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Abstract
In this study, we first establish some integral inequalities of Hermite-Hadamard type in the setting of multiplicative
calculus for multiplicatively P-functions. Then, by using some properties of this kind of functions, we obtain new
inequalities involving multiplicative integrals for product and quotient of multiplicatively P-functions and convex
functions.

Anahtar kelimeler: Convex Function, Hermite-Hadamard Inequalities, Multiplicative Calculus, Multiplicatively P-
Function

Oz

Bu ¢alismada, oncelikle, ¢arpimsal P-fonksiyonlar i¢in ¢arpimsal kalkiiliis ortaminda Hermite-Hadamard tipi bazi
integral esitsizlikleri olusturulmustur. Daha sonra, bu tiir fonksiyonlarin bazi ozellikleri kullamilarak, ¢arpimsal P-
fonksiyonlar ile konveks fonksiyonlarin ¢arpum ve boliimleri icin ¢arpimsal integralleri iceren yeni esitsizlikler elde
edilmistir.
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1. Introduction and Preliminaries

The classical or the usual convexity is defined as
follows:

The function y:[v,v,] € R—> R is said to be
convex if the following inequality holds:

PAx + (1 - Dy) < p(x) + (1 - Dy((y)

for all x,y € [vy,v,] and A € [0,1]. The function
1 is said to be concave if —ip is convex.

A number of studies have shown that many of the
results obtained about the inequalities are direct
consequences of the applications of convex
functions. One of the most famous inequalities
related to the integral mean of a convex function
is Hermite-Hadamard inequality. This double
inequality is stated as follows (Dragomir and
Pearce, 2000; Pecaric¢ et al., 1992):

Let 3 <R be an interval with v;,v, €3 and
v; < v, and let ¥: 3 - R be a convex function.
Then,

. (Vl ‘; UZ) < o 11]1 f”z Y(x)dx

< Y(vy) ‘; vl/j(vz)l

In recent vyears, Hermite-Hadamard integral
inequality has attracted the attention of many
researchers and a remarkable variety of
improvements, generalizations, refinements and
applications have been found (Budak et al., 2019;
Kadakal, 2018, 2019; Kadakal, 2019; Maden et
al., 2018; Ozcan, 2019; Ozcan and Iscan, 2019;
Ozdemir et al., 2015; Sarikaya et al., 2019; Set et
al., 2015).

Definition 1.1. (Pecari¢ et al., 1992) A function
Y: I - (0, ) is said to be multiplicatively or log
convey, if

(1 = Dx + NPy o)]*
forall x,y € Jand A € [0,1].

Ali et al. (2019) established Hermite—Hadamard
inequality for multiplicatively convex functions as
follows:

Theorem 1.2. Let 3 be a positive and
multiplicatively convex function on interval
[a, b]. Then
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1

p(252) < ( [ (w(x))d")”r”l

< G, v(w)),
where G(.,.) is a geometric mean.
Definition 1.3. (Dragomir and Pearce, 1998) A
:"]lcmction Y: I3 - (0, ) is said to be quasi convex,
PY((1 - Dx + Ay) < max{yp(x), P ()}
forall x,y € 3and A € [0,1].

From the above definitions we have

Y((1 - Dx +2y) < YOI Ao
<Yx) + AP () — ()]
< max{y(x), p(»)}.

Definition 1.4. (Dragomir et al., 1995) A
nonnegative function ¢¥:3 € R — R is said to be
P-function if the inequality

(1= Dx +Ay) < () + ()
holds forall x,y € Jand A € [0,1].
Dragomir et al. (1995) proved the following
inequality of Hermite-Hadamard type for P-

functions:

Theorem 1.5. Let ¥ be a P-function on S,
v1,V, € JWwithv, < v, and Y € L[vy, v,]. Then

+ 2 (7
(vl vz) < j Y(x)dx
2 Vy = V1Jy,
< 2[yY(vy) + Y (w,)].
Definition 1.6. (Kadakal, 2018) Let 3 # @ be an
interval in R. A function : 3 — [0, o) is said to

be multiplicatively P-function (or log- P-
function), if

YA —-Dx+ ) <Pp)Y®»)
holds for all x,y € Jand A € [0,1].

1.1. Multiplicative Calculus

Recall that the multiplicative integral is denoted
by f:lz (zp(x))dx while the ordinary integral is
denoted by f:lz (¥(x))dx. It is also known that
(Bashirov et al., 2008), if ¢ is positive and
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Riemann integrable on [v;,v,], then ¥ is < ( _
multiplicative integrable on [v,, v,] and <In (ll’((l D, +/1v2)).(1p(/1v1
+(1-2w))

va dx f;z In(y(x))dx
f ()™ = el MBI =In (ll)((l — Dy +/’Lv2))
+ ln(z,b(/lvl +(1- /1)172))
Bashirov et al. (2008) showed that multiplicative Integrating the above inequality with respect to 4
integral has the following results and notations: on [0,1], we get
vz ax v, dx\P v+ v
L (@) = 12 ()™)Y, w( =
2 2 (P9 ()™ = f (v(1 = 2w+ 202) ) a2
vy dx (v, dx
L) ) (6()) + f In(yp(Avy + (1 — Dvy))dA
0
v X [ 1 v2
vs (¥ _ Jor () = f In((x))dx
3 (¢<x>) ()™ 2T v,
. . . +v " f ln(lp(x))dx]
o X X > X -
4. [ ()" = [ (@) [ (), o m
V1 < U < Vs, = v, — v, -fvl ln(l/)(.X))dx
121 dx 1 v
5. fvl () =1, + f In((x))dx
V2 = ViJy,
1 2 [* iy
dx dx\ "~ = .
6. [ (w@)™ = (12 (w@)™) vy =), M)A
2. Main Results Hence, we have
In this section we obtain some Hermite-Hadamard (Ul + Vz) < e(,,zf,,l 7?2 (Y (@)dx)
type integral inequalities in the setting of
multiplicative calculus for multiplicatively P- vl
functions and convex functions. (f (lp(x))dx>

Theorem 2.1. Let 3 be a positive and _
multiplicatively P-function on [v,,v,]. Then the Thus, we obtain

following inequalities hold: o
l/) 171 + 172 (j (l/)(x))dx> )

vl + vz J‘ dx
I‘D < vy (1/J(x)) > which completes the proof of the first inequality

< [Yw)ypw,)]? in (1). Now consider the second inequality in (1).
(1) 1
Proof. If i is a positive and multiplicatively P- O ’ (1/J(x))dx>vz_v1 = (e(f;f 1n(¢(x))dx)>vz—v1
function, then we have vy
= oVim (f:lz ln(z/)(x))dx)
v+
In lp( : 2 2) = e(fo ln(w(v1+/1(vz—v1)))d/1)
| <1p <(1 — Dy + Avy + Avy + (1 — A)v2>> < ol m@EYE)az)
= ]1n - 1
2 (1n(¢(v1>¢(vz>)f0 ‘“)
A=Dv+Av, vy + (1 - D, =¢€
=In(y > + > =Py y).
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Hence, we get

2

( f z(w(x))d">”2'”1 <@ (3)

Combining the inequalities (2) and (3) gives the
inequality (1).

Corollary 2.2. Let yp and ¢ be positive and
multiplicatively P-functions on [v,,v,]. Then the
following inequalities hold:

" (171 -12- v2>¢ (171 -; vz)
< ( f )™ f h (da(x))"lx)H
< [(W@DY@)). (pwDd@)]".

Proof. Since ¥ and ¢ are positive and
multiplicatively P-functions, then ¢ is a
multiplicatively P-function. Thus if we apply
Theorem 2.1 to the function ¢, then we obtain
the desired result.

Corollary 2.3. Let ¥ and ¢ be positive and
multiplicatively P-functions on [v,,v,]. Then the
following inequalities hold:

_2z
(B4 (o)
v F vy = ” ax
5 (5 =\ [ ()
< Yw)Y(v,) 2
" o) o(v,) '

Proof. Since 3y and ¢ are positive and
multiplicatively  P-functions, then % is a
multiplicatively P-function. Thus if we apply
Theorem 2.1 to the function % then we obtain the
desired result.

Theorem 2.4. Let the positive functions ¥, ¢ be
convex and  multiplicatively  P-functions,
respectively. Then, we have
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1
f:lz (ll) (x)) ax\ v,—v;
[ (900) ™
((w(vz))w(”2)>w
<

(lp(vl))lpﬁh)
e.(p(v)p(v,))

Proof. Note that
_1
(f,,”f (w(x))dx>”2"1
122 (60) ™
(e 12 ln(ll)(x))dx)”Zlvl
T n(pC0)dx
_ (vt ln(¢(x>>dx)ﬁ

_ efol ln(lp(v1+l(v2—v1)))dl—f01 ln(d) (v +A(v, —vl)))dl

efo1 In(P@)+A(Y @)= (,)))dA

efo1 In(p (w1 (v,))dA

1
Y\ Y Ww2)-pwq)
In ((V)(Vz)) ) _1

(w(vl))w("ﬂ
e

1
n(pp))0 ¥

<(¢<v2>>¢<vz>>w
(w(vl))w(vl)
e. (¢(V1)¢(V2))

Thus, we have

_1
[ @)™\
2 (@)™
((w(w»w“ﬁ)m

(l/)(vl))w(vl)
e. (‘15(171)(]5(172))

)

which completes the proof.

Theorem 2.5. Let the positive functions ¥, ¢ be
multiplicatively P-function and convex function,
respectively. Then, we have
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_1
f:lz (1/) (x))dx Vy—Vq
2 (6)"
e. (Y(w)P(vy))

(s e
(¢(v1))¢(171)

Proof. Note that

1

2 )\
2 (6)™

e L2 m(y00)dx \ V2~

e f;’f In(¢(x))dx

1
_ (ef;f ln(lp(x))dx—f;f In (¢>(x))dx>vz -V

e Jy (9 (v1+2(v2-v1)) )aa—f, n(¢(v1+A(v,-v,)))dA
eho MW @DY(v2))dr

S
elo In(¢ @) +A((w2)-p(v1)))dA
: Jy da
e n(Y )P (v,))

1

(¢(v2))¢(172) dw2)-p(w1)

In| |22
(p(w)**?

_ e. (l/)(vl)l/)(vz))

<(¢<v2))"’(”2))"’“’”1"“”“'
(¢(v1))¢(171)

Hence, we have

-1

e

1
I W)™\ ™
17 ()™

€. (7,0(171)1/)(172))

(o
(¢(v1))¢(v1)

which is the desired result.

Theorem 2.6. Let the positive functions ¥, ¢ be
convex and  multiplicatively  P-functions,
respectively. Then, we have
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1

( f (we)™ f ( g(x))dx)m

((lp(vz))lpwz)>wwz)iww1)

= SCICAIC)
(#’(171))1/)( 1) ( 2 )

e

Proof. Note that

1

( f )™ f - (cp(x))“")ﬁ

1
_ (ef;’f ln(lll(x))dx+f:12 ln(¢(x))dx>v2—v1

1
f;lz ln(lp(x))dx f:lz ln(qb(x))dx)vz 2

1
( (vy— vl)f ln (v1+/1(v2—v1)))dl)'72—171

1
% (e(vZ—ih)(fo ln(¢(v1+l(v2—v1)))d1))vz—v1
= ef01 ln(w(vlﬂ(vz_vl)))dl. efolln(¢(v1+/1(vrvl)))d)1
< ef(,lln(ll)(vl)+A(lp(vz)_lp(vl)))dl1
% eJom(P@)$w))dr

N
/<(1l)( ))w(VZ)>¢(VZ)¢(V1)\
| ATl

\ (ll)(‘l? ))ll’(Vﬂ -1
=e

1
% (@)

1

Y@2)\ Yp(vr)-p(vy)

(%) : (¢(V1)¢(Vz))
1

e

Thus,

1

([ wen™ [ eeoy)™

<(¢(v2>)w<vz>>w

- (Pp(w)o(v,)
(w(vl))w( 1) ( 1 2 )

e

This completes the proof.
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