.3 hold if we take T to be weakly mixing of all orders and Jw(x) =
{y ∈ X : there exist a thick sequence {ln} ⊆ Z+, {xn} ⊆ X, and ωln ∈ ΛZ+ such
that xn → x and T ln

ωln
(xn) → y}?
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